




















Propagation of Elastic Impact in 
Beams in Bending’ 


By MARTIN GOLAND,? P. D. WICKERSHAM,?’ anno M. A. DENGLER,* KANSAS CITY, MO. 


A theoretical and experimental comparison is made of 
the strain propagation in steel beams impacted by a sharp, 
transverse blow. The theoretical analysis is based on an 
earlier paper by Dengler and Goland, in which a solution 
based on the Timoshenko bending mechanism is deduced. 
(An analytical error in this paper is corrected here.) 
The experimental work was performed on a square beam, 
impacted by a steel sphere. Measurements are reported 
both for the strain propagation in the beam and also 
for the history of forces acting between the ball and beam. 
The results of the comparison show excellent agreement 
between the observed and predicted strain propagation, 
so long as the beam behaves essentially in bending. It is 
pointed out in the discussion, however, that many im- 
pacted beams do not perform essentially in bending, so 
that the present work does not apply. A small-amplitude 
high-frequency strain component, not properly predicted 
by the theory, is also encountered in the experimental 
data. 


INTRODUCTION 

N a recent paper by Dengler and Goland (1),* an analytical 

solution is derived for the propagation of elastic bending 

stress in an infinitely long beam subjected to a sharp im- 
pact, in the form of a concentrated, latera) load applied to the 
beam mid-span. The reference (1) result makes use of the Timo- 
shenko bending mechanism, which accounts for the rotatory 
inertia and shear deformation of cross-sectional beam elements. 
Unfortunately, an analytical error in this paper has been brought 
to our attention and suitable corrections are given here. The 
Dengler and Goland results appear in closed form, but require the 
evaluation of certain complicated integrals in order to reduce the 
solution for numerical evaluation. 

As a next step in an over-all study of the behavior of beams and 
plates under sharp impact, the present program was undertaken 
with the objective of examining the reference (1) results critically 
by comparing their predictions with experimental observations. 
In addition to the required experimentation, this necessitated 
the numerical evaluation of the Dengler and Goland results for 
the beam configuration under test. 

1 The results presented in this paper were obtained in the course of 
research under the sponsorship of the Office of Naval Research, Con- 
tract No. NOnr 704(00). 

2 Director for Engineering Sciences, Midwest Research Institute. 
Mem. ASME. 

3 Assistant Manager (Instrumentation), 
Midwest Research Institute. 

4 Research Mathematician, Midwest Research Institute. 

’ Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 29-December 4, 
1953, of Toe American Socrety or MecuAnicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
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The present report describes the techniques used for the 
numerical treatment of the Dengler and Goland solution and in- 
cludes a detailed description of the test program. A critical 
comparison of the theoretical and experimental results is then 
undertaken, with a remarkable degree of agreement being shown 
for beams in bending, even when the impact is of very short dura- 
tion. The practical significance of this agreement is discussed 
later. 


Some BacKGROUND ON THE INVESTIGATION 


In view of the availability of the reference (1) paper and its 
associated bibliography, a detailed discussion of the theoretical 
implications of the Dengler and Goland work is not required here. 
However, the following remarks may be helpful when considering 
the ramifications of the present investigation. 

The problem of interest is the lateral impact of an infinitely 
long beam of uniform rectangular cross section by a concentrated 
force applied to the top surface of the beam. Attention is 
centered on impacts of short duration, approaching impulsive 
loading. The mechanism to be studied is that of beam bending, 
it being assumed that no twisting deformations of the beam cross 
sections are introduced. 

Consider the problem first from the point of view of the theory 
of elasticity. At the instant the load is applied at a point of the 
top surface of the beam, stress waves begin to propagate in all 
directions within the beam. These waves depart from the point 
of load application and move along the beam length in both 
directions, the rays reflecting from the top, bottom, and sides 
of the beam as required. While the load is acting, the stress pat- 
tern in the immediate vicinity of the concentrated load is highly 
three-dimensional in character; away from this localized region, 
the “‘beam’’ action begins to assert itself and the stress distribu- 
tion becomes approximately two-dimensional, with strong varia- 
tions of stress occurring only along the beam length and in the 
direction of the beam height; the stress distribution across the 
width of the beam is reasonably uniform. Once the load is re- 
moved, the beamlike action extends over the loaded region as 
well. 

If the over-all beam behavior is to be studied, a first simplifica- 
tion would appear to be neglect of the three-dimensional character 
of the stresses immediately near the load. The loss of accuracy 
implied by this neglect is that the stresses cannot be estimated 
properly in the immediate vicinity of the applied load, so long as 
the load is acting. It is to be observed in passing, however, that 
the situation near the load is of Hertzian character, and it will be 
shown later that experimental evidence is available to indicate 
that the classic Hertz impact theory can be used to approximate 
the stresses acting immediately under the load. Neglect of the 
three-dimensionality of the stresses in the localized region near 
the load will not detract appreciably from the accuracy of a study 
of the over-all beam behavior. 

If the stress distribution within the beam is approximated as 
two-dimensional, then the considerations become those of a prob- 
lem in plane stress. The normal (vibration) modes for a rec- 
tangular bar in plane stress have been established by Lamb (2) 
and others (see bibliography, reference 1). It is illuminating for 
the moment to deal with the impact load in terms of its associated 
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generalized forces which induce appropriate responses in the 
normal modes of the beam. 

Lamb’s studies divide the beam normal modes into two sets: 
Those which have cross-sectional stress distributions which are 
symmetrical about the beam mid-height plane, and those with 
antisymmetrical distributions about this plane. Considering the 
latter, the most fundamental series of modes are those which are 
related to the elementary beam-bending mechanism in so far as 
they involve only one “‘neutral”’ plane at the mid-height; i.e., the 
mid-height plane is one of zero stress. For the infinitely long 
beam, this class of modes displays a continuous natural-frequency 
variation with change of wave length along the beam. In the low- 
frequency region, i.e., for long waves, the stress distribution at each 
beam cross section is closely linear and hence reduces to the modes 
of the elementary bending theory. 

In addition to this fundamental class of modes, an infinite 
number of higher mode classes also are present. These are char- 
acterized by having more than one neutral plane, each class being 
associated with a certain number of such zero stress planes. The 
presence of these modes is completely foreign to any elementary 
bending-type considerations. 

In regard to the symmetrical normal modes of the beam, an 
analogous situation exists. The lowest mode class, which is re- 
lated to the elementary theory of longitudinal wave transmission, 
has no neutral plane. The higher mode classes have multiple 
neutral planes, arranged symmetrically about the beam mid- 
height. 

It has been pointed out by Prof. J. N. Goodier* that the appli- 
cation of a downward transverse load of amount P to the top 
surface of the beam can be thought of as the sum of the following 
two loadings: (a) downward loads of amount P/2 each applied 
to the top and bottom surfaces of the beam at the loaded cross 
section, and (b) a downward load of amount P/2 applied to the 
top surface, and an upward load P/2 applied to the bottom sur- 
face, both at the loaded cross section. The loading (a) is anti- 
symmetrical about the beam mid-plane and hence induces re- 
sponses only in the antisymmetrical modes. The loading (bd), 
being symmetrical about the beam mid-plane, excites responses 
only from the symmetrical mode classes. 

It thus becomes clear that the transverse impact of a beam by 
a lateral force applied to the beam top must induce a stress system 
which has both a symmetrical and an antisymmetrical component 
about the beam mid-plane. A rather simple physical verification 
of this fact emerges from the consideration of lateral impact of a 
very deep beam. The beam being very deep, the problem 
approaches that of a lateral force application to the straight edge 
of a semi-infinite solid. Obviously, the action of the force is 
hardly felt at all at the distant bottom edge of the beam, the en- 
tire disturbance being restricted to surface waves propagated 
along the top (loaded) edge region. 

It is not the objective of this study to investigate the lateral 
impact problem from the comprehensive point of view just out- 
lined. Rather, the scope of the program is restricted to an in- 
vestigation of beams in “‘bending;” i.e., to a study of beams which 
display essentially an antisymmetrical stress distribution at each 
beam cross section throughout the impact cycle. A corollary to 
this restriction is that, while a symmetrical stress system must be 
induced in the beam, it is of negligible importance in comparison 
with the antisymmetrical counterpart. 

As justification for this seemingly arbitrary restriction of scope, 
it can only be pointed out that such beams in bending can be 
realized experimentally, as will be shown later. Moreover, these 


* Both the theoretical and experimental phases of this program 
have been discussed with Prof. J. N. Goodier and Dr. E. A. Ripperger, 
both of Stanford University. The authors wish to acknowledge their 
most helpful advice. 
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beams have obvious and considerable engineering importance. 
Unfortunately, definitive rules have not as yet been deduced to 
discriminate in advance of actual test between beams of bending 
character, and those where the symmetrical stresses begin to 
exert an important influence. This should form the objective of 
continuing study. 

Even if it is admitted that only beams in bending are to be 
dealt with, a thoretical solution to the plane-stress problem from 
an exact point of view poses great difficulties. Further engineer- 
ing approximations seem necessary (at least at present) if the 
impact problem is to be solved in practical fashion. The paper of 
Dengler and Goland (1) attempts to obtain such a solution by 
relying on the Timoshenko bending mecbanism. 

The Timoshenko mechanism differs from the elementary bend- 
ing theory by introducing approximate corrections for the effects 
of rotatory inertia and shear deformations of cross-sectional ele- 
ments of the beam. The fundamental concept of plane cross 
sections of the beam remaining approximately plane under load 
is retained. As Cremer (3) and others have shown, the use of 
the Timoshenko mechanism permits excellent approximation 
of the transmission characteristics of the fundamental class of beam 
normal modes and affords a reasonable approximation for the 
transmission characteristics of the next highest class of modes. 
Mode classes above these two are ignored entirely. As will be 
shown later, experimental data appear to confirm the use of the 
Timoshenko mechanism for the treatment of even the sharpest 
of beam impacts and hence seem to indicate that the higher mode 
classes do not contribute significantly to the stresses in beams in 
bending. 

In contrast to the Timoshenko mechanism, the elementary 
bending theory does not account for the effects of rotatory inertia 
and shear deformation of the beam cross-sectional elements. 
This leads to a mathematical theory which restricts its scope to 
only one mode of transmission; moreover, this mode is a close 
approximation for the fundamental class of beam normal modes 
only when the wave length is very long (corresponding to small 
natural frequencies). It is well known that, because of this char- 
acteristic, the elementary bending theory cannot be used for the 
analysis of sharp beam impacts. 

These general remarks are aimed at placing the present program 
in proper over-all perspective. It is seen that interest is restricted 
to a particular, though important, phase of the general problem. 
This discussion also brings out the need for studies directed 
toward the behavior of beams not exhibiting pure bending 
characteristics. 


THEORETICAL CALCULATION OF BENDING-STRESS PROPAGATION 
tv A Untrorm Beam SuBJEcTED TO AN IMPULSIVE, CONCEN- 
TRATED, LATERAL Loap 


In the theoretical analysis of reference (1), a nondimensional 
system of co-ordinates is employed, derived as follows: All 
physical lengths are referred to the height h; all physical masses 
are referred to ph*, where p is the density of the beam material; 
and all physical times are referred to h(p/E)'/*, where E is the 
Young’s modulus of the beam material. On this basis, all 
parameters entering the analysis become dimensionless. For 
example, physical forces are referred to Eh?, physical moments to 
Eh’, physical stresses to EZ, physical velocities to (E/p)'/*, and so 
on, 

The reference (1) analysis pertains to the lateral loading of an 
infinitely long beam of uniform cross section, the loading com- 
prising a concentrated force applied impulsively. The load his- 
tory thus consists of the product of Dirac functions in time and 
space. 

To arrive at the nature of the bending moment propagation in 
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the beam, reference (1) employs a complicated contour integration 
entailing consideration of branch points along both the real and 
imaginary axes. Dr. Julius Miklowitz of the U.S. Naval Ordnance 
Test Station Inyokern, China Lake, California, has pointed out 
that the contour analysis of reference (1) is not entirely correct. 
In particular, referring to the original paper, the cut made along 
the real axis from —@ to +a is not sufficient to render the ex- 
pression A; single-valued. In addition to this cut, a cut along the 
imaginary axis between +7/k(C)'” is required. This has the 
effect of making the reference (1) results incorrect for the interval 
2<r<(C)'"z. 

The correct results given by Miklowitz, and checked by the 
present authors, are as follows: For an impulsive loading of unit 
dimensionless magnitude 


/ 
2 


(1) Fort < z, 


m(t, x) = 0. 


(2) Forz <7 <(C)'* 2, 
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l 
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Here C = E/XG where E is Young’s modulus and AG is the effec- 
tive shear modulus of the Timoshenko bending mechanism. Also 


IAC +1) 
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M = [(C + 1)/2]'*; N =(C 
a = 2/kK(C — 1); 
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R = [& + NXa? 
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In the numerical evaluation of m(r, x) from the above expres- 
sions, several difficulties must be overcome. First, it is to be 
noted that the functions of Equations [4] and [5] must be calcu- 
lated with great accuracy. A cursory examination shows that the 
integrands can have magnitudes as large as 10‘, while the magni- 
tude of the bending moment is of the order 107}. 

The integrand of Equation [5] has singularities of order '/; at 
both ends of the interval of integration. A simple transformation 
changes the interval from (0, a) to (0, 1). The singularities were 
removed by substituting u? = £ in the range 0 < & < 0.64 and 
1 — £ in the range 0.64 < & < 1. The integrands were 
tabulated at close intervals and integration was accomplished 
using Lagrangian three and five-point quadrature formulas. 
Spot checks were performed using higher-point integration formu- 
las. 

The integrand of Equation [4] is highly oscillatory and in ad- 
dition has a singularity of order '/; at the origin. Here it was 
found that the technique of product integration could be used to 
The techniques employed have been pre- 


u2 = 


good advantage. 


viously reported by Luke (8, 9) and need not be detailed here. 

For the actual computations, the IBM Card Programmed Com- 
puter was used, and better than engineering accuracy was main- 
tained. 

The numerical calculations for the present study were under- 
taken for a beam of square cross section, i.e.,k = 1/2 4/3. The 
value of C = E/\G was fixed in the manner suggested by Mindlin 
(4) as follows: According to the exact theory, the transmission 
velocity of very short flexural waves of the fundamental mode 
variety is the velocity of Rayleigh surface waves. For the 
Timoshenko bending mechanism, the transmission velocity for 
this mode class is (E/pC)'/* in dimensional form. Accordingly, 
the value of C is established so as to bring the two velocities into 
conformance. 

For a beam material with Poisson’s ratio '/;, the resulting value 
of C is3.07. Hence the value C = 3 was used for the calculations 
of this paper. 

It is interesting to compare this value with the one resulting 
from elementary bending theory. In view of the parabolic 
shearing-stress distribution over the cross section of a rectangular 
beam, the parameter A equals ?/;. Hence C = E/AG = 4. 

The results of bending-moment calculations for the time 
histories at stations z = 0, 4, and 8 are shown in Figs. 1 to 3. 
For the station z = 4, discontinuities of bending moment occur 
at r = 4and7r = 44/3. These correspond to the times of ar- 
rival of the two transmission modes of the Timoshenko mecha- 
nism at the station in question. A similar performance is observed 
in the time history for station z = 8. 

The plots in Figs. 1 to3 are given in nondimensional terms. It is 
of interest to note that, for a steel beam, one unit of r corresponds 
to a physical time of about 5h microsec 


MEASUREMENT OF LoapinGc Histories AND SrrRaIn PrROPAGA- 
TION IN SguaRE Beams SusJeEcTeD TO SHarp LATERAL Impacts 


The second phase of the present study entailed the collection of 
data regarding the strain propagation in impacted, square-cross- 
section steel beams. The experimental setup, in general terms, 
entailed the dropping of a steel ball bearing from a known height 
onto the top surface of the beam. A force gage (to be described 
later) measured the force-time history exerted by the ball on the 
beam, while strain gages at stations z = 4 and xz = 8 (i.e., four 
and eight beam heights from the impact station) recorded the 
strain time histories at these locations. 

A detailed description of the experiments is now given. 

Equipment Setup. The beams used in the tests were of square 
cross section and were simply supported at their ends in a hori- 
zontal plane. The beam dimensions were 1 in. X 1 in. X 8 ft, 
6 in. and 2'/, in. K 2'/,in. X 11 ft, 7in. The beams were struck 
transversely at their mid-spans and their lengths were sufficient to 
insure that reflections from the beam ends did not return to station 
z = 8 until after the strain recordings of interest were completed. 

The steel ball bearings used for the drops were of commercial 
variety and included sizes between '/; in. and °/» in. diam. A 
simple release mechanism for the balls consisted of an oversize 
tube, aligned vertically with its longitudinal axis perpendicular 
to the longitudinal axis of the beam, and with two small Holes 
drilled in the tube walls along a diameter. A wire inserted in the 
holes restrained the ball from falling; rapid removal of the wire 
permitted the ball to drop freely. 

Since the theoretical work is based on a knowledge of the forces 
applied to the beam, a force gage, Fig. 4, was designed to measure 
this information. The gage consists of a barium-titanate wafer, 
0.015 in. thick and 0.250 in. diam. The top and bottom surfaces 
of the wafer were coated lightly with silver solder. The upper 
surface of the beam was lapped to provide a smooth flat contact 
surface for the bottom surface of the wafer. The flat side of a 
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(For a concentrated load, impulsively applied to a beam of square cross 
section with ec = { 


hemispherical contact button (made from a ball bearing) rests on 


the top surface of the wafer. A beryllium-copper leaf spring, Fig. 
4, affords both positioning and a light preload of the button and 
wafer on the beam; the spring also serves as the ungrounded 
electrical contact to the top side of the barium-titanate wafer. 
The impacting ball strikes the gage at the crown of the contact 
button. 

When the barium-titanate wafer is subjected to compression, it 
generates a charge between its top and bottom surfaces which is 
instantaneously proportional to the magnitude of the applied 
force. Hence the force gage, providing a proper time constant 
is employed in the circuitry, can be used to generate a voltage 
versus time curve which is proportional to the impact force-time 
history. 

Calibration of the gage was accomplished by devising a 
mechanism which suddenly released a known dead load on the 
gage. The gage constant determined by this method is 0.39 volt 
per lb applied force. The voltages generated during the test im- 
pacts were sufficiently high to be applied without preamplification 
to the input of a Tektronix type 511 oscilloscope, and then dis- 
played on one trace of a 5SP-11 dual-beam cathode-ray-tube 
display unit (see later discussion). 

To measure the strain time histories at stations z = 4 and z = 
8, four barium-titanate strain gages of '/, in. gage length were 
used; two gages were used at each station, one on the top and 
one on the bottom surface of the beam. This type gage was em- 
ployed because of its small size and relatively high signal output 
(the test impacts induced relatively small strain amplitudes in the 
beam). ‘The gages consist of barium-titanate bars '/s in. & '/, 
in. X 0.015 in. thick and have silver-solder coatings on their 
largest faces to which electrical contacts are made. After clean- 
ing the beam surface with an abrasive and washing it with ace- 
tone, the gages were cemented to the beam with nitrocellulose 
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cement in such fashion that a '/s-in. gage length results for the 
bending stresses. 

It was found that any accumulation of a thin oil-and-dirt film 
on the gages would cause their gage factors to change appre- 
ciably, apparently because of a conducting path being introduced 
between the gage electrodes. Hence care was exercised to keep 
the gages clean by frequent acetone washes. 

Recording of the strain-gage output was accomplished as fol- 
lows: The barium-titanate gages generate a charge proportional 
to the developed strain and the charge then produces a voltage 
determined by the total of the shunt capacity of the gage itself, 
the, capacity of the signal cable to the preamplifier, the input 
capacity of the preamplifier, and the capacity which may be 
placed in shunt across the gage to give any necessary attenuation. 
The first three of these capacities were measured accurately so 
that the desired attenuation could be obtained with calibrated 
capacitors. 

The strain-gage signal was first amplified by a Kaylab pre- 
amplifier (with a gain of 100) and was then fed into the verti- 
cal amplifier of a Tektronix type 512 oscilloscope. This resulted 
in an over-all frequency band width of 600 ke. A 100-kc square 
wave was reproduced by this combination with no significant 
rounding of corners or overshooting. The output from the scope 
was then applied as one vertical signal to a 5SP-11 dual-beam 
cathode-ray-tube display unit. (The second vertical signal fed 
to the display unit was the applied force; hence both force and 
one strain signal were recorded simultaneously. Unfortunately, 
equipment to record more than one strain history during a single 
drop was not available. ) 

The sweep voltages for the two time bases of the 5SP-11 unit 
were obtained from two oscilloscopes; a 30-microsec sweep for 
the force gage was obtained from the Tektronix 511 scope, and a 
100-microsee sweep for the strain channel was derived from the 
Tektronix 512 scope. Photographic recording of the tube traces 
was accomplished with a Dumont type 296 oscillographic 
camera. Voltage and time calibrations for the recording system 
were effected for each drop in routine fashion, the calibration 
accuracies being within '/, per cent. To correlate time on the 
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COMPARISON OF OBSERVED AND HERTZIAN CONTACT TIMES AND PEAK 
FORCES DURING IMPACT OF BALL ON BEAM 


Ball diam, Drop height, 
in. in. 

1 */a2 2 

1 5/as 4 

1 5/a2 16 


TABLE 1 


-Peak force, Ib- _ 
-Observed* Calculate 
15.6(0.96) 
25.1(1.25) 
64.3(5.02) 


-—-Contact time, microsee——. 
Observed? Calculated 
14.0(0.70) 15.2 
13.1(0.63) y 
11.5(0. 24) 

13.2 


Beam size, 


l 1/5 2 
2'/4 */as 0.2 
21/4 */a2 0.4 


37.0 
33.5 


* The data for the */s:-in. ball are based on eight tests per drop height. 
the number in parentheses, adjacent to the experimental mean, is the standard 
The remaining data are for single test points. i 


the mean of the eight tests; 
deviation of the eight test values. 


The experimental value given is 


For the 2'/,-in-beam 


tests, the shape of the force versus time curve is non-Hertzian in character, displaying a definite double- 


peaking. 
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two traces, a correlation pip was introduced on both, care being 
taken to have the pip fall where minimum interference with wave 
forms results. 

The barium-titanate gages were calibrated by comparing their 
output with those trom Baldwin SR-4 type C-7 resistance-wire 
gages cemented to the beam adjacent to the gages of interest. 
The beam was excited in sinusoidal bending by means of an elec- 
tromechanical vibrator and the gage outputs compared. Since 
the characteristics of the SR-4 gage are known, calibration of the 
ceramic gages could be accomplished. 

An over-all accuracy of +5 per cent is estimated for the experi- 
mental work reported here. 

Analysis of the Force Data. Although the basic objective of the 
present work is to study the bending propagation in beams under 
known applied loadings, certain interesting information regarding 
the forces arising from the ball-beam impact was obtained as an 
experimental dividend. Accordingly, an account of these data 
is now given. 

When designing the force gage, it was realized that the velocity 
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of sound in steel is about 0.2 in/microsee. Hence about 10 
microsec are required for a stress wave to propagate from the 
force gage to the bottom surface of the l-in. beam, and then to be 
reflected back to the gage. Since the recording times for the 
force data were considerably in excess of this time interval, it was 
feared that reflection effects would distort the force measure- 
ments. However, no such distortions were immediately evident, 
save as noted in the next paragraph. 

Typical recordings of force-time histories obtained during drops 
are shown as the solid lines in the upper plots of Figs. 5, 6, and 7. 
The data show an initial compression history which has the 
general characteristics to be expected from Hertzian type impact. 
Following the compression, a small-amplitude tension history is 
indicated, which obviously cannot arise from the forces between 
the impacting ball and the beam. Attempts to relate these small- 
amplitude tensions to either the instrumentation or reflection con- 
siderations have thus far been unsuccessful. In the analysis of 
the data to ascertain the ball-beam forces, the recordings were 
assumed to be accurate during the compression interval; the indi- 
cations of tensile forces were ignored. 

It having been noted that the force-time histories are Hertzian 
in character, a comparison was made between the experimental 
data and Hertz calculations. For the latter, the diameter of the 
struck body was taken equal to the diameter of the contact but- 
ton, and the mass of the struck body was taken as infinite. The 
results of the comparison are shown in Table 1. 

It is seen that surprisingly close correlation exists between the 
calculated and observed values of both contact time and peak 
force during impact. This seems to imply that the use of the 
Hertz theory for prediction of the stresses immediately under the 
concentrated load is a justifiable first approximation, so long as 
the loading time is relatively short. 

It is of interest to note that Christopherson (5) reached similar 
conclusions based on an approximate analysis. The use of a 
force gage similar to ours is reported by Crook (6). 


Analysis of Strain Data. Strain-time histories measured on 
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Fic.8 Comparison oF MeasurepD Outer Frser STRAINS ON UPPER 
AND Lower Bream SuRFACES AT STATION z = 4 
(For 1-in. beam; 5/s2-in. ball; 2-in. drop.) 
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Fic. 9 Comparison or MEASURED OUTER FIBER STRAINS ON UPPER 
AND Lower Beam Surraces at STATION z = 8 
(For 1-in. beam; */s:-in. ball; 2-in. drop.) 


beams in the bending class are shown as the solid lines in the lower 
plots of Figs. 5,6,and 7. These records are used for comparison 
with the theory in the manner described in the next section. 

In order to insure that the beams used for comparison with the 
theory were primarily in bending, the records from gages on the 
top and bottom beam surfaces were compared; for pure bending, 
they should be mirror images of each other about the time axis. 
Figs. 8 and 9 show such comparisons at stations r = 4andz = 8 
for the drop configuration of Figs. 5 to 7. 

In general, it is to be noted that the strain histories of Figs. 5 
through 9 can be thought of as a basic transient history on which 
is superimposed certain small-amplitude high-frequency oscilla- 
tions. It is clear *. nm Figs. 8 and 9 that the basic transients for 
the Figs. 5 to 7 drop configuration are essentially mirror images of 
each other; no definite conclusions in this regard can be drawn 
for the high-frequency oscillation components since the strain 
records could not be taken simultaneously. 

It is of considerable interest to note, however, that the ampli- 
tudes of the high-frequency strain components diminish rapidly 
in going from station z = 4toz = 8. Thisis characteristic of all 
the data taken, most of which are not reported here. 

The degree of reproducibility of records taken during different 
drops, but for the same drop conditions, is found to be quite ex- 
cellent. When the force records coincide, the strain records re- 
main identical to within a few per cent, Figs. 5 and 6. 


A CoMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS 


In order to compare the analytical predictions of Figs. 2 and 3 
with the experimental observations, account must be taken of the 
fact that the former relate to impulsive loading, whereas the test 
data are for the loading histories shown in Figs. 5 through 7. The 
most effective way of placing both sets of information on the same 
footing is to extend the analytical results so that they apply to 
the experimentally observed load histories. This can be accom- 
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plished conveniently by using the Duhamel integral technique (7). 

In physical terms, the Duhamel integral approach entails 
visualization of the load-time history as a series of successive im- 
pulses. In view of the linearity of the theory, each impulse con- 
tributes to the total strain history as if it acts alone; addition of 
the effects of the various impulses, due account being taken of the 
respective impulse amplitudes and time origins, leads to the total 
strain history for the complete loading. 

In the present treatment, the observed loading history was ap- 
proximated by a series of impulses, the magnitude of each corre- 
sponding to the area under a 0.4-microsec interval of the force- 
versus-time curve. Addition of the various impulse contribu- 
tions to the total strain history was accomplished by routine 
numerical treatment. 

Comparison of the measured and predicted strain histories in 
Figs. 5 to 7 shows a quite surprising degree of agreement. The 
basic transient components of the records are excellently dupli- 
cated, both in regard to wave shape and peak amplitudes. How- 
ever, the measured strain histories show a significant high-fre- 
quency component which is only faintly in evidence in the analyti- 
cal predictions. As was mentioned earlier, insufficient experi- 
mental evidence is available regarding the character of the high- 
frequency component to permit a critical interpretation of its 
significance to the present work. 

It is also to be noted that while the predicted and measured 
strain amplitudes agree remarkably well, both the histories at 
x = 4and z = 8 show calculated peak values which are slightly 
higher than the experimental peaks. One possible explanation 
for this lies in the fact that the present theoretical results neglect 
the effects of internal damping of the beam material. In regions 
of sharp peaks, where high frequency components predominate, 
this dissipative influence may be of some importance and may re- 
duce the predicted peak values. 


DIscusSION AND CONCLUSIONS 


For certain beams in bending, it has been shown that an analy- 
sis of sharp transverse impacts on the basis of the Timoshenko 
bending mechanism can be expected to yield excellent predictions 
of the strain propegation in the beam. However, the analysis 
does not account for certain high-frequency strain components 
which become of decided importance for certain classes of beams 
and impact conditions. While it is felt that the present work is a 
contribution to the over-all problem, it suffers from the inability 
to decide under which circumstances, and in what manner, the 
high-frequency effects will significantly enter the propagation 
mechanism. 

The present work accounts only approximately for the second 
class of antisymmetrica] transmission modes, omits the contribu- 
tions from the higher-order antisymmetrical transmission modes, 
and neglects entirely consideration of the symmetrical transmis- 
sion modes. It seems desirable, therefore, that further analytical 
and experimental work be directed toward study of these aspects 
of the over-all problem. The analytical studies, in so far as pos- 
sible, should be based on the known results from the theory of 
elasticity in regard to transmission mode characteristics. 

Within the scope of the present work, a practical approach to 
the analysis of the stresses resulting from sharp impacts is sug- 
gested. While the studies reported here pertain to a uniform 
beam of infinite length, these geometrical restrictions are not 
inherent in the Timoshenko mechanism. Hence the develop- 
ment of approximate numerical or graphical methods for solution 
of the Timoshenko beam equation should provide a tool for prac- 
tical analysis of elastic impact stresses. 
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Oil Streamlines in Bearings 


By C. F. KETTLEBOROUGH,' MELBOURNE, AUSTRALIA 


A semigraphical method is given for tracing oil-flow 
streamlines in bearings. This is illustrated by a typical 
calculation. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


6Awar,? 
ho? 


pressure coefficient = ( 


radial width of pad 

oil-film thickness 

outlet-film thickness 

length of rectangular pad in direction of motion 

oil-film pressure 

any radius within sector-pad area 

inner radius of pad 

nondimensional radius parameter given by r = re?” 

nondimensional radial position of maximum oil-film 
pressure 

velocity of moving member 

radial-velocity component of oil particle 

tangential-velocity component of oil particle 

angle subtended by sector pad 

oil viscosity 

angular position of point in oil film 

nondimensional angular position given by 6 = a6, 

angular velocity 


B 
p = loge (+?) from r = roe?” 
ro 
F(0;) 


SSq 


a 
d 
0 
6, 
w 


nondimensional pressure function in circumferential 
direction 

f(n) nondimensional pressure function in radial direction 
DEVELOPMENT OF GRAPHICAL SOLUTION 


A review of the literature reveals little information on the oil- 
flow streamlines in a bearing. For a flat slider it is usually il- 
lustrated as shown in Fig. 1 (see Norton’). However, Gibson’s* 
photographs show that the oil flow should be as shown dotted in 
Fig. 1. In order to elucidate this point a graphical method has 
been evolved as follows: 

The path of a particle of oil situated halfway between the 
opposite faces of a sector-shaped tilting pad has been traced. It 
was assumed to remain in this central position. The sector-pad 
size assumed was 2!/, in. ID, 4'/s in. OD, and included angle 
35°16’. 

1 Senior Lecturer, University of Melbourne. 

2 *Lubrication,’’ by A. E. Norton, McGraw-Hill Book Company, 
Inc., New York, N. Y., 1942, fig. 73. 

5“The Michell Thrust Block,’’ by J. H. Gibson, Engineering, vol. 
107, June 13, 1919, p. 765. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tae American Soctnty or MecHanicaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 9, 1954. Paper No. 54—-A-23. 


Fie. 1 Or STREAMLINES FoR RECTANGULAR SLIDER 
(Full lines, see Norton;? dotted lines, see Gibson.*) 


The radial velocity of such an oil particle is given by 


( 1 aP *) 
AX dr 8 


and the tangential velocity by 


dP h* “") 
2 


In order to evaluate these components the slope of the pressure 
surface and the viscosity must be known. Boswall’s‘ approximate 
method, in which the pressure intensity at any point is given by 
P = Ae*'™F(6;)f(r;), was used to determine the pressure distribu- 
tion for a film ratio of 3.4 and a total load of 130 lb, Fig. 2(a). 
Christopherson’s® relaxation method was then applied to obtain 
the temperature distribution shown in Fig. 2(b). The slopes 
dP/d@ and dP/dr are found graphically or by finite-differ- 
ence formulas from Fig. 2, and the viscosity from Fig. 3, using 
the viscosity-temperature curve determined by a standard Red- 
wood viscometer. The value of the film thickness at any point is 
determined from the facts that the film ratio is 3.4 and the com- 
puted minimum film thickness is 0.00104 in. 


TypicaL CALCULATION 


Consider the point marked A in Fig. 3. 


1 dP ) 
X dr 8 


Radial velocity V, = ( 


with A = 0.77 poise, h = 0.00281 in., dP/dr = 216 psi per in., 
whence V, = —19.2 ips. 
Tangential velocity 


ee 
ro rk dé 8 

with 
X = 0.77 poise, h = 0.00281 in., w = 


4“The Theory of Film Lubrication,’’ by R. O. Boswall, Longmans, 
Green and Company, Ltd., London, England, 1928. 

5*‘A New Mathematical Method for the Solution of Film Lubrica- 
tion Problems,’’ by D. G. Christopherson, Proceedings of The Insti- 
tution of Mechanical Engineers, London, England, vol. 146, 1941, 
pp. 126-135. 


~——156 radians/sec (1490 
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kia. 2(a) O-Fiucm Pressure DistrisvutTion Pic. 2(6) Mean Orr-Ficm Temperature DistrisvtTion 





inlet edge and the point of maximum pressure, the pressure in the 
oil film reduces the steady velocity component (wr/2). This 
pressure-velocity component depends on dP/d@. Beyond the 
point of maximum pressure, the pressure-velocity component is 
very large; i.e., dP/d@ is large and is in the same direction as 
the steady component, resulting in a comparatively large increase 
in the tangential-velocity component. 


(b) The transverse slope dP/dr decreases more rapidly than 





the circumferential gradient. 

Hence the oil path is deflected away from the inner and 
outer edges after passing the point of maximum pressure. 

Any means which decreases side leakage increases the load 
capacity. One such bearing is the stepped thrust bearing. Fig. 4 
shows the pressure distribution for the step shape as shown and 








OUTLET EDGE 





0706 O05 


fia.3 SHowinGe ConstTRUCTION OF AND TYPICAL STREAMLINES FOR 
Sector Pap ConsIDERED 


rpm), r = 1.38 in., dP/d@ = —358 psi per in., V, = 
107.8 = —84.9 ips 

With these velocities a velocity triangle is constructed at point 
A. Assuming the velocity remains constant over the interval 
6, = 0.7 to & = 0.6, the particle will move to point B’, at which 
point the velocities are recomputed 


V, = —24.5 ips 


r 
V, 85 ips 

Mean radial velocity over interval = —21.8 ips. 

Mean tangential velocity over interval = —85 ips. With these 
new velocities a new velocity triangle is constructed at point A 
and, assuming the oil particle moves with these new velocities 
over this interval, the particle will move to point B, where the 
velocities are now V, = —26 ips and V, = —85 ips. 

The process could be repeated but it is felt that the second at- 
tempt gives sufficient accuracy. A series of such points A, B, C, 
and so on, are determined and a smooth curve through them gives 
the approximate streamline. 

Four streamlines are shown in Fig. 3 for r; = 0.4, 0.5, 0.6, 0.7, 
and clearly show that streamlines 2 and 3 are caused to turn away 
from the inner radial edge. This is due to two factors: 

(a) Consider the pressure-induced velocities in the circum- INLET EDGE 
ferential direction, i.e., in the direction of motion. Between the Fic. 4 SrrReaMLINEs ror Steprep Turvust Bearine 
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for an applied load of 130 psi and a film ratio of 1.7. The operat- 
ing factors are 
3 
Load capacity = 0.1193 ve 
(This is 65 per cent greater than the optimum load carried by a 


tilting-pad bearing.) 
2 
Friction force = 0.868 te 


Inlet-oil flow = 0.681 ULh) 
Outlet flow = 0.554 ULh» 


The minimum operating film thickness is now 0.001551 in. and 
assuming all the friction work is expended in heating the oil, the 
temperature rise is approximately 13 F. A pad 1 in. square was 
assumed operating with a moving member having a linear veloc- 
ity of 250 ips. The viscosity variation through the bearing was 
assumed to be linear. 
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The oil streamlines are shown in Fig. 4. It is interesting to note 
that in the thick-film part, the oil paths are almost parallel to 
the bearing center line. Even after crossing the step, the velocity 
in the direction of motion is sufficiently greater than the trans- 
verse velocity to prevent a large directional change toward the 
side-leakage boundary. Furthermore, the transverse pressure 
gradient decreases more rapidly than the gradient in the direction 
of motion and thus the oil streamlines are diverted away from the 
leakage boundary. 

In an actual bearing, an actual stream tube would fan out brush- 
like in its passage through the bearing. 

A similar technique for determining streamlines can be used for 
journal bearings. 


Appendix 


The essential details given by Boswall’s‘ solution for the sector- 
shaped pad are as follows: 
0.3 0.4 0.5 0.6 0.7 
0.02385 0.02007 0.01606 0.01228 0.00885 
0.716 0.852 0.945 0.994 0.978 


rm = 0.635 A = 6690 psi 





Synthesis of the Surfaces of Friction 
Skew Gears 


By JOSEPH STILES BEGGS,' LOS ANGELES, CALIF. 


The general problem of transmitting motion between 
two shafts with uniform velocity is discussed in this paper. 
The methods used to synthesize the teeth of spur gears* 
have been extended to three dimensions. While the pres- 
ent paper is limited to a discussion of friction gears the 
groundwork is laid for attacking the problem of toothed 
skew gears. Skew friction gears are shown to slip even 
under no load and therefore would appear to have a very 
limited usefulness. 


Cartesian co-ordinate systems illustrated in Fig. 1. The 
two shafts to be connected by friction gears lie along the 
Z, aud X;-axes which are fixed in the reference system Xo¥oZo. 
The X,Y,Z,-system is keyed to one shaft and the X;¥2Z.-system 
is fixed on the other shaft. These co-ordinate systems there- 
fore may be used to describe the surfaces of the friction gears. 
The X;)3Z;-system has its axes parallel to the corresponding 
XoYoZc-axes. Y, is coincident with Y, and Y; but X, is rotated 
an angle a from X; in a positive direction. The shafts have been 
placed in horizontal planes for ease of illustration; this involves 
no loss of generality. 6, and 6, are the rotations of the two 
shafts. They are zero when X, coincides with X, and Y, with 
Y,. 
The present paper is limited to the discussion of constant 
angular velocity ratio between the shafts. Therefore 


"Tee problem is formulated in terms of the orthogonal 


In order to determine the relative movement at a point of 
contact of the two gears the motion of any point P, fixed in gear 1 
is referred to the frame Xo¥oZ». The same is done with a 
momentarily coincident point P; fixed in gear 2. To do this the 
equations of transformation among the sets of co-ordinates in- 
volved are derived. These equations may be derived directly 
from Fig. 1, but they are more readily derived from the direction 
cosines of the axes involved. 

The direction cosines relating the various co-ordinate systems 
are shown in Tables 1, 2, 3, and 4. Table 4 was obtained by 
combining Tables 2 and 3. S and C are written for sine and 
cosine to save space. 

The equations of transformation may be written from Fig. 1 
and Table 4 


1 Associate Professor of Engineering, University of California, 
Los Angeles. Mem. ASME. 

2“The Synthesis of Gear Tooth Curves,” by J. Stiles Beggs, 
Physics, vol. 7, 1936, p. 163. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tae American Socrey oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 13, 1953. Paper No. 54—A-16. 


TABLE 1 DIRECTION COSINES TABLE 2 DIRECTION COSINES 


Xo Yo Zo x Y; Z 
X; Ch S86, r 
Y:; —Sh 
Z 0 


0 7 0 —Sa 
Ce, 0 1 0 
0 1 Z 0 Ca 


TABLE 3 DIRECTION COSINES TABLE 4 DIRECTION COSINES 


Xs Y Zs Xi; Y; Z: 
X: 1 0 0 Xs Ca 0 Sa 
Y2 0 Cos — S02 YY; —Sa Sé: Chr Ca Sz 
Z: 0 S62 Cé: Z: SaCé. Sés Ca Ch 


“ 292%, 


Fic.1 Tas Skew SHarts To Be ConnectTep BY FricTion GEARING: 


Saarts Lig ALone Z; anp X; 


% = 273 = Ca Ze - Sa S60 Y2 + Sa Ch, 22.. [2] 
Yo = ys +a = COz y2 + SO, 22 + a... [3] 


Zo = 23 = —Sa rz — Ca S02 yo + Ca Cy 2s.. [4] 


For a point P; fixed in X, Y,Z,, Table 1 and Equation [1] 
-yob ae — yok. Sse - [5} 
Yo = rb = rokbe. ee {6} 


= we [7] 


my=- 


For a momentarily coinciding point P2, fixed in X;,¥.Z2, from 
Equations [2, 3, 4] and Table 4 


io = Sax Yo —— a) 6, 
tio = (Sa xo + Car tg) by... 
Zo = -Cal yo — a) by... 


The velocity of P; relative to P,, referred to X»¥oZ», when 6, = 1, 
is 


do = —Salyo— a) + kyo = (k — Sa) yo + aSa.... [11] 
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tio = (Sa to + Cat x) — kay = —(k — Sax) x + Car x: [12] 
Zo wt Laks — a} = —Ca y + aCa........ [13] 
Calling this relative velocity V, then 
V2 = io? + to® + &? 


If P; and P,; are momentarily typical points of contact of the 
gear surfaces, their relative velocity represents the slippage of 
the surfaces at this position. On examining Equations [11], [12], 
[13], and [14], it is seen that V can be zero only when a = + 90 
deg (spur gears) or a = 0 (bevel gears). 

If the slippage cannot be zero, the next best solution would be 
to makeita minimum. For this to be the case 

ov? Ca 


= 0, which gives rz) = 
0 


= 0, which gives wa a = aSa) = 
» ow ee i-th 


2 
id = 0, which gives [15] again 

O20 
Equations {15} and [16] determine the straight line ZF (in Fig. 1) 
which is therefore the locus of all the points of contact of the two 
gears for which the slippage is a minimum. As the shafts turn, 
ER will generate the gear surfaces, which are therefore hyper- 
boloids of revolution, as shown in Fig.2. Note, however, that the 


AXX’ we, 


wy 


Nee 


LAS <S) 

PABOSSOSS 

, V7 \ 
a 





Fie. 2 Surraces or Skew GEARS 
(For minimum slippage they are hyperboloids of revolution.) 


slip is a minimum for these surfaces only when Equation [1] 
holds. The question remains will these surfaces produce this 
velocity ratio between the shafts? In any case if teeth are to be 
used, and sliding is to be kept to a minimum, the teeth must make 
contact in the vicinity of these hyperboloids of revolution at their 
line of contact ZF, just as spur-gear teeth make contact in the 
vicinity of their pitch point where the sliding is zero. 
From Fig. 1 and Equation [15] 


tan aq, = 
which is recognized as the pitch-cone angle of a bevel gear in 


terms of the shaft angle (90 deg + a) and the velocity ratio k. 
It may be shown that 





a tan a (1/k) — Sa 


Fig. 1 
As tan a, k— Sa lage e ) 
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Substituting Equation [15] in [12] 


— (k — Sa)Ca 


pey zo + Cazm=0 


Yo = 
That is, the component along the common perpendicular to the 
two shafts, of the relative velocity of the surfaces, is zero at all 
points of contact. This means that the relative velocity lies in a 
plane parallel to both shafts. If the value of a; from Equation 
{16] is substituted into the ratio of z/z formed from Equa- 
tions {11] and [13] it is found that this ratio is equal to the ex- 
pression fur tan a, given by Equation [18]. The slip of gear 2 
on gear 1 is therefore directed along the line of contact from £ 
toward F, and it has the same value all along this line. 

If gear 2 is the driver the force it exerts on gear 1 wil! be in the 
direction of its slip on gear 1, viz., from £ toward F.* But this 
would produce a torque on shaft 1 opposite to the assumed direc- 
tion of rotation! Apparently the hyperboloids will not transmit 
the assumed velocity ratio. 

Suppose shaft 1 is prevented from rotating. If shaft 2 is ro- 
tated in the direction indicated in Fig. 1 the relative velocity at 
P,P; is in the normal plane to shaft 2 and perpendicular to P2D. 
The force on gear 1 will be in this direction and will therefore tend 
to rotate gear 1 in the direction indicated in Fig. 1. However 
gear 1, if released, will not reach the speed /6, because the torque 
on it will reverse first. The maximum velocity is reached just as 
the line containing the relative velocity passes through shaft 1. 
At this condition the torque is zero because the torque arm is 
zero. The maximum ratio of 6,/6. may be obtained therefore 
by setting the torque on gear 1 equal to zero. Since the force of 
friction acts along the relative velocity this may be done by set- 
ting equal to zero the triple scalar product of the following vectors, 
the position vector from the origin to the point P,, the relative 
velocity vector of P; and P»,, and the unit vector along the Z, 
axis. 

Space does not permit showing this in detail, but suffice it to 
mention that, as the driving points P,; and P: are taken further 
from O, the closer will 6, /6. approach k. As the load on the driven 
gear increases, keeping the normal force between the gear sur- 
faces constant, the driven gear must slow down in order that the 
relative-velocity vector can move away from the driven shaft 
and provide sufficient torque arm to drive the load. When the 
torque arm can increase no further the driven shaft stops. The 
velocity ratio of these gears therefore depends on the shaft load 
and the normal force along the line of contact. 


CoNCLUSION 


While the use of spur and bevel friction gearing is growing,‘ 
due to the use of better steel and better oil,* skew friction gearing, 
because of the inherent limitations mentioned in the paper, seems 
doomed to limited application. 


*“*A Problem in Friction,"’ by F. A. Valentine, American Mathe- 
matical Monthly, vol. LIII, February, 1946, pp. 83-85. 

4“‘Development of the McCulloch Supercharger for Automotive 
Diesel and Gasoline Engines,”’ by J. W. Oehrli, paper read before the 
Society of Automotive Engineers, Annual Meeting, January 15, 
1954. 

5 ‘Use of Metallic Traction in Modern Transmissions,"”’ by L. A. 
Graham, paper presented at a meeting of the ASME Machine Design 
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Application of the Electronic Differential 
Analyzer to the Oscillation of Beams, 
Including Shear and Rotary Inertia 


By C. E. HOWE! anv R. M. HOWE? 


The equations for normal modes of lateral vibration of 
beams are set up on the electronic differential analyzer. 
Beam deflections due to transverse shear and rotary-inertia 
forces are included. The differential analyzer is shown to 
be a fast and accurate method for solving the problem. 
Analyzer outputs include mode shape, slope, bending 
moment, and shear force along the beam. Curves showing 
the normal-mode frequencies for the first three modes of 
vibration of a uniform free-free beam are presented for a 
wide range of transverse shear and rotary-inertia parame- 
ters. The electronic differential analyzer also is utilized 
to solve the problem of lateral vibration of nonuniform 
beams. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= horizontal distance from left end of beam 
= length of beam 
= time 
w frequency of normal-mode oscillation 
F(z, O transverse deflection of beam at any instant 
y(x) 
M(z, t) 
M(z) 
P(x, t) 
V(x) 


oi 
l 
l 


maximum transverse deflection of beam, at z 

bending moment at any instant 

maximum bending moment, at x 

transverse shear force at any instant 

maximum transverse shear force, at xz 

area moment of inertia 

modulus of elasticity, or Young’s modulus 

fluexural rigidity, at z 

constant value of E/ (zx) 

cross-sectional area 

modulus of shear, or rigidity modulus 

ratio of average shear stress to stress at neutral axis 

shear rigidity, at z 

constant value of kAG(z) 

mass per unit length of beam, at x 

p constant value of p(x) 

I(x) mass moment of inertia per unit length of beam, at x 

i; constant value of [.(x) 

&(z, t) neutral axis slope due to shear at any instant 

&(x) = maximum neutral axis slope due to shear, at z 
=] neutral axis slope due to bending at any instant 


B(z, t) 
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kAG (x) 
kAG 
pix) 


maximum neutral axis slope due to bending, at z 


A(x) = 
(”) 
EB (x) 


kG 
wy 
o,(x) 


dimensionless parameter, expressing effect of rotary 


inertia 
constant value of (‘“) (x) 
E 
dimensionless variable, reflecting variation of p(x) 
with z 
dimensionless 
T(z) with x 
dimensionless variable, reflecting the variation of 
kAG(z) with z 
dimensionless variable, reflecting the variation of 
El(x) with x 
El 
kAGI? 


lp 


wl? Ver dimensionless parameter 


rariable, reflecting variation of 


?, (x) 
$,(z) 


, dimensionless parameter 


4 


independent variable for computer, « = (1/L)r 


INTRODUCTION 

The study of transverse vibrations of beams, with particular 
reference to the determination of eigenfrequencies and mode 
shapes, is a problem in which considerable interest has been de- 
veloped. It is the purpose of this paper to give a brief theoretical 
analysis of the problem and to demonstrate the usefulness of 
an electronic differential analyzer in determining the desired solu- 
tions for both uniform and nonuniform beams. 

The ordinary textbook on vibrations presents a simplified 
analysis of the vibrating-beam problem. Generally it is assumed 
that the transverse vibration of the beam takes place in one of the 
principal planes of flexure of the beam and that the length of 
the beam is large in comparison with its transverse dimensions. 
This latter assumption permits the deflection resulting from trans- 
verse shear force and from rotary inertia to be neglected without 
much loss in accuracy. However, if the beam being studied no 
longer has a length large compared with its cross-sectional dimen- 
sions, these simple solutions are not sufficiently accurate. 

Lord Rayleigh (1)? derived a correction factor to include the 
effect of rotary inertia. In 1921 Timoshenko (2) set up a group of 
differential equations which included the effect of transverse shear 
force as well as that of rotary inertia. From these equations he 
derived, for the special case of a beam hinged at both ends, a cor- 
rection factor (2, 3) which could be used to determine an approxi- 
mately correct frequency. This method of approximation is not 
readily applicable to beams with other types of end fastenings, 
as was pointed out by Goens (4). Goens derives exact expres- 
sions for the free-free beam with the effects of rotary inertia and 
transverse shear force included. The roots of these expressions 
yield the frequencies of vibration if the constants of the beam are 


known. More recently, Ormondroyd, et al. (5, 6, 7), have pre- 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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sented results of theoretical research on the dynamics of a ship’s 
structure with a view toward the determination of the eigen- 
frequencies and normal-mode shapes of both uniform and non- 
uniform beams. In addition, studies were made of forced damped 
vibrations. In these studies deflection due to transverse shear 
force is included while the effect of rotary inertia is neglected, 
and the orthogonality of the modes of vibration is demonstrated. 
Kruszewski (8) also has analyzed the effects of rotary inertia and 
transverse shear on the normarmode frequencies of uniform 
cantilever and uniform free-free beams. 

In all of the foregoing work the solution of the basic equations 
_ led to a fourth-order differential equation for the mode shape. 
This equation was solved, subject to the boundary conditions at 
the end of the beam, the solutions yielding equations from which 
the eigenfrequencies were determined. In most cases no atten- 
tion was given to mode shapes. 

Dolph (9) has shown that when the basic equations, including 
transverse shear and rotary inertia, are solved as simultane- 
ous equations instead of being converted to a single fourth-order 
equation, the resulting normal-mode solutions for a hinged-hinged 
beam have two eigenfrequencies associated with a given mode 
shape. The norma] modes are orthogonal in such a way as to 
allow the most general of initial conditions to be satisfied. It also 
turns out that when the beam equations are set up on the elec- 
tronic differential analyzer, it is more convenient to solve the 
original simultaneous differential equations instead of a single 
fourth-order equation. 


EQuATIONS FOR TRANSVERSE VIBRATION 
Basic Equations. By applying the laws of dynamics and ele- 
mentary strength of materials to a small element of a beam, one 
obtains the five basic equations 
d*(2,0) . dV (z, 2) 
= = (0 
ot? r oz 
_ 2M, 9) 7) PB 
ox r ol? 
D(z, t) = —kAG(z)a(z, 0). 
Bla, t) _ Miz, t) 
oa El(z) 


(1) 





D(z) 


+ Vi(z,t) =0 


— = a(z, t) + A(z, d [5] 


Equation [1] equates to zero the sum of the transverse forces, 
while Equation [2] equates to zero the sum of the moments acting 
on a small element of the beam. Equation [5] states that the 
neutral axis slope is the sum of B and &, where f is the rotation of a 
plane normal to the neutral axis, and @ is the distortion of the 
angle between this plane and the plane of the neutral axis (6, 7). 

If the length 1 of the beam is very large compared with its 
transverse dimensions, then the rotary inertia 7, and slope & due 
to shear are neglected. Equations [1] to [5] reduce to the simple 
beam equations 





d*9(z, t) dP (z, t) 
eeret aye 


dil, 1) 


B(x) 0 


V(z,t) = 


o*x(z, t) _ M(z, t) 
oa? EI(z) 





Separation of Variables. In Equations [1] to [5] there are two 
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independent variables, distance z along the beam and time ¢. To 
separate the two variables z and ¢, it is assumed that the time 
variation of all dependent variables is sinusoidal. Thus let 


iz, t) = y(z)e, M(x, t) = M(z)e*, ete. 
Equations [1] to [5] then become a set of simultaneous ordinary 


differential equations in z, where the normal mode frequency w 
appears as an unknown parameter. 

Since the equations are to be applied, in general, to the study of 
a nonuniform beam in which the physical characteristics change 
along the beam, it will be convenient to define the following rela- 
tions 


A(z) : po,(z), T(z) -_ I,0,(x), 


kAG(z) = kAG$,(z), El(z) = Elg,(z). . (6) 


where p, J,, kAG, and EI are now constants, and the variations of 

physical properties along the beam are reflected in the ¢’s which 

are dimensionless. For a uniform beam, ¢, = ¢, = ¢, = ¢, = 1. 
It is also convenient to define a frequency parameter A by 


pw?l* 
2 = —— 7 
r EH , [7] 


a shear parameter S by 


and a rotary-inertia parameter N by 

kAG I 

N = =. 

EI p 

Since the rotary inertia /, is given by 
I 

I, wide: 

A 


an alternate expression for N is 


(11] 


In terms of the new parameters defined in Equations [6] to [9] 
the separated beam equations can be reduced to the following 
three equations 

z 1d 


1 
S i od de (¢,a) = 0 


: («, a) + SN * ob + — 6a= 


y 


dz dz Si? 


Rewriting Equations for Computer. The electronic differential 
analyzer integrates with respect to time. Hence it is necessary 
to change the distance variable z in the beam Equations [12], 
[13], and [14] to a computer time variable r. If the range in the 
distance variable z is 0 < x < I, then the range in the computer 
time variable r is 0 < r < L, where L is the length of the com- 
puter solution in seconds. Thus 


! ag #.(L)2 
1 RY ae 1) ar 


Also, let 


L 
&(z) = + a(r) and B(x) = = ar) 
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Rewriting the beam Equations [12] to [14] in tertas of the 
computer variable 7, we find that 


1Lt!id 
Sp st =0.. 
S \ gar 


4 (4 & + sn 68 4 
dr\"/ dr pT TN ie SL? 


y+ 


oa = 


dy 


a an Be. 


We remember that in the foregoing equations y is the deflection 
of the beam (volts in the case of the computer) and 7 is computer 
time (corresponding to distance along the beam). S and N are 
dimensionless parameters which include the effects of transverse 
shear force and rotary inertia, respectively, and A is the charac- 
teristic root of the equations such that the appropriate boundary 
conditions are satisfied. Bending moment is proportional to 
d8/dr and shear is proportional to a, while the length of the 
beam is L units of computer time. 

The beam equations are subject to boundary conditions, de- 
pending on the type of restraint or fastening at each end of the 
beam. The possible fastenings and the resultant end conditions 
are summarized in Table 1. 

TABLE 1 SUMMARY OF FASTENINGS AND END CONDITIONS 


Boundary condition 
End of beam for beam 
Free.... M=0; V=0 
Hinged . ; y=0; M=0 
(vy = 0; dy/dz = 0 


or 
(y =0; B=0 


Boundary condition 
for computer 


¢sdB/dr = 0; dea = 0 
y = 0; ¢sdB/dr = 0 
y = 0; dy/dr = 0 
Built-in or 
y=0;8=0 

In the case of the built-in end, there is some difference of 
opinion as to whether the slope dy/dr of the neutral axis is zero 
or whether just the fraction 8 of the slope due to bending moment 
is zero (2, 3, 7, 8). Equations [15], [16], and [17] form a set of 
simultaneous linear differential equations which can be solved by 
the electronic differential analyzer, subject to the appropriate end 
conditions for a particular type of beam. 


SOLUTION OF THE VIBRATING-BEAM PROBLEM BY THE ELxc- 
TRONIC DIFFERENTIAL ANALYZER 


Theory of Analyzer. Before proceeding with a description of 
how the vibrating-beam problem can be solved by means of the 
electronic differential analyzer, it would seem appropriate 
to review briefly the principles behind the operation of such 
a computer. For a complete discussion of the theory of elec- 
tronic differential analyzers, their field of application, and com- 
mercially available computers of this type, the reader is directed 
to references (10, 11). 

The basic component of the electronic differential analyzer is 
the operational amplifier, which is shown schematically in Fig. 
l(a). It consists of a d-c voltage amplifier of high gain (usually 
greater than 10,000), an input impedance Z,, and a feedback im- 
pedance Z,. If we neglect the current into the d-c amplifier itself, 
i.e., neglect the current to the grid of the input tube, it follows 
that 7; = i. Let us also neglect the voltage input e’ to the d-c 
amplifier in comparison with the output voltage e: or the input 
voltage e, to the operational amplifier. We then have 


from which 


which is the fundamental equation governing the behavior of the 
operational amplifier. For example, if we wish to multiply a 
voltage e; by a constant k, the feedback and input impedances are 
made resistors R, and R,, respectively, with R,/R; =k. From 
Equation [18] the output voltage e: of the amplifier will be —ke, 
as required, except for a sign reversal. 





a) OPERATIONAL AMPLIFIER 


Ro le. Reig 
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eq 
? 

— 
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b) OPERATIONAL AMPLIFIER AS A SUMMER 


——*+ © 
wi, OUTPUT 





! 
ee *~- a= 


acd %st 


C) OPERATIONAL AMPLIFIER AS AN INTEGRATOR 


Fig. 1 Exvecrronic DirrerentiaL ANALYZER 

The operational amplifier can be used to sum several voltages, 
as shown in Fig. 1(b). Each voltage to be summed is applied to a 
separate input resistor. The circuit shown in Fig. 1(c) is used for 
integration. Here the feedback impedance is a capacitor and the 
input impedance is a resistor; the amplifier output voltage is 
proportional to the time integral of the input. 

Thus it is evident that time represents the independent variable 
for the electronic differential analyzer, while voltage represents 
the dependent variables in solving differential equations. In 
order to demonstrate how operational amplifiers performing the 
function of multiplication by constant, summation, and integra- 
tion can be combined to solve ordinary differential equations, 
we will now set up the amplifier circuits required to solve the beam 
problem. 

Analyzer Circuit for Solving Beam Problem. The equations for 
lateral vibrations of a beam, including rotary inertia and trans- 
verse shear force, were reduced to the three simultaneous ordinary 
differential Equations [15], [16], and [17]. The computer circuit 
for solving these three equations is shown in Fig. 2 To under- 
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All Resistor Units ore Megonms 
All Cepocitors ore | mid 
Ground Connections are Omitted for Clarity 


Fic. 2 Dirrerenriat ANALYZER CrrcuiT ror BeaM Prosiem 
stand how the circuit shown solves the equations assume that the 
output of amplifier A, is (1/SL*é,4)d(¢,a)/dr. This voltage is 
applied to integrating amplifier Az, which has an input resistor 
varying as 1/d,. Therefore this amplifier divides the input 
voltage by 1/@, and integrates it, giving —(¢,/SL?)a@ as its out- 
put voltage. The output of A, is then fed through amplifier A,, 
which merely inverts its sign. Assume next that the output of 
amplifier As is —8, which becomes (SA*,/L?)8 after being fed 
through A;. The output of A; is divided by 1/N and summed 
with the output of A, to give as the output of A; the voltage 
— f [(SN\*6,/L*)B + (,/SL*)a\dr, which from Equation [16] is 
simply $¢,d8/dr. This latter voltage is divided by ¢, and inte- 
grated in amplifier Ag to give —@. According to Equation [17] 
a and 8 should be summed and integrated to give y; this is the 
function of the amplifier A;. Finally, to complete the computing 
loop we let y be the input to amplifier A,, which then satisfies 
Equation [15]. 

The four resistors shown in Fig. 2 as variable must change 
their values with time as the analyzer solution progresses. This is 
necessary to take care of the variation of beam constants with dis- 
tance along the beam. The way in which this is accomplished is 
described in the next section. However, in the case of a uniform 
beam the various @’s are equal to unity, and all resistor values are 
constant. 

The initial conditions utilized on the computer depend upon the 
type of end fastening for the beam in question. For a ‘‘free-free’’ 
beam the initial conditions (and also the final conditions) are 


dg 
= = 
oe 0, a 


dB 
rain h a=0 


atr =0 


The initial conditions given in Equation [19] are impesed by 
short-circuiting the feedback capacitors of amplifiers A; and Ag in 
Fig. 2 through initial-condition relays. This is equivalent to 
making the shear force and bending moment zero at one end of the 
beam. At the same end the deflection and slope must be finite; 
these conditions are imposed initially on A; and A¢ through volt- 
ages V,;and V». The solution of the problem is begun by releasing 
simultaneously the four initial-condition relays, two of which 
were holding d8/dr = 0 and a = 0, and two of which were 
holding y = V; and —8 = Vz. 
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Trial-and-Error Method for Obtaining Normal-Mode Solutions. 
Let us consider the case of a uniform, free-free beam. The first 
trial settings of V; and V¢ are arbitrary, and in general a correct 
solution will not result. For a correct solution d8/dr must go 
through zero at precisely the same instant as @ goes through zero. 
The time elapsed between the start of the solution and the instant 
when d8/dr = a = 0 is then the length L of the computer solu- 
tion. A typical first trial solution is shown in Fig. 3(a) in which 
the condition d8/dr(L) = a(L) = 0 obviously is not met. The 
small pips on the d@/dr-curve indicate when a@ has passed 
through zero. By varying V; and holding Vs constani (or vice 
versa), the ratio V;/V. can be varied until an exact solution is ob- 
tained. The trial solutions leading to an exact first-mode solution 
are shown in Fig. 3. Usually about half a dozen trial solutions 
are needed until an exact solution is reached. Higher modes are 
obtained in exactly the same manner. A second-mode solution 
is shown in Fig. 4. 


c - d: 


| DIVISION PER SECOND 


Fig. 3 Trrtat Soivutions ror First Mopes, Free-Free Beam 


Fie. 4 Ssconp-Mope Soruvution, Free-Free Beam 


If we are looking for the solution of a given uniform beam, then 
we must have chosen originally a suitable computer-solution 
length L. But the values for the feedback resistor R) in A; and 
A; (Fig. 2) had to be selected arbitrarily, so that in general the 
observed computer length Z for a correct solution will be different 
from the L originally chosen. It is then necessary to select a new 
R) and rerun the solution, obtaining a new L. By repeating this 
process several times and by interpolating, we can arrive at the 
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value of R, which gives a correct solution of the desired length L. 
The frequency parameter A is then given by 


On the other hand, if we are interested in solving the problem 
for a whole family of uniform beams characterized by different 
values of the parameter S (i.e., having various thickness-to-length 
ratios), we may keep FR) fixed, calculate \ from Equation [21], and 
S from the formula 1/S = L*Rs. In this procedure every correct 


solution of length L represents a certain beam, but we cannot 


choose the exact 1/S-value for that beam beforehand. 

When obtaining solutions of higher modes, one finds that the 
ratio V;/V. in Fig. 2 becomes extremely critical. A change in 
these initial voltages of one part in several thousand causes con- 
siderable deviation from one solution to the next when a third or 
fourth mode is being sought. As a result the solutions for higher 
modes do not repeat from run to run, and it is extremely fortunate 
ever to get an exact third or fourth-mode solution. However, 
from several inexact solutions it is fairly easy to interpolate to the 
length L of an exact solution. Fortunately, when the effects of 
shear and rotary inertia are included, the initial conditions for ob- 
taining higher modes become much less critical. What actually 
happens is that for larger and larger values of N and S the mode 
solutions are characterized more by circular functions than by 
hyperbolic functions and hence become more stable. 

Solutions for a Uniform Free-Free Beam, Neglecting Shear and 
Rotary Inertia. In order to check the accuracy of the computer, 
the vibrating-beam problem was first solved for the case in which 
the length of the beam is very long compared with the thickness. 
This means that rotary inertia and shear forces are negligible 
(N = S = 0); we might call such a beam “infinitely thin.”” The 
frequency parameter A for the first five modes of an infinitely thin 
free-free beam are given by Timoshenko (3). To solve this 
problem on the analyzer the connection between A, and A; in 
Fig. 2 was broken, along with the connection between A; and A;. 
The 1/@, and 9, resistors were set equal to unity (1 megohm), as 
was R), so that \ = L* or Vd =. The values for V X are com- 
pared with the theoretical values in Table 2. 

Evidently the computer solutions are accurate to 0.1 per cent 
or better. In order to realize this accuracy it is necessary to use 
very careful calibration techniques (12) in measuring the resistors 
and capacitors in the computer circuit. The measurement of the 
length L of the computer solution must also be of considerable 
accuracy. For a uniform free-free beam the output voltage d3/dr 
(proportional to the bending moment) is recorded on one channel 
of a Brush, Model BL-202, magnetic oscillograph. In order to 
determine more accurately when the correct end conditions have 
been realized, the d8/dr record is “blown up”’ by a factor of 10 


Seconv-Mope So.vution Wits Timinec PuLses 


TABLE 2 COMPARISON OF COMPUTER AND THEORE FiCAL 


SOLUTIONS FOR A ineetins * | pia BEAM, INFINITEL 


ViAieL 
(theoretical), 


Vi =L 
(computer), 


in the region where it is near zero in value, i.e., at the beginning 
and end of a solution. A correct solution obtained in this manner 
for a second mode is shown in Fig. 5. The pulses superimposed 
on the d8/dr-curve occur at the instant @ goes through zero. The 
length L of the solution is just the time elapsed between initial 
and final pulses. This elapsed time is measured to the order of | 
millisec accuracy by comparison with seconds pulses from Radio 
Station WWV, which appear on the other recording channel. 

Solution for a Uniform Free-Free Beam, Including Shear and 
Rotary Inertia. The differential Equations [15], [16], and [17] 
for the vibrating beam include the effects of shear and rotary in- 
ertia forces, and hence are representative of a beam whose thick- 
ness may be appreciable in comparison with its length. The rela- 
tive effects of shear force and rotary inertia present in the vibrat- 
ing beam are represented, respectively, by the values of the di- 
mensionless parameters S and N (see Equations [8] and [11}). 
For a long, thin beam, S will be small; for a short thick beam, S 
will be large. On the other hand, for a given shape of beam cross 
section, V depends only on the ratio of shear modulus G to Young’s 
modulus £, 

The differential analyzer was used to find the frequency 
parameter \ for a considerable range of S and N-values in the 
case of a uniform free-free beam. The circuit shown in Fig. 2 
was used with @, = $, = ¢, = ¢,; = 1; the resistor Ry was set 
equal to unity. The value of 2, was chosen arbitrarily, and NV was 
made 0, 0.1, 0.2, and 0.3 by setting 1/N = —, 10, 5, and 3'/, 
megohms, respectively. For each value of 1/N and R&, the length 
L of the solution for the first three modes was determined. The 
parameter S for each of these solutions is given by 1/S = L4R,, 
while 4 = L* since Ry, = 1. 

If we let A» equal the frequency parameter for a uniform free- 
free beam when shear and rotary inertia effects are neglected, 
then A/A» represents the correction factor in the frequency when 
shear and rotary-inertia effects are included. Fig. 6 shows the 
family of curves obtained when A/X¢ is plotted as a function of 
1 /S for the four values of N(N = 0, 0.1, 0.2, and 0.3). The values 
chosen for N seemed appropriate for the various types of beams 
which might be encountered. Variation of \/A» as a function of 
N is almost linear, so a much wider range in N can be obtained by 
interpolation from Fig. 6 without too much loss in accuracy. 

The parameter 1/S ranges {rom very high values down to about 
14, 35, and 72 in the case of the 
first, second, and third modes, 
respectively. 
limits on 1/S correspond to 
length-thickness ratios of about 
2, 3.5, and 5 for a rectangular 
steel beam; i.e., the length- 
thickness ratios for the beams 
represented in Fig. 6 go down 
to the region where the wave 
length of vibration is almost 
the same as the thickness of 
the beam itself. This is the 
region where one would ex- 
pect the assumptions involved 
in deriving original beam Equa- 
tions [1] to [5] to break down. 


These lower 
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Fie. 6 Frequency PARAMETER 
FOR Free-Free Beam, Inciup- 
ING Errects or TRANSVERSE 
SHeaR AND Rotary INERTIA 


233 ses: 23 


400 700 1000 2000 





As a matter of general interest, the curves in Fig. 6 were drawn 
from 11 different values of S for each value of N and each mode. 
Thus a total of 132 different normal-mode frequency parameters \ 
were obtained from the electronic differential analyzer. The time 
required was less than 30 man-hours. When it is remembered that 
in addition to the frequency parameter A the deflection, slope, —— N03, /S = 554 
bending moment, and shear force along the beam are obtained 
from the analyzer, the superiority over hand methods is apparent. 

The effect of rotary inertia on the shape of the normal modes is 
shown in Fig. 7 where the bending moment along the beam 
is shown for V = 0 (norotary inertia) and N = 0.3. When rotary 
inertia is considered, the shear force is no longer simply the deriva- 
tive of the bending moment, as can be seen from Equation [2}. 
This is also evident in Fig. 7 where the shear and bending 
moment is zero at each end of the beam and yet the slope of the 
bending-moment curve is not zero at the beam ends when N = 
0.3. 

It is possible to solve analytically the separated beam Equa- 
tions [15], [16], and [17] for the free-free end conditions (12). In 
order to compute the frequency parameter X it is necessary to 
solve a rather involved transcendental equation. For two values 
of the shear parameter S and rotary-inertia parameter N this 
equation was solved for A as a spot check on the electronic dif- 
ferential analyzer solutions for the same S and N-values. The 
theoretical and computer results are shown in Table 3. 


FIRST MODE 
—wN*0, 8 608 


—_N «0, I/S = 162 
—-—N sO3 1/S = 15! 


THIRD MODE 
— N#0, 1/5 «314 
—-N*03,1/S #295 


TABLE 3 COMPARISON OF COMPUTER AND THEORETICAL 
SOLUTIONS FOR A UNIFORM FREE-FREE BEAM, INCLUDING 
SHEAR AND ROTARY INERTIA FORCES 
Third Mode 
1/8 N A(computer) \(theoretical) 
551 0 111.43 111.32 
537 0.2 108 . 56 108 .32 











On the besis of the foregoing results it is probabiy safe to say Fic. 7 Errect or Rotary Inertia oN Mope SHAPES 
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that the A/Ao-values shown in Fig. 6 are accurate to about 0.2 
per cent. It is felt that this accuracy could be improved by a 
factor of 10 with more careful calibration techniques and by using 
electronic means instead of hand methods to measure the length 
of computer solutions. Mode shapes as obtained by the analyzer 
will be the same order of accuracy as the normal-mode frequen- 
cies 

Accuracies of 0.1 per cent or better obviously are of no great 
engineering significance in this vibrating-beam work. Usually 
the physical quantities describing the beams themselves are not 
known to this accuracy, and most engineers would be satisfied 
with 1 per cent accuracy in normal mode-frequency predictions. 
The purpose behind these measurements of high accuracy is really 
twofold; (a) to check the accuracies attainable with the elec- 
tronic differential analyzer, and (b) to stimulate further investiga- 
tion of lateral vibrations of actual beams in the laboratory in 
order-to check the validity of Equations [1] to [5]. 

Solution of Nonuniform Beams by the Electronic Differential 
Analyzer. When the electronic differential analyzer is used to 
find the normal modes of vibration of nonuniform beams, Equa- 
tions [15], [16], and [17] must again be solved, and the computer 
circuit shown in Fig. 2 is used. For the nonuniform beam the 
various ¢’s are functions of computer time 7; i.e., distance along 
the beam, and four resistors in the computer circuit therefore must 
vary in a prescribed manner with time. One way of accomplishing 
this which has been used with considerable success by the authors 
is to vary each resistor in discrete steps instead of continuously. 
For example, a linear function of resistance with time can be 
approximated by the staircase functions shown in Fig. 8. Note 
that at the end of each step the integral of the step function (the 
area under the curve) is the same as the integral of the continuous 


function. When this same integral criteria is used for approxi- 


mating arbitrary functions by a series of steps, the accuracy of the 
analyzer solution is surprisingly good (11). 

The switching necessary to vary resistors in steps is accom- 
plished by means of 25-position stepping relays (12). This allows 
one to approximate the variable characteristics along the beam 


with 25 steps. The techniques for solving the uniform beam are 
again used to obtain the solution of the nonuniform beam. When 
a starting button is pressed, the initial condition relays are re- 
leased and the stepping relays begin changing the appropriate 
resistors. One of the initial voltages is varied until a solution with 
the correct end conditions is obtained. In general, this solution 
will have a length different from the assumed length L for the 
computer solution. R, must then be varied until a correct solu- 
tion of length L is obtained (or a length close enough to L to allow 
interpolation of R,). The frequency parameter A is then given by 
h = L?V/ Ry, where Ry is the exact feedback resistance for A; and 
A; which gives a correct solution of exact length L. 

For solving the nonuniform-beam problem it is quite important 
to have a good standard-frequency source available for driving 
the stepping relays. This is necessary not only to insure good ac- 
curacy but also to allow solutions to repeat when solving for the 
critical modes. The time scale of the computer is fixed; so, 
therefore, must be the time scale of the stepping relays. 

As was the case for the uniform-beam computer circuit, here 
again, care should be taken to maintain the gains of amplifiers in 
the main loop (A;-A2-AgAs-Ac-As-A;) close to unity. This means 
that one should make an intelligent guess for \ beforehand and 
choose L so that Ry is about 1 megohm. 

It should perhaps be pointed out that function generators are 
available which will allow a smooth variation of section proper- 
ties for nonuniform beams. However, they are considerably 
more expensive than the stepping-relay method described here; 
they require more setup time, and they are not as apt to repeat the 
functions accurately from one run to the next. This latter point 
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is quite important owing to the critical nature of solutions for 
higher modes. 

It is in the solution of the nonuniform-beam problem that the 
electronic differential analyzer should have its greatest utility, for 
here is a realm in which mathematical solutions that include 
shear and rotary inertia forces are virtually prohibitive by any 


hand methods. 
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Influence Coefficients for Hemispherical 


Shells With Small Openings at the Vertex 


By G. D. GALLETLY,' WASHINGTON, D. C. 


Three methods of obtaining the influence coefficients 
for a thin, constant-thickness, hemispherical shell with a 
circular opening at the vertex were investigated and uti- 
lized in a numerical example. Bearing in mind both 
accuracy and calculation time, it was concluded that when 
the total central angle subtended by the opening is less 
than approximately 30 deg, good results for the influence 
coefficient calculation will be obtained by using Method II 
in the text of the paper. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


== radius of shell 
== thickness of shell 
V—1 
complex, nonintegral degrees of associated 
Legendre functions 
horizontal deflection of point on shell 
constants 
flexural rigidity of shell = Eh?/12(1 — v?) 
M, meridional bending moment/unit length 
No stress resultant in 6-direction/unit length 
N stress resultant in g-direction/unit length 
Q. transverse meridional shearing force/unit 
length 
associated Legendre functions of Ist and 
2nd kinds of order 1 and degree n 
V angle of rotation of tangent to meridian 
X., Xa, W., Wa functions of g—see Equation [17] 
a = ©/2— 
7, 6 phase angles 


d [sc — v’) ‘| 


bu cos ¢ 
v Poisson’s ratio 
7) a /2 — w (see Fig. 1) 

2 Go total central angle subtended by circular 
opening 

first derivatives of Schleicher functions 


vi ( ), Yr ( ), ete. 
a? p2 |'/ 
aun an — =< 
[sa v?) ie r 
@ = longitude of point on shell 
w = latitude of point on shell 
= differentiation with respect to ¢ 


‘ = differentiation with respect to pV2¢ 


TC), Gn'() 


vi'( ), y2’( ), etc. 


' Structural Research Engineer, David Taylor Model Basin. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tae American Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publiestion at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 11, 1953. Paper No. 54—A-4. 


INTRODUCTION 


The purpose of this paper is to present briefly a comparison of 
the results obtained by different methods for the influence co- 
efficients of a thin, constant-thickness, hemispherical shell with a 
circular opening at the vertex, and loaded with either uniformly 
distributed moments or forces around the periphery of the open- 
ing, Fig. 1. (By influence coefficient is meant the angular rota- 
tion or deflection at an edge due to a unit moment or force applied 
at that edge.) 

The methods investigated were those due to Geckeler, Esslinger, 
and Love, and they were applied to the specific problem of a hemi- 
sphere with geometric characteristics as follows: Radius a = 
181 in., thickness h = 2 in., total angle subtended by circular 
opening = 21 deg. 

As influence coefficients for cylindrical and conical shells are 
already available in the literature, it will be seen that their evalua- 
tion for hemispheres with circular openings at the vertex will 
facilitate strength analyses of axisymmetrical cone and cylinder- 
hemisphere juncture problems. 


DIFFERENTIAL EQUATIONS OF EQUILIBRIUM 


The classical, small-deflection theory of thin shells will be used 
and also Timoshenko’s notation and sign convention. If Qy, the 
transverse shearing force, and V, the rotation of a tangent to a 
meridian, are selected as dependent variables then the differential 
equations of equilibrium for the bending of a thin, constant- 
thickness, hemispherical shell may be written (1)? 


Ue + cot, QO, — (cot*?'y — v)Q, = EhV 
V + coty V — (cot?g + »)V = — — 


It also can be shown (1) that the differential equation for Q, 
can be put in the following form 


Q,. + cote Q, — cot*y Q, + 2ip*Q, = 0........ [2] 


where 


a? 
p* = 3(1 — v®) rey ate 


Metruop I Tue Gecke_Ler APPROXIMATION 


The approximation consists in neglecting the functions Q, and 
V and their first derivatives which are smali in comparison with 
their second derivatives (1). After eliminating V, Equations [1] 
then reduce to 


a ET ie | 


where 
2 
M = 3) © 


The general solution of Equation [4] can be written 
Q, = Ae~** sin (Ag + y) + Be sin (Ag + 4)... . [6] 


2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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Fira. 1 


In this expression ¢ is measured from the axis of rotation of the 
shell. For the determination of the constants of integration it is 
more convenient to introduce a new variable w, such that 


gg = 47/2—W...... anil [7] 


Equation [6] then becomes 


Q,. = Aie™ sin (Aw + ¥:) + Bie™ # sin (Aw + 6)... [8 
Utilizing the relations 
No = — Qe... .(a) 


asin ¢@ 
= ~-~N (b) 
Eh “ ) 


M, ~ 


[7] and [8], it is a simple matter to find the 
quantities Ve, u, V, and My. Once these are obtained the 
problem is to compute the four constants, Ai, Bi, y:, and 6,, for 
the various cases of edge loading. The cases considered herein 
are shown in Fig. 1. 

The problem is not difficult but involves a fair amount v7 alge- 
braic manipulation; hence only the final results for the in- 
fluence coefficients will be given. The final results also will be 
given in a somewhat simplified form by replacing expressions like 
(e24# + ¢—2¢ — 4 sin? Na — 2) by e?4*, which is a reasonable 
approximation for most shells. Hence there follows: 

Owing to uniformly distributed unit horizontal forces at w = a 


and also L/-quations 


2\a cos? a 2d? cos @ 
Eh ; Eh 


Y 


Due to uniformly distributed unit moments at w = a 


22 cos a Vy 4X3 


Eh ‘ Eah- 


i= 


The more accurate values for these influence coefficients are 
given in Appendix 1, where there also is given a brief outline of 
how they were obtained. 

1 


yg 


Metruop II 


Tue APPROXIMATION’ cot ¢ = 


For shell sections with small central angles the approximation 
pletion of the manuscript it has been drawn to the 
attention of the author that the use of this approximation in shell 
theory is also due to Geckeler, vide Ingenteur-Archiv., vol. 1, 1930, p. 
260. 


3 Since 


cot = can be made. 
yg 


Equation [2] then becomes 


bw l 
0. + — Q, -Q, + 2ip*Q, = 0.. .. [12] 
. a 


Using the y-functions introduced by Schleicher, the solution of 
iquation [12] can be written 


Q, = Cihi'(p V2 @) + Coho’ V2 9°) 
+ Cas'(p V2 o) + Cop V2 ¢).... [13] 


, 


where ’ denotes differentiation with respect to p VY 2 ¢. 

For arguments pV/ 2 ¢ < 6 the Schleicher functions and their 
first derivatives have been tabulated (2, 3). 

It can be seen from Fig. 169 of reference (1) that Y:’ and yy’ 
decrease with increasing argument while y,’ and yw’ increase. 
Since the stresses resulting from the edge moments and forces 
decrease with increasing distance from that edge, yi’ and yw.’ 
are appropriate for edge 1 and yy,’ and y,’ for edge 2, Fig. 1. 

Also, as the influence of the perturbational (or edge) loading de- 
creases rapidly, it is convenient for simplification in the calcula- 
tion of the integration constants to determine the constants for 
edges 1 and 2 separately. Again, as only a loading around edge 2 
is being considered herein, it will suffice to determine the con- 
stants C; and C,. 

The foregoing method is the approach used by Dr. Maria 
Esslinger (4) and she determines the constants for the cases 
shown in Fig. 2. 

Utilizing the relations 


l 
- > (a) 


a 


asing... : 
Eh [Ve — PNg) (e) 


and the relevant boundary conditions, it is possible to determine 


the influence coefficients. Esslinger gives the following: 


Due to uniformly distributed unit horizontal forces at ¢ = @o 


hW X, 
v ec » V -_ ec 


. 115 
Bho. [15] 


3 = 


~ Eh @o’ 
Due to uniformly distributed unit moments at ¢ 
b es v = Xa 

Eh? g 


i= Fh ge’ 
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where 


_ (0 V2 gr)? (avs! + WH) 
W. 


_ @ V2 gi) a? + WD 2 V3 — »8) 
W, 





x, 


X, 


(p V2 go)? (Vat + Wt) — 20 V2 go)? (Ws'fa — Va's) + = (pV 2 yo) (Ys? + Wr’) 
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¥,°0—— 
(W,)2 V3(1 — v*) 


We = Wa!’ — var) + eS Het t we 
p V2 Yo 


where, in Esslinger’s Equation [40], —N, has been equated to 
unity as 1 cos g ~ 1. It is to be noted that the argument of the 
foregoing Schleicher functions is p Vv 2g. Also X,, X4, etc., as 
defined by Equation [17] are slightly different from Esslinger’s 
definition of these functions. 

The functions X,, X,, and W, have been evaluated by Esslinger 
and incorporated in a chart. However, because of the small scale 
used, accurate interpolation is rather difficult and evaluation of 
Equation [17] is necessary. 


Meruop III Love’s Meruop (5) 


Setting U = aQ,, introducing two constant multipliers A and 
B, multiplying Equation [la] by aA and Equation [1b] by B 
and adding the resulting equations, one obtains 


1? 1 
( . + cot ¢ — — eot? e) (AU + BV) + v(AU — BV) 
dg? dg 


BU 
+ —" — AaEhV = 0 
It can be shown (5) that with the substitution 
MM = cos Y 


Equation [18] reduces to 


( 2) d* 9 d 
aka aad 


1 
+ nin + — | 


[AU + BV] =0 


provided that the relation 
(n? + n— 1)?— »?§ + 12 (1 — v9) = a0... 


is satisfied. 





Equation {20] is an associated Legendre equation and is satisfied 
by generalized spherical harmonics of order 1 and degree n (com- 
plex and nonintegral for this case). 

The solution of Equation [20] is 


m(n + 1) + v—1 
wer 
no(n2 +1) +v—1 


= AiTm'(u) + Bigar'(u) 


| 
= AsTn2'(u) + Bogn'(u) | 


where 7','(4) and q,'(u) are, in Ferrer’s notation (6), the asso- 
ciated Legendre functions of the first and second kind. 

As the degrees n;, m2 of the generalized spherical harmonics are 
complex the constants A; .... also will be complex and they can 
be adjusted so that U and V are real. 

The horizontal deflection u and the meridional bending moment 
M, are given by 


) 


sin ; 
— 4 [U — vU cot ¢] 


oo ee 


ee 
M, = — — [V+ PV cot g] 
a 


It will be seen that U(==aQ,), V, u, and M, will be functions of 
four arbitrary constants which can be determined from the bound- 
ary conditions. 

The main difficulty in this method is the computation of the 
functions 7’,'(u), ¢,'(#), and their first derivatives. To date they 
have been tabulated only for real degrees n. Love (5) gives series 
expansions for the functions but, according to Hobson (7), the 
series are convergent only for 7/6 < ~ < 5/6. Herein, the func- 
tions were calculated by two methods, The first method made 
use of their asymptotic expansions 
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2 n'/? 
T,,'(cos g) = \ - — 
T V sin ¢ 


te[( 


n'/* 
q,,'(cos g) = : ——— 
V2 V sin © 


fein (» + ;) e+ =| +0 (2 


The first derivatives were calculated using the recurrence rela- 
tions between the functions (6, 7). 

In the second method, use was made of the relations between 
the associated Legendre functions and the hypergeometric func- 
This method involves gamma and psi functions of com- 
plex arguments. The values of the functions were obtained by 
the Computing Division, National Bureau of Standards, and are 
given in Appendix 2. 


tions. 


NUMERICAL EXAMPLE 


The geometric characteristics of the hemispherical shell were: 
Radius a = 181 in., thickness h = 2 in., total central angle sub- 
tended by the circular opening = 2g = 21 deg. 

The values obtained for the influence coefficients using the 
different methods are given in Table 1. 


VALUES OF INFLUENCE COEFFICIENTS Ehu AND 


EhkV OBTAINED BY DIFFERENT METHODS 
Unit horizontal forces at 
-———edge, ¢ = ¢o—— 
Ehu EBEhV 
147.01 54.50 
163.45 46.62 
166.16 50.05 
164.66 47.71 


TABLE 1 


Unit moments at edge, 
Ehu 
Method I 54.50 
Method II 46.62 


Method III (a) 49.95 
Method III(6) 47.64 


Note 
Legendre functions while Method II 
representation. 


Method III(a) used the peymotetis expansions of the associated 
(6) utilized the hypergeometric series 


The values obtained by the use of Method III(b) are the most 
accurate and will be taken as the standard for comparison pur- 
poses. It can be seen that the values obtained from Method 
II closely approximate those of Method III(b) while Method I, 
which is the quickest as far as the time element is concerned, 
yields a maximum error of approximately +15 per cent. The 
values obtained from Method III(a) are not as good as those 
from Method IT, although they are better than Method I. 

Method III(+), while being the most accurate, is somewhat 
time-consuming especially if one has to compute the values of the 
associated Legendre functions. Hence, from the points of view of 
time-consumption and accuracy, Method II is the one suggested 
for use. 


CONCLUSIONS 


For cases where the total central angle subtended by the circular 
opening at the vertex is fairly small, e.g., <m/6, use of Method II 
for the calculation of the influence coefficients is recommended. 
Approximate methods for central angles greater than 7/6 have 
not been investigated but Love’s method [i.e., Method III(})| 
will give accurate results for all cases. The calculation for these 
latter cases, however, is likely to prove laborious until such time 
as the associated Legendre functions of complex, nonintegral de- 
grees are tabulated. 
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Appendix | 


From Equations [8] and [9] there results 
Ne = A;X\e™ [sin (Aw + 71) + cos (Aw + ¥;)] 
+ Bire~™ [cos (Aw + 5;) — sin(Aw + 4,)] 
a cos Ww 
Ne.. l 
Eh " (b) 
2? 
Eh 


V = 


[Aye cos (Aw + 9) 


— Bye~ cos (Aw + 4;)] (c) 


a 
M, = [Aye {cos (Aw + 71) — sin (Aw + ¥:)} 


2X 
+ Bye {sin (Aw + 5) + cos (Aw + 4,)}] (d) 
For the loading shown in Fig. 1(a), the boundary conditions 
are 
(Me)w=a = 1; 


Substituting these boundary conditions into Equations [8] 
and [25d] it will be found that the phase angles y,; and 6; are given 


by 


(Qe)w=a = (Qe)w=0 aad (Mo)o=0 = 0. [26] 


2e~ 


Y = cot™ | — cot Aa — i 


6, = cot f — cot Aa 


Using the following notation for brevity 


9 9 
; era 4 2a 
Z= 


(e** — e~) sin Aa 


4 sin? Aa 


Then the constants A; and B, are given by 
/ 
2\ V1 + ¥? 
aZ 
2 V1 + X2 
aZ 


B, 


Substituting Equations [27], [28], [29], and [30] into Equations 
25a, b, ec], the following expressions for the influence coefficients 
are obtained 
2d? cos a |e + e~ 4 4 4sin* \a — | (31) 


Eh aha —ahe 4 sin? Aa — 2 


e 7T € 
4X3 en e~*@ + 2 sin 2a 
Eah | e?* + e~?4* — 4 sin? Xa — 2 |" 
For the loading shown in Fig. 1 (b), the boundary conditions 


are 


(Qeew-a = 008 a; (Qy)w=<0 = (My)w=0 = (Myg)una = 90 


4 = 


Y= [32] 


[33] 


The relations analogous to Equations [27], [28], [29], and [30] 
are then 
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t}1+ es | 
ita cot Aa(1 — e~ 2“) — (1 + e~*9) 
= cot ly 


2(1 — e- 244) 





cot Aa (1 — e~ 2ha) — (1 + e— 2A) 


4 = cot| — 1+ 


== cot 'z.... 
e7A= + ¢— 2a — 4 sin? Aa — 2 


e7 ra 
sin Aa E ha(1 — e~*Ae) — (1 + e- 4) 


cosa V1 + y? 
A; = — Z 


cosa V1 +2 


Z ) 





Z=— 





B, = 


and for the influence coefficients there results 


e*a + ¢~2ha _ 4 sin? Ka — 2 


oa eS 


2\a cos? a [ 
Eh 


erha at e~ 2a no 2 sin ae 138) 


- 4 sin? Aa — 2 


dbsgh ae Ge 


2\? cos a [ e?4* + ara + 4 sin? Aa — 2 (39) 
ene + e72ha 2 es 


Appendix 2 
Values of the associated Legendre functions for n = 11.753 


+ «12.204 (the values of n were obtained by solving Equation 
[21)). 
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{ T,) = —2.4670 X 10° + i 2.4964 X 10° 
} qn! = 3.9214 X 10° + i 3.8752 X 10° 

| 7, = 0.4050 X 10° + 7 60.6960 x 10° 
| qnt_ = 95.3400 X 10° — i 0.6362 X 10° 


yg = 7/2 


T,,) = 31.468 + 7 13.238 
} gq, =20.312 — 7 48.101 
) 7, = 449.29 — i 227.25 
| gq, = —365.43 — 7 731.89 


yg = 10.5° 


The values of the functions and their first derivatives can be 
checked from the Wronskian, which is 


n(n + 1) 


T Qn! 0 Qn' T's! as : 
sin ¢ 


where the dot, as before, indicates differentiation with respect to 
¢. 
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Membrane and Bending Analysis of Axisym- 
metrically Loaded Axisymmetrical Shells 


By G. HORVAY'! anv I. M. CLAUSEN,*? SCHENECTADY, N. Y. 


Shell formulas are given which are applicable to engi- 
neering design. 
NOMENCLATURE 


The following nomenclature is used in the paper; for notation 
see Table 1, Fig. 1, and Table 2, Fig. 10. 
Forces and Moments: 


Pz, Pe, P,, OT — 


Pu, Py = 


p = applied loads in z, 0, z-directions, psi 
applied loads in horizontal and vertical direc- 
tions, see Equation [1], psi 
internal pressure, psi 
vertical force, lb/in. 
W total vertical force, lb 
H horizontal shear force, lb/in, 
Q,= Hsing normal shear force, lb/in. (not used) 
N,, No meridional and hoop tension force, Ib/in. 
M,, Me meridional and hoop moment, lb in. /in. 
mM, HK, V moment Ib in./in., horizontal shear force, 
lb/in., vertical force, Ib/in., applied at 
edge of shell 


Co-Ordinates and Geometric Parameters: 
= co-ordinates in meridional, azimuthal, and 
inward normal directions 
= latitude angle 
= radii or curvatures of shell middle surface in 
meridional and azimuthal directions 
horizontal radius of shell middle surface 
wall thickness 
flexural rigidity of shell, see Equation [12] 
attenuation length, see Equation [11] 
axial component of / 
meridional length of shell between apex 
(pole) and edge as in Fig. 1 
distance from edge, in units of 1; n = 
(#—2z)/l 
expansivity and flexibility coefficients, see 
Equation [13] 
edge value 


e,f = 


Bar over quantity = 
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inner fiber (2 = +h/2), outer fiber (z = 


h/2) 


Subscripts 7, 0 = 


Deformations and Stresses: 
u,v, w = displacements in z, 6, z-directions 
6 = radial (outward) displacement, positive in 
same sense as JC 
V = vertical (upward) displacement 
xX = increase in latitude angle (angle of rotation), 
positive in same sense as SIL 
increase in curvatures, dx/dzr, xcotg/R (not 
used ) 
strains in z, 6-directions 
meridional and hoop stress 
functions defined in Equation [10d] 


K,, Ke 


€., ¢@ 
o,, 8 
F,, F:, F;, F, and 


The present note serves to supplement the familiar shell 
formulas of Roark (1). Table 1, item 1, lists general mem- 
brane formulas; items 2 to 9 specialize these general formulas 
to the frequently occurring cases of conical and spherical shells 
loaded by weight, gas pressure, and liquid pressure.‘ 

Table 2, item 10, lists shell-bending formulas in the familiar, 
Geckeler, approximation. The formulas express the shell dis- 
placements 6, x, V, and the shell moments and forces M,, Ma, 
H, N,, Ne (per unit length), in terms of the applied edge moment 
3 and applied edge shear 3C, in the form of decaying sinusoidals 
F,,..., Fy. The argument n in the formulas denotes distance 
from the edge in multiples of 


l= [3(1 - ?)| ~"/* (Ph sin Q)' 2 


Length / thus denotes the distance from the edge in which the ex- 
ponential factor of F, reduces from 1 to 1/e; 1 may be called the 
“attenuation length’’ of the shell. The functions F), F:, Fs, F« 
are tabulated in reference (2) as functions yg, [, ¥, 6, and in 
reference (3) as functions A, B, C, D. 

Shell rotation x developed at the edge in the absence of force 
dC, under action of unit applied moment SI, may be called 
“flexibility,’”’ and is assigned the special symbol f. It is related to 
l, and to the shell stiffness 


D = Eh*/12(1 — yw?) 


f=1/D.... 


by the formula‘ 


Shell displacement 6 developed at the edge in the absence of 
moment 9M, under action of unit applied force 30, may be called 
“expansivity,”’ and is assigne] the special symbole. It is related 


to f and l, (the axial component of 1) by 


e='/fl? (l, =lsin?g [130] 


As is well known, the Geckeler approximation replaces the 


? Numbers in parentheses refer to the Bibliography at the end of 


the paper. 
‘ We refer to the equations in items 1 to 10 as Equations [1] to 


{10}. In the expression of x, Equation [lc], the closing parenthesis 
should precede cot y, thus: R/Rz) cot ¢. 

5 Equations [13a, b] are obtained by substituting n = 0, K = 0, 
WM = 1, andn = 0, K = 1, M = O, respectively, into the x and 6 
expressions of Equations [10a]. 
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TABLE 1 MEMBRANE ANALYSIS 


SHELL DESCRIPTION] TYPE OF LOADING paramerers | DESIGN FORMULAS 
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HORVAY, CLAUSEN—-MEMBRANE AND BENDING ANALYSIS OF AXISYMMETRICAL SHELLS 


TABLE 1 MEMBRANE ANALYSIS (Continued) 





SHELL DESCRIPTION 


TYPE OF LOADING 


DESIGN 


PARAMETERS | DESIGN FORMULAS | 
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TABLE 1 MEMBRANE ANALYSIS (Continued) 


SHELL DESCRIPTION] TYPE OF LOADING | pasaucrers | DESIGN FORMULAS 
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TABLE 2 EDGE LOAD-ANALYSIS 





SHELL DESCRIPTION | TYPE OF LOADING | parancrers | DESIGN FORMULAS | 
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arbitrary (axisymmetric) shell by a conical shell tangent at the 
edge. The shell is then regarded as being made up of “tapered 
beams on elastic foundation,’’ governed by the equation 


rd? r d*6 6 
?#dz**% dz* 
Because our interest is restricted to the edge region, the further 
approximation is now made that in this equation the variable 
radius r may be replaced by its edge value ?. 


Solution of Equation [14], thus simplified, subject to the 
boundary conditions 


M, =M,7 =X 


yields the expression of 6 listed in Equation [10a]. The ex- 


pressions of x, M,, H then follow from 


dé d dM 
=D =, H sin g = 
dx 


, wt, re ... [16] 


xing = 


A more elaborate derivation of Formulas [10] is given in 
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Hetenyi’s book (3). A more accurate treatment of arbitrary 
axisymmetric shells under edge loads is presented by Hildebrand 
(4), on the basis of E. Reissner’s theory (5). A discussion of the 
method of determining the edge loads SM and 3C in a specific shell 
problem, and application of the Formulas [1] to [10] can be 
found in reference (6). 
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Small Rotationally Symmetric Deformations 


of Shallow Helicoidal Shells 


By ERIC REISSNER,? CAMBRIDGE, MASS. 


Known solutions for transverse bending and plane stress 
of flat circular ring plates are generalized so as to apply to 
shallow helicoidal shells. The pitch of the middle sur- 
face of the shell is responsible for a coupling of what would 
be separate problems of plane stress and transverse bend- 
ing for flat plates. Explicit results are obtained for an 
important sample problem. A general property of heli- 
coidal cantilever shells is stated. Criteria are obtained 
indicating, in terms of the parameters of the shell (a) 
the range of applicability of the results obtained, and 
(6) the range in which the shell behaves like a flat plate. 


INTRODUCTION 


tions for certain problems of transverse bending and plane 
stress for circular ring plates. We consider a shallow heli- 
coidal shell instead of a flat plate. We find, as might be ex- 
pected, that the pitch of the helicoidal middle surface of the 
shell is responsible for a coupling of what would be separate 
problems of plane stress and transverse bending for flat plates. 
The nature of the theory is seen most clearly by its application 
to a sample problem for which explicit results are obtained. Let 
r and @ be plane polar co-ordinates and let w) = (H/2m)@ be the 
equation of the middle surface of the helicoidal shell. We con- 
sider a shell with fixed outer edge at r = 6b and an inner edge 
r = a which is fixed toa rigid cylinder. The cylinder is displaced 
an amount 6 in the axial direction and rotated an amount w. To 
be determined, within the framework of linear, small-deflection 
theory, are the axial force P and the torque 7, per winding of the 
ring shell, which produce the movements 6 andw. In the limiting 
case of a flat plate 6 is proportional to P and independent of T and 
w is proportional to 7 and independent of P. For the helicoidal 
shell we find relations of the form 


6 = kpP + kprT, 


[I THE following we propose to generalize the known solu- 


w = kpT + kppP 


and the coefficients kp, kpr, kyp, and k;, contain the influence of 
the pitch constant H. 

As in plate theory, we find here explicit solutions in closed form 
for the problems of small deformations which are being considered. 
We know that the same is no longer possible for finite deforma- 
tions, even for flat plates.* This is in contrast to what occurs for 


1 The present paper is a report on work done under the sponsorship 
of the Office of Naval Research under Contract N5-ori-07834 with 
Massachusetts Institute of Technology. 


2 Professor of Mathematics, Massachusetts Institute of Tech- 


nology. 
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the problems of pure bending and twisting of circular ring plates 
and shallow helicoidal shells which we have considered pre- 
viously. 

The differential equations which form the basis of the present 
developments are contained in the equations which Marguerre® 
has given for the analysis of finite deflections of shallow shells. 
We, here, write these equations in polar co-ordinate form and spe- 
cialized for small deformations. We then obtain appropriate 
solutions for the problem of the helicoidal shell. 


Basic EQuaTIONS OF SMALL~DEFLECTION THEORY, IN POLAR 


Co-ORDINATES 


Let z = wo(r, @) be the equation of the undeflected middle surface 
of the shell. Let w be the component of displacement in the di- 
rection of the axis of the shell measured from the undeflected middle 
surface. Let u and v be componentsof displacement in the direction 
of r and @, in a plane perpendicular to the axis of the shell. Let e,, 
€a, and ,g, be components of strain in the middle surface. Let N,, 
No, and N,», be stress resultants parallel to the middle surface. Let 
Q,'and Qo, be shear-stress resultants normal to the middle surface. 
Let M,, Mo, and M,», be stress couples. Let F be Airy’s stress 
function. 

We restrict attention to shells of constant thickness and to 
cases without body, force components in the r and @ directions 
Some of the basic relations of the theory are as in the theory of 


oF y d Q 1 OF 
ag2’ x oa ‘ F - 26 


(1) 


flat plates, as follows 


1or 1 
N, = ce fs ae 


r 
r Or r? 


Me 
Mee 


The fact that we are dealing with a shell rather than with a 
plate expresses itself in the form of the differential equations, in 
the expressions for the axial-stress resultants (as contrasted to 
those for the transverse-stress resultants Q), and in the expressions 
for the components of strain in the middle surface. 

The differential equations of the theory are 


‘“On Finite Bending and Twisting of Circular Ring Sector Plates 
and Shallow Helicoidal Shells,” by E. Reissner, Quarterly of Applied 
Mathematics, vol. 11, 1953, pp. 473-483. 

6 ‘Zur Theorie der Gekriimmten Platte Grosser Forminderung,”’ by 
K. Marguerre, Proceedings of the Fifth International Congress for 
Applied Mechanics, 1938, pp. 93-101. 
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1 wo 
ny te] 


Axial-stress resultants V, and V¢ are of the form 


wo 1 Ow 
— N, 
haar hs”) 


pe 
+e r 00 


V.=2, +N, 


Vo = Qe + Nw <a 


and components of strain in the middle surface are 


du uw {1b , 1 dm 1 dw 
or r r 06 r 00 r 020 

*) 1 Quy dw | Quy 1 wn 

r 06 Or or r 06° 


In the derivation of the second of the differential equations use 
has been made of the assumption of an isotropic medium with 
Hooke’s law applicable, that is, of the Relations [3] and of the 


following relations 
Ehe, = N, Eheg = Ng — wN,, 


2(1 + v)Ehyry = Nro 


me vNo, 


Basic EQuaTIONs FOR HELICOIDAL SHELLS 


We take the equation of the middle surface of the helicoidal shell 
in the form 


The quantity H is the rise per winding of the middle surface of the 
shell. The differential Equations [4] and [5] may be reduced, 
after the introduction of wo from Equation [9] and N,, Ng, and 
N,» from Equation [1] and after some transformations, to the 
following symmetrical form 
H 1 
DV*Vw = pt Won 


r? 
oe t 
°F = — Eh — 
vv v rt or 
and V¢ reduce to 


H Neve 
Qr r’ 


Equations [6] for V, 
“2+ — Ve =Qet+ 


and Equations [7] for €,, €g, and 7-9 reduce to 
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So.utTions ror RoTaTIONALLy Symmetric Srress Distrisvu- 
TIONS 


It is clear that rotationally symmetric stress distributions are 
obtained if both w and F are assumed to be independent of 6. 
While solutions of this type are of primary importance for the 
limiting case of a flat plate, this is found to be no longer so, for 
the problem of the helicoidal shell. We have previously utilized a 
special solution of the form‘ F = F(r), w = k@. We shall see in 
what follows that a large class of problems can be solved by as- 
suming 


w=w(r), F = kb 


In a mathematical sense, the solutions of the form, Equations 
[14], then constitute a specific complement to the solutions dis- 
cussed in the previous paper.‘ In a physical sense, the Solutions 
[14] are suggested by the fact that in generalized plane stress the 
expression F = k@ is known to apply to the problem of the inner 
edge of the plate being twisted with respect to the outer edge, and 
that this specific type of action generally must be considered in 
rotationally symmetric transverse bending of helicoidal shells. 

We note that for F = k0, we have N,, = k/r? and accordingly 
the coristant k is related to the applied torque T in the form 


k= .. [14a] 


Introduction of Equations [14] into the differential Equations 
[10] and [11] leaves the following relation to be satisfied 
HT 1 
p(r) — on? it 


r‘4 


DV°V2w(r) = 


The solution of Equation [15] may be taken in the form 


P 
= ——rtinr + — [A + Br? + Cinr] 


~ Sar D D 
HT (in r)? 
2x? 8D 


where w, is a particular solution of DV*V*w = p. The first term 
in Equation [16] will be shown to account for a force P in the 
axial direction, in the same manner as for a flat plate. The quan- 
tities A, B, and C are constants of integration. From Equations 
[16] and [14] follows for stress resultants and couples 


NV, = No =0, Neo = T/2nr? [17] 
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ae Viens 
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In addition to the displacement component w, expressions are 
needed for the components of displacement u and »v. Because of 
symmetry we have u = u(r) andv = o(r). From N, = Neg = 
follows that «. = «9 = 0 and therewith, since also 0w/06 = 0, 
that 
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From 


4 () 42 
worse r 


follows as one of the basic relations of this theory 


, 1-8 (ee 


r 4rr? Gh 


Equations [16] to [23] may be used to solve a variety of specific 
problems for the shallow helicoidal shell. One general comment 
suggests itself. As soon as we have for one edge of the ring shell 
the condition of vanishing N,», as, for instance, for cantilever shells, 
we further have vanishing torque 7 and therewith disappearance 
of the pitch constant H in all expressions referring to transverse 
bending of the ring shell. Accordingly, to the extent that the 
theory of shallow shells is applicable, we have the result that 
the helicoidal cantilever shell has the same transverse deflection 
and the same stress distribution as a flat cantilever plate under the 
same rotationally symmetric transverse-load condition. The only 
difference in this case between ring shell and ring plate consists 
in the fact that, for the ring shell, transverse bending is associated 
with circumferential displacements v of magnitude 


v = —(Hr/2m)S (dw/dr)(dr/r*) 
HewicomwaL Ring SHevt Wits Fixep Ovrer Epes, ATTACHED 
Atone Its INNER EpGe to Movasie Riaip CYLINDER 


Let r = b be the outer edge of the shell and r = a the inner 


edge. Boundary conditions are 


w(a) = 6, 
w'(a) = 0, 
v(a) = aw, 


w(b) = 0 
w'(b) 
v(b) = 


In order to satisfy the six Conditions [24] there are six constants 
of integration, P, 7, A, B, C, and one constant of integration in 
Equation [23] forv. We have, with w, = 0, upon introducing w 
from Equation [16] into the first, third, and fourth of Equations 
[24] 
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The fifth and sixth of Equations [24] are combined into one con- 
dition by writing, on the basis of Equation [23] 
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there follows further 
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It remains to determine the four constants P, 7’, B, and C from 
the four Equations [25] and [26]. The last two of Equations [25] 
are used to express B and C in terms of P and 7. The remaining 
two equations are then, upon elimination of B and C, one of the 
main results to be obtained, namely, equations expressing force P 
and torque 7’ in terms of axial and angular displacements 6 and 
w. 

We first obtain for B and C 


2(b? —- a*)B = 


P b? In} 2] 4 b? a® 4 HT 
ao= — 4 
4r ‘ee ated 2 2 87? " 


1 i P HT\\inb ina 
— C = ——lIn- + > —— 
b? a’ 4r a Sr? | 6? a’ 
With this, there are obtained, after some transformations, the 
following two relations for P, 7’, 6, and w 


P b? — qa? 2a*b? b\? 
6 = - - In 
89D 2 b? a’ a 
HT b? + a® b b 
- — 1 — In -, . [27] 
16m?D a 


\ b? — a® a 
a rl 2 11), H ((nbja? , 1 
~ 49 LGh \b? a? 4m*D \b?— a? * 4b? 4a? 
PH b? 2 t 
—_ 1 + © >i tn ~.. 008 
l6mr?D b? a®’ a a 


For purposes of quantitative discussion it is convenient to 
write Equations [27] and [28] in the following alternate form 
P(b? — a?) TH 
l6rD 16?D 
os — 


, 31—») HY" 
4nrGha*b* 82? h; 


7 2ab b\? 
= 1- —In 
b?—a* a 


b? + a? b b 
= In -— 1) In 
b?—a* a a } 

In order to obtain an idea of the order of magnitude of the in- 
fluence of pitch of the shell on its stiffness, we consider in particu- 
lar its axial load-deflection characteristics in the absence of rota- 
tion, and its torque-rotation characteristics in the absence of axial 
From Equations [27a] and [28a] follow 


P(b? — 24 F __» | SpE (30) 
16rD 1 + Af 


PH 
16m*D 


T(a* — =| 


where 


deflection. 
5. =09 = 


T(a* — b*) 


<0 © “ae 


[at acy | coveees [BI] 
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where 


3 =n (f) 
82? h 


We shall see that we have for all values of b/a, that 0 < g < f. 
Consequently, 5,,<0/P is positive and decreases with X, indicating 
that the effect of pitch makes the shell stiffer axially than the 
corresponding flat plate. On the other hand, the effect of pitch 
makes the shell less stiff cireumferentially than the corresponding 
flat plate. These conclusions are in agreement with what one 
would expect on the basis of qualitative considerations of the 
problem. 

Further discussion may be carried out with the help of the fol- 
lowing parameters 


1 
ite 


1 
R=5(b+a) e= 


As b/a varies from 1 to ~, the parameter z varies from 0 to 1. 
We have 








f(Q)— gl) =1 


Numerical values of the functions f, F, g, and f—g, may be 
found in Table 1.° 

Among qualitative observations, the following are of interest: 
In the expression for 6,, =o the effect of pitch vanishes both for very 
small values of c/R and for values of c/R near unity, being largest 
when c/R is about 0.8. For relatively small values of c/R, we 
have a larger influence of pitch on wp.» than onws=o. For values 
of c/R very near unity the value of ws; =o approaches wp ~ o. 

The possible numerical magnitude of these effects, within the 
range of applicability of the theory of shallow shells, may be seen 
by considering the largest value of the slope of the shell. We 
have from wy = (H/2m)@ that (0w/rd@), ~ 4, which will be desig- 


* It may be noted that f is the function f; of reference ‘and f — g is 
Si of reference.‘ 
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NUMERICAL VALUES OF FUNCTIONS OCCURRING IN 


TABLE 1 
EQUATIONS = [27a], 


LOAD-DEFLECTION CHARACTERISTICS, 

[28a], [30], AND [31] 
PF S-¢o 

0 

0 

0 

0 

0 

0. 

0 

0 

0 

0.5 

0.: 

0 

0.6 
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nated by m, is the largest value of the slope. The expression for m 
is 


1H 


It seems reasonable, and is possibly conservative, to restrict m to 
values of not more than 1/8. We then have 


Se te ee 
ee Ri—zs° § R 4 


sane 2  . 3 
p= =” (2) < tS (2) a - r)?. . [36] 
Sr? h 128 h 


as a limiting relation for the applicability of the theory. As R/h 
may be quite large compared with unity, it follows that A may be 
large enough for the effect of pitch to be quite substantial. 

We also have a criterion as to when the effect of pitch is 
negligible. Sufficient for this to be so is the order-of-magnitude 


relation 
a= (EY «1 
Sr? h 


— z) 


A = 


NUMERICAL EXAMPLE 
We choose 
= 10, b/a =3, v=1/3 
and obtain 
1/2, 
0.81, 


A = (1/4m?)10? = 2.53 
MS —g) = 0.07 


Accordingly, the effect of pitch modifies the formulas of plate 
theory by81 per cent for wp.o, by 7 per cent for ws =o, and by 41 per 
cent for 6, =o. 





Two-Dimensional Flow About Half Bodies 
Between Parallel Walls 


By JOHN P. BRESLIN,*? NEW YORK, N. Y. 


Two new families of blunt half bodies are derived from 
the combination of source distributions and a uniform 
stream. One is obtained from a source lamina placed 
norma! to an infinitely broad free stream, the other family 
is obtained by using the same source distribution between 
parallel walls. Formulas for the half-body profiles and 
the velocity and pressure distributions are given. Results 
of a calculation for selected values of the parameters are 
presented in graphical form and applications of the 
formulas are made to give the pressure distributions on 
the profile and the walls. The influence of the walls on the 
pressure distribution and body shape is studied. An 
approximate relationship (obtained by neglecting the 
small change in body shape for large wall distances) is 
derived for the half-body size which may be placed between 
given walls with a prescribed error in the pressure at one 
point of the profile. It is concluded that the influence of 
walls should be considered carefully in the design or use 
of two-dimensional facilities for study of flows which are 


of the half-body type. 


INTRODUCTION 


HE literature of hydrodynamics is repiete with the deriva- 

tion and application of the flows of an ideal fluid obtained 

by various combinations of source and sink distributions 
along an axis parallel to a uniform flow coming from infinity. 
Such mathematical flows have been useful in approximating the 
two-dimensional flow about faired sections and the three-dimen- 
sional flow about bodies of revolution. However, these shapes 
all have fairly sharp forebodies because as noted by Munk (1)? 
it does not seem possible to produce really blunt-nosed bodies by 
any distribution of sources and sinks on the axis of symmetry. 
To determine the flow characteristics of blunt-nosed forms, Alex- 
ander Weinstein (2) extended the method of sources and sinks by 
considering distributions of sources on circumferences, rings, 
and disks arranged in a plane perpendicular to the uniform stream 
issuing from infinity. Research on the phenomena of cavitation 
has given impetus to the study of flows about forms of varying 
fullness of forebody and, consequently, studies have been made 
of ring and disk distributions by Van Tuy] (3) and Sadowsky and 
Sternberg (4) which supplement the original work of Weinstein. 
All of the afore-mentioned papers treat only the axially sym- 
metric, three-dimensional flows of sources arranged in a plane 


! Originally submitted in more detailed form as a thesis for MA in 
Mathematics, University of Maryland, 1951. 
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perpendicular to the main stream. This paper is concerned with 
the derivation of the two-dimensional counterpart of the disk, 
that is, the flow about a unit length of an infinite source lamina 
or sheet taken perpendicular both to the plane of flow and to the 
direction of the free stream. The flow jointly produced by this 
source configuration and an infinitely broad free stream will be 
considered. The flow obtained by the introduction of walls is 
next derived by the method of images. The effects of channel! 
breadth upon the velocity field and upon some of the dimensions 
of the blunt half bodies obtained with the orthogonal-line-source 
distribution are determined. 


Fiow Propucep By A Source LAMINA PERPENDICULAR TO A 
UnrrorM STREAM OF INFINITE BREADTH 


The complex potential W(Z) of a two-dimensional point source 
at (X = 0, Y = 0) ina uniform stream of velocity-U parallel to 
the X-axis is 

W =—minZ+ UZ... 
where m is the strength of the source and is defined so that the 
volume rate of flow from the source is 27m, and In denotes the 
natural logarithm. 

The complex potential for the infinite source lamina, perpen- 
dicular to the X Y-plane and the direction of the flow in terms of 


| Z#X#iY 


SUPERPOSED FLOW 
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+X 
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Geometry or Source DisrrisuTion tn THE DIMENSIONAL 
Z-PLANE 


Fic. 1 


the dimensions shown in Fig. 1 is then, by the principle of super- 
position 


b 
W,= — ff", A(e)in(Z — te)de + UZ........ [2] 


where W> is the complex potential, A(e) is the source density, 
that is, the ratio of strength of an element of the source line to 
the length of the element, e is the running variable, and P(Z) is 
any regular point. Switching to dimensionless co-ordinates, the 
following definitions are adopted: bx = X; by = Y; bt = e; 
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bz = Z; Ua = A(e); and Ubwo = Wo. Equation [2] may then 


be written 
w(z) = — fi. a(é)ln (2 — it)dt + z 


This study will now be restricted to the case of constant source 
strength per unit length so that a(t) = a = M/bU and the total 
volume rate of flow from the source sheet, 42M, is for a unit thick- 
ness in the direction perpendicular to the XY-plane. The inte- 
gral of Equation [3] may now be easily obtained. Denoting the 
complex potential of the source lamina alone by w,(z) it follows 
that 


w, = > + if, = a{2 — iz In[z — i/z + i] — In(e* + 1)}. . [4] 


The function w,(Z) is not single valued because of the many- 
valued character of the argument of the complex logarithm. 

The Velocity Potential and Stream Function. The velocity 
potential and the stream function are obtained by a separation of 
Equation [4] into real and imaginary parts. Thus the velocity 
potential is 


im 
%, = Tt = n p(z, Y, t)dt 
where as 

p= V2? + (y—0? 
or 


, = afr sin 6 In(r-/r+) — In(rs)(r-) 
+ r(0-— 6.) cos 0} + 2a 


and the stream function is 
1 
v= —a fi Ox, v, Oat 
or 
vy, = ar{6_ tan 6 — 0, tan 0, + Incos 6_/cos 6.}cos 0... . [9] 


where r, r+, r- are distances as shown in Fig. 2, and 6,, 64, and 
6_ are angles shown in Fig. 2. Since the flow is symmetric about 
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SOURCE LAMINA SOURCE LAMINA 


Fie. 2 Derrinition or NoNDIMENSIONAL PoLaR Co-ORDINATES 


the z-axis it is sufficient and advantageous to restrict the discus- 
sion of the foregoing equations to the upper half plane (y = 0). 
The angles, 9, 0,, and @- are made single valued; the angle 0 
varies between 0 and 7; the other angles are contained in the 
intervals —/2 < 6- < 34/2 and 0 < 6, < was the point P(z, y) 
moves through the upper half plane. 
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Equation of the Family of Half Bodies. The line Y = y, + 
y = 0 is the dividing streamline which separates the streaming 
flow from the source flow. The equation of the half body is de- 
rived by using Equation [9] for ¥,. In terms of rectangular co- 
ordinates it is given by 





y+ a| ein V+ (y + 1)2/z? + (y— 1)? 


+ (y— 1) tan™ (=) — (y + 1) tan“ wet) = 0. .[10) 


The half-breadth of the body yo at z = 0 is of considerable inter- 
est; from Equation [10] it is found to be yo = za or in dimen- 
sional quantities, Yo = 4%M/U which is independent of b for a 
fixed total volume rate of flow Q = 44M. This is directly 
analogous to the result found by Weinstein (2) for the axially 
symmetric flow due to a source disk in a uniform stream. The 
asymptotic value of the half-breadth y,, approached as x — — ~ 
is found from Equation [10] to be y = 27a = 2y. This same 
relationship of yo and y, is found for two-dimensional half 
bodies formed from a ‘‘point” source in a uniform flow. Con- 
sideration of continuity, of course, would give these results 
directly. Other values of y for —o < x < & (where & is the 
stagnation point or nose position) can be obtained only by 
numerical methods since Equation [10] involves y implicitly. 
An approximation for large negative z may be obtained by ex- 
panding the functions in Equation [10] and retaining only the 
first terms. Thus 


y = 29 a(l — 2a/z)™ 
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Fic. 3 Hatr Bopres GeneratTep BY Source Lamina AnD SuPER- 
POSED FLow IN INFINITE AND RESTRICTED CHANNELS 


Numerical methods were used to produce the half-body shape 
shown in Fig. 3 for the flow a = 1/3, (3M = bU). 

Velocity Components and Stagnation Point. The components 
of velocity parallel to the z and y-axis are given in dimensionless 
form by 
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tae 8 osm an lehman spleen [13] 


The stagnation or foremost point on the profile is obtained by 
setting u = 0; v and y being zero from symmetry, there is ob- 
tained 


The limiting shape having a perfectly flat nose, & = 0, is obtained 
for a value of a = 1/mor M =bU. However, this body is of no 
practical use since atz = 0,r = 1,r- = 0,andv = ~, For the 
flow a = '/;, & is found to be 0.0709 which as is seen in Fig. 3 
produces a very blunt body. The distance z at which the velocity 
along y = 0 is 99 per cent of the free-stream velocity is 200a. 


Fiow Propucep By A LingaR ARRAY OF DiIscRETE SouRCcE 
LAMINA ORTHOGONAL TO A UNIFORM STREAM 


We shall now consider a family of half bodies which are 
blunter than those derived from the source lamina perpendicular 
to the flow. This second new family is obtained by placing the 
same source distribution between walls. 

The Complex Potential. The two-dimensional flow about a 
blunt half body in a stream of finite breadth, i.e., between par- 
allel walls, may be obtained in a direct fashion by the method of 
images. By distributing source lamina at Z = + i 2 nH (n 
integer; 0 < n < @), as indicated in Fig. 4, one obtains the flow 
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Fig. 4 Geometry or Source-Sueet DistrisuTion To Propuce 
Fiow Asovut a Hair Bopy tn CHANNEL OF BreapTH 2H 


about the lamina arranged normal to the stream at Z = Oina 
channel of width 2H. The complex potential for this source flow 
is found in terms of dimensionless quantities to be 


, ; 
E T . 
w,=—a - 4 In {sinh E (z — w} dt....[(15] 


where H is replaced by bh and all other lengths are defined as 
before. It can be shown that w, is analytic and that the condi- 
tions of zero normal velocity at the walls is met by Equation [15]. 

It should be noted at this juncture that the potential function 
given by Equation [15] is a logical extension of the complex 
potential function for the two-dimensional point-source flow be- 
tween parallel walls. This function as given in the standard 
references (cf. 5) is 


W’ = a’ In[sinh(a Z/2H)).... 


which is observed to be a special case of the integrated solution 
for the line source between walls given as Equation [15]. 
Velocity Potential and Stream Function. The velocity potential 


and the stream function for the “line” source flows alone are ob- 
tained from Equation [15] by separation of real and imaginary 
parts. The velocity potential is 


1 
?, =—a rf In p(z, y, h, ddt 


and the stream function is 


y= —af., O(z, y, h, dt... 


P(x.y") 


O(X ¥,ht) 


y'= cosh BX sin 2 (y-t) 





x's SInHEX cos JT (y-+) 





Fic. 5 ANGLE 0(z, y, h, t) 1n 2’y’-PLANE 


where p and @ are, respectively, the modulus and the argument of 
the integrand of Equation [15]. In some z’y’-plane as shown 
in Fig. 5, p and @ may be represented by 
az’ = pcos 8 = sinh 7 2/2h cos w (y — t)/2h ) 
y’ p sin 6 = cosh 7 2/2h sin r (y — t)/2h .. [19] 
p = Vcosh? x z/2h — cos* x(y —t)/2h 
and @ is correctly represented by 


0; zs 20.. 
gf; 2<0 


[20] 


@ = arc tan {coth rz/2h tan r(y — t)/2h} + (20a) 


where for each regular pair z, y the arc-tangent function takes on 
a principal value which lies in the interval 


[-F 4 


The stream function for the combined flow of the line source 
between walls and a superposed uniform stream of velocity — U 
is given in dimensionless form by 


1 
¥=yt+¥-= y—a f_, 0, y, h, dat 


We are interested in some of the lines and curves along which 
y is constant. Thus for the line segment z > 0, y = O there re- 
sults 


[21] 


1 
y (xz, 0) =a fi, are tan {coth rz/2h tan wt/2h} dt. (22) 
which reduces to 
¥ (z,0) = 0 


since the integrand is an odd function in the interval of inte- 
gration. The line z> 0, y = 0 is a streamline which must divide 
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into two branches at some point, z = & (to be calculated later). 
One branch of yy = 0 is the line segment 0 < z < £, y = 0 and 
the other branch forms a section of the half-body shape. Hence 
for the interval 0< z < £0, Wis zero for y = 0 and for such values of 
y which are solutions of 


y =a f', Oz, yh, Oat 


That solutions of this integral equation must exist for 0 < x < & 
follows from the fact that the net flux across any line joining the 
two branches of Y = 0 in this interval must be zero since that 
part of the source flow which is directed toward positive z is 
turned about and is directed to —@ by the action of the super- 
posed flow. Thus, from continuity the line segment —- < 2 <0 
is a line of constant W for 


y (—2z, 0) = —of., [wr + are tan {coth wx/2h tan rt/2h } |dt 


which reduces to the total dimensionless source fiow, viz., 

v (—a, 0) = 2a 
The line y = h acts like a wall and hence must also be a line of 
constant Y. Thus for positive z 


1 
V(z, hh) = h— of. are tan {coth wz/2h tan r(h — 0)/2h}dt 


whence 
¥(z,h) =h—-a 


and for negative z 


¥(—z,h) =h—a p i [e + arc tan {coth(— x 2x/2h) tan 
© (h — 0)/2h}|at 
whence 
¥(—2, h) =h—ra 


The agreement of [26] and [27] checks with the principle of 
continuity for an incompressible flow since the flux across any 
line between (z, y) = 0 and the wall, ¥(z, h) must be the same 
for all z. 

Equation of the Family of Half Bodies. The equation of a 
family of half bodies foliows from Equation [21] for ¥(z, y) = 0 
and may be expressed as 


1 1 
y=a t. 6 (x, y, h, dt = of, are tan {coth r 2/2h 
tan r(y — t)/2h} di 


Since this integral equation has in general no algebraic solution, 
only a few special values of the half-breadth of the body may be 
calculated without recourse to numerical methods. Denoting 
the half-breadth at x = 0 by yo, this value is quickly obtained 
since 6(0, y, h, t) = 2/2. Thus 


Yo = Taor Yo = er M/U 


which is exactly the same as for the half body in the absence of 
walls as shown previously, as it must be by reason of continuity. 
The asymptotic value y,, which is approached as z + — @ also 
is readily derived because for sufficiently large | x! , | coth rz/2h | 
— 1.0 and the integral of Equation [28] is easily obtained. Thus 


Yo = 2m a(l + ra/h)— 


which differs from the result obtained for the flow without walls 
but is seen to reduce to that value (y.. = 27a) ash. 
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Velocity Components and Stagnation Point. The dimensionless 
x and y-components of the velocity of the combined source and 


superposed flow are 
1 
06 
a 7 — (z, y, h, dt — 1 
—1 Oy 


1 
oy oo rs) 
aaa" sa — > w& & . h, d. 
oz oy S yf. oy = p(z, ¥ ) ; 


These expressions may be integrated by inspection (if use is made 
of the relation of 0/dy and d/dt) to give 


u =a [0 (zx, y, h, —1) — 8 (2, y, h, 1)] —1...... [32] 





or 
u = a [are tan {coth m x/2h tan x (y + 1)/2h} 


— are tan {coth w z/2h tan wr (y — 1)/2h '] —1.... [33] 
and 


v = aln {p (2, y, h, —1)/p (z, y, h, ) ae [34] 





cosh? x z/2h — cos* x (y + 1)/2h e 
v =aln — — ... [35] 
cosh? 7 2/2h — cos? r (y — 1)/2h 





It may be noted that u and v are continuous everywhere except 
for points along the source sheet, and even there v is continuous 
except at the end points, z = 0,y = +1. 

An important feature of this flow between walls is brought out 
by seeking 


lim u 
Oe ee 


Thus for large positive z, Equation [33] shows that u(z, y) — 
a a/h — 1 and for large negative z we have 


Ta 
—z, y) > —— — 1 
u(— z, y) , 


Hence to define the flow at large distances 
Uo = wa/h—1 
and 
U-eo = —w7ra/h— 1 


Contrary to the results of the similar flow without walls, it is 
seen that the velocity at a great distance is not the superposed 
velocity. The mathematically imposed “free-stream’’ velocity is 
reduced in magnitude at z = © by a term 7 a/h which may be 
considered to have been induced by the image flows. At large 
downstream distances the velocity is greater than the super- 
posed velocity by the same amount. Equation [36] gives a con- 
dition on m7 a/h in order that the resultant flow may be toward 
negative z. Thus 


mwa/h<1 
in order that streaming motion from right to left may exist. 
In dimensional terms, this simply states that the total source 


flow which is directed toward positive z must be less than the 
total superposed flow between the walls, or 


1/,Q <2 Uh 
This blockage effect would not arise if the body were closed; 
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i.e., if a sink of strength equal to that of the source were added 
behind the source sheet. 

The stagnation point z = & may be computed from Equation 
[32] alone since v (£,0) = 0. Thus 


a[O(&, 0, h, —1) A(&, 0, kh, 1)] = 1 


2 are tan {coth(wé)/2h)tan /2h} = (a)~ 
whence 


£) = 2h/m coth—' {(tan 1/2a) (cot w/2h)}.... . [40] 


An interesting result of Equation [40] is that the condition for a 
perfectly flat-nosed profile (E> = 0) is again specified by a = 1/m 
which is entirely independent of the wall-distance parameter h. 
A limiting position of stagnation is closely approached, viz. 


£&) = 2h/m for tan 1/2a cot r/2h 2 5 [41] 


APPLICATION OF FORMULAS 


Form of Half Body. The dividing streamline or half-body 
shape for the flow between walls specified by a = 1/3 andh = 3 
has been determined by solving Equation [28] by numerical 
methods. The body shape is given in Fig. 3. For sake of com- 
parison the half body determined by the flow in the absence of 
walls and specified by a = 1/3 has been computed from Equation 
[10] and is also plotted in Fig. 3. 

Effect of Walls on Pressure Distribution. The pressure distri- 
butions for the half bodies generated by the flows indicated in 
the foregoing are given in Fig. 6. The minimum value of the 
pressure coefficient Ap/g is of prime importance in estimating the 
cavitation characteristics of any body of hydrodynamic interest. 
It will be noted that the pressure distributions are considerably 
different which may be expected since the half-body shapes are 
not similar and moreover since the walls have a constricting ef- 
fect on the flow. 

One reasonably might inquire as to the wall separation required 


Ty] utes 


to produce a flow which is nearly that obtained in the absence of 
walls; ice., fork -—»«,. Inasmuch as the shape of the half body 
is a function of the wall distance parameter h, the important 
problem of finding the maximum allowable size of half body for a 
given two-dimensional parallel-sided channel or tunnel cannot be 
solved exactly by the formulas derived in the foregoing. How- 
ever, an approximate answer may be obtained. 

A formula for the pressure distribution in the flow about the 
half body between walls is obtained from Bernoulli's equation in 
the following form 


Ap/1/2pU ..2 = Ap/q = 1 — (u*® + v*)/(1 — wa/h)? 


where u and v are velocity components given by Equations [33], 
[35], and Ap = p — pq; p being the pressure at any point 
I, ¥; Pe the pressure at z = © where the velocity is VU. = 
(3a/h — 1)U; and p the mass density of the fluid. 

Let the point z = 0, yo = a be taken as the control point, then 


Ap/q = C = 1-— (1 — a/h)~* 
{1 + a? [in sin w(x a + Tt ’ 


sin w (7 a—1)/2h 





... [43] 
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The corresponding expression for the pressure-change coeff 
Cy at the same point on the half body without walls (h = 


nef SEP 


The effect of the walls on the pressure coefficient as a fraction of 
the pressure coefficient Cy is given by AC; viz. 


sin r(ra + 1)/2h ]*) (= + ‘) 2 
1 —— — 1 — a*} In 
sin w(ra — 1)/2h rf Pu ra l 


he E2)] 


Equation [45] has no exact algebraic solution for the required 
wall-distance parameter h for a selected error ratio AC; however, 
an approximate formula will suffice since an answer is required 
for small AC. Thus it follows from Equation [45] that for suf- 
ficiently large h, tie particular value of h( = A’) such that the 
error in pressure coefficient due to walls shall be AC is given ap- 
proximately by 


h’ = (1 — Cy) 2 ra/AC. 46] 


Conversely, the half-breadth Y, at Y = —-o of that half body 
which may be symmetrically placed in a two-dimensional channel 
of half-width h with an allowable error AC in C) is specified by 


Y./h = AC/(1 [47] 


It is remarkable that for AC = 0.02 and Cy) = —-1.58, (from 
Fig. 6)Y../h = 0.0122; for example, a channel of total width 
2h = 24 in. requires that Y.. < 0.146in. This pronounced effect 
is primarily due to the “blockage” term wa/h which would not 
arise if the body were closed. It is to be recalled that the body 
changes shape as the wall separation is changed. The “nose” 
of the body moves forward slightly and the asymptotic half- 
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breadth is reduced by the factor (1 + ma/h)~! which in this 
example is only 0.997. This blockage effect is apparently of the 
same order as that found in a theoretical analysis (6) of plane- 
cavity flows between walls. 

Pressure Distribution on Walls. For some unusual but nonethe- 
less important applications of hydrodynamic flows in restricted 
channels it is required to estimate a lower bound for the quasi- 
steady-state pressure distribution along the sea or channel 
bottom produced by a passing ship. The expression for the 
pressure coefficient along the walls is 


(Ap/q). = 1 
ale — 2 tan-! {coth  x/2h cot r/2h}] — 1)? 





ar 
1— — 
h 


The distribution along the wall for the flow specified by a = 
1/3, h = 3 is plotted in Fig. 7. Itis of interest that the minimum 


and asymptotic value of (Ap/g),, = —3.28 is attained for all 
practical purposes for z = -—5.0. 


CONCLUSIONS 


Two new families of half bodies have been derived from the 
source lamina of constant-strength distribution placed per- 
pendicular to a uniform stream. One family is obtained for the 
infinitely broad free stream and the other for the flow between 
parallel walls. These arrangements of a source sheet and a uni- 
form stream make it possible to obtain very blunt half bodies 


and the ensuing formulas allow estimates of the velocity and 
pressure distribution about the forward end of biunt strut shapes. 

From the foregoing calculations it is noted that the influence 
of the walls on the pressure distribution on a half body is very 
pronounced. This effect should be investigated carefully in the 
design or use of two-dimensional flow facilities particularly in the 
case of marine injection-scoop model tests made in closed ducts, 
where fluid is withdrawn from one duct and introduced into 
another. 
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On Turbulent Jet Mixing of Two Gases 
at Constant Temperature 


By S. I. PAI? COLLEGE PARK, MD. 


The fundamental equations of both two-dimensional 
and axially symmetrical turbulent jet mixing of two gases 
at constant temperature are derived and discussed. A 
general method of solution of these equations is given. 
The most important factors in these equations are the 
turbulent exchange coefficient for velocity distribution 
and that for density distribution. In general, these coef- 
ficients are not equal. If we assume that these coefficients 
are the same, an analytic solution for the mixing of two 
uniform streams is found which is an extension of Gért- 
ler’s solution for the case of homogeneous fluids. The 
first-order effect of the difference in densities of the two 
gases in the mixture on the velocity distribution is small. 
For two-dimensional and axially symmetrical jet from 
small opening, if the turbulent exchange coefficients are 
assumed to be the same, the velocity distribution for the 
case of homogeneous fluid is the first-order approximation 
of the velocity distribution in the jet of the mixing of two 
gases and the density distribution is the same as the veloc- 
ity distribution. Finally, the effect of the difference in 
the two turbulent exchange coefficients is discussed. 
It is found that the ratio of turbulent-exchange coefficient 
for density distribution to that for velocity distribution is 
larger than 1, and may be as high as 2, and the ratio 
increases as the difference in density of the two gases in- 
creases. The larger this ratio is, the wider the spread of 
the density distribution than that of velocity distribution 
will be. 


NOMENCLATURE 


The following nomenclature is used in the paper: 


= constant of integration, defined by Equation [54] 
width of mixing region of velocity distribution 
= width of mixing region of density distribution 
constant of integration, defined by Equation [54] 
= concentration of gas 1 in the mixture, defined by 
Equation [2] 
mass concentration of gas 1 in the mixture, defined 
by Equation [14] 
= constant of integration, see Equations [76] and [85] 
= ratio of turbulent exchange coefficient €, and €, see 
Equation [41] 


1 This work was carried out under contract AF 18(600)86 sponsored 
by the Air Research and Development Command. 

2 Associate Research Professor, Institute for Fluid Dynamics and 
Applied Mathematics, University of Maryland. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., Nov. 28-Dec. 3 1954, of 
Tue AMERICAN SocreTy OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 11, 1953. Paper No. 54—-A-1. 
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nondimensional function of stream function, see 
Equation [46] 
a part of function F, see Equation [61] 
a part of function F, see Equation [61] 
functions defined by Equation [65] 
functions defined by Equation [66] 
proportional factor defined by Equation [45] 
constants 
mixing length for concentration distribution, de- 
fined by Equation [21] 
mixing length for- velocity distribution, defined by 
Equation [31] 
mass of a molecule of the gas 
number of molecule of gas per unit volume under P 
and T 
= pressure 
gas constant 
functions defined by Equation [68] 
functions defined by Equation [75] 
functions defined by Equation [80] 
functions defined by Equation [84] 
time 
temperature 
r, y, 2- components of velocity 
mean velocity defined in Equation [46] 
certain constant velocity 
Cartesian co-ordinates 
radial distance in axially symmetrical flow 
factor defined in Equation [4] 
0 for two-dimensional flow; 6 = 1 for axisymmetri- 
cal flow 
turbulent exchange coefficient for velocity distribu- 
tion 
turbulent exchange coefficient for density distribu- 
tion 
oo y/x 
velocity factor defined by Equation [50] 
= density factor defined by Equation [55] 
on 
density 
= mean density defined by Equation [55] 
factor defined by Equation [50] 
error integral defined by Equation [72] 
error function defined by Equation [69] 
stream function defined by Equation [13] 


Pin 
g 
} 
®, 
¥ 


Subscript 1: value for gas 1 except as otherwise specified 
Subscript 2: value for gas 2 except as otherwise specified 

Bar —: mean value except as otherwise specified 

Prime ’: fluctuating value, or differentiation with respect to 
7 in the section Turbulent Mixing of Two Uniform Streams of 
Different Gases at Constant Temperature. 


INTRODUCTION 


Most of the studies of the problem of jet mixing have been con- 
cerned with one fluid; i.e., the fluid in the jet is the same fluid as 
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that into which it is injected and with which it mixes. Com- 
paratively little attention appears to have been devoted to prob- 
lems in which the fluid in the jet is different from that of the sur- 
rounding medium, The author has studied the laminar jet mix- 
ing of two compressible fluids,* in which a new variable, the con- 
centration of one fluid in the other, is introduced; and one more 
relation, the equation of diffusion, is added in the fundamental 
equations. In this paper the author extends the theory of 
laminar jet mixing of two compressible fluids to the case of tur- 
bulent flow at isothermal condition. 

Hu‘ has extended Tollmien’s theory of turbulent jet mixing 
of incompressible homogenecus fluid to the case in which the mix- 
ing fluids are of different densities. Hu confined to the case that 
the two fluids are immiscible. We shal] show later that the as- 
sumption of immiscibility is not necessary to derive the funda- 
mental equations of turbulent jet mixing of two fluids of Hu so 
that the results can be applied to more general cases. 

Our basic assumptions are that the mixture may be considered 
as a continuous medium, that there is no chemical reaction be- 
tween the fluids, and that the fluids are assumed to be perfect 
gases so the perfect-gas law holds for each constituent as well as 
the mixture. Furthermore, the boundary-layer assumptions 
are assumed to be applicable in the jet-mixing region; i.e., the 
lateral gradient 0/dy is much larger than the axial gradient 0/dzr 
and the lateral (y-wise) velocity components v are much smaller 
than the axial (z-wise) velocity component u. 

After the derivation of the fundamental equations of turbulent 
jet mixing of two gases, particularly at isothermal condition, a 
general discussion of the solution of these equations is given. 
The most important factors in these equations are the turbulent 
exchange coefficient for density distribution €, and that for ve- 
locity distribution ¢. These are not the same, in general. Hy- 
potheses, for the expressions of these coefficients in terms of mean 
velocity are discussed. At first, we find some analytic solutions 
of these fundamental equations by assuming that these turbu- 
lent exchange coefficients are equal. We extend Prandtl- 
Gortler’s theory of the turbulent jet mixing of homogeneous fluid 
to the present problems. For the mixing of two uniform streams, 
explicit solutions for the mixing of two gases are obtained. For 
two-dimensional and axially symmetrical jet from small opening, 
it has been shown that the velocity distribution of the case of 
homogeneous fluid is the first-order distribution in this inhomo- 
geneous fluid case and the density distribution is the same as 
that of velocity. Finally, the effect of the difference in €, and € 
is discussed. It is found that the ratio of E = ¢€,/e is always 
larger than 1 and may be as high as 2. The value of Z increases 
as the difference in density of the two gases in the mixture in- 
creases, Further experimental data are necessary to evaluate 
the value of the ratio EZ. 


EQuaTIon oF State or MIxTuRE 


(a) Temperature T. The temperature 7 of the mixture is 
considered as one of the dependent variables in the present prob- 
lem. We assume that the temperatures of the two gases at a 
given point are the same and equal to the temperature of the mix- 
ture at that point. It is consistent with our assumption that the 
mixture may be considered as a continuous medium. In the 
present analysis we further assume that the temperature T is 
constant throughout the whole field. 


*“The Laminar Jet Mixing of Two Compressible Fluids,” by 
8. I. Pai, Technical Report BT1, Institute for Fluid Dynamics and 
Applied Mathematics, University of Maryland, February 11, 1952. 
Also, Proceedings of the Second Midwest Conference on Fluid Me- 
chanics, Ohio State University, 1952, pp. 297-309. 

¢“‘On Turbulent Mixing of Two Fluids of Different Densities,”’ by 
N. Hu, Part 2 of PhD thesis, California Institute of Technology, 
1944. ° 
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(b) Pressure. The pressure P of the mixture is considered as 
another dependent variable in the present problem. Since each 
constituent of the mixture is considered as a perfect gas, we ex- 
press here Dalton’s law as follows: 

“The volume of a mixture of two or more perfect gases is simply 
the sum of the volume which they would occupy if each is ex- 
erted by the same total pressure.”’ 

It is well known that in the jet-mixing region, the pressure is 
approximately constant. In the present analysis, we thus 
assume that the pressure is constant throughout the whole field. 

(c) Density and Concentration. Let N be the total number of 
molecules of the mixture of gases 1 and 2 per unit volume under 
the pressure P and temperature 7; N, be the corresponding 
number of molecules of gas 1 per unit volume, and N, that of gas 
2. Wethen have 

N =N,+Ne.... 


We define the concentration C of gas 1 in the mixture as 
Cr Meso! oe 
and then the concentration of gas 2 in the mixture is 
Ce eee Me II es cach ae sec see [3] 


Let m, be the mass of a molecule of gas 1 and m, that of gas 2. 
The mass density p of the mixture under the pressure P and tem- 
perature 7’ is 

p= m N,; a me: N2 = N mz (BC + a 3 Se 


where 


The equation of state of the mixture is then 
P = NRT 


where R is Boltzmann’s constant. 

In the present analysis, both P and 7 are assumed to be con- 
stant throughout the flow field; thus the equation of state, Equa- 
tion [5], becomes 

A, 0 AiR ape [6] 


EguaTIon oF ContTINUITY OF MIXTURE 


Since the mixture is considered as a definite fluid, the condition 
of conservation of mass gives the equation of continuity which is 
Opu 


20, 2pu 


opt 
ot oz oy oz 


where u, v, w are the z-wise, y-wise, and z-wise velocity com- 
ponent of the mixture, respectively. 
Substituting Equation [4] into Equation [7] we have 


gl ONC , aNCu , aCe ance) 
ot or oy oz 
4 oN 4. oNu + oNv im oNw 
ot ox oy oz 
The first square bracket is equal to zero because of the equation 


of diffusion, i.e., Equation [16]. Since N is constant in the 
present analysis, Equation [8] reduces to 


ou 


The mixture in the present case behaves like an incompressible 
fluid, even though the density varies in the flow field because the 
concentration varies. 
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If we write 
u=ai+u',v=it+vs,w=d + w’. . {10} 
where bar represents the mean value and prime, the fluctuating 
value, Equation [9] may be reduced to 
ou oo 
+ 
Or oy 


= 0. [ll] 
In the case of two-dimensional or axisymmetric flow, Equation 
[11] becomes 

ou on 60 


— =—- (12) 


Or oy y 


where y is the radial distance in axisymmetrical case; 6 = O in 
two-dimensional case, 5 = 1 in axisymmetric case. 
From Equation [12] we define stream function W such that 


oy oy 


= y® u; — y*p ve 
oy Or 


[13] 


the equation of continuity, Equation [12], is automatically satis- 
fied. We shall show later that it is convenient to use the stream 
function W as an independent variable instead of y in jet-mixing 
problems. 

EQuATION OF DiFFUSION OF MIXTURE 


Let C,, be the mass concentration of gas 1 in the mixture, i.e. 


C, =m N,; = CN m 


If the molecular diffusion is neglected, the diffusion of C,, will 


be mainly due to convection; hence the equation of diffusion is 


oc, ouCc,, owC,, owl ,, 
sa = 4. 


[15] 
ot Ox Oy Oz 
Substituting Equation [14] into Equation [15], we have 
oCN s oCNu oCNv oCNw 
ol Or oY oz 


= 0 


In the case of N = const, we have 


oC oCcu oCn 4 oCw 
ol or oy oz 


Now let us consider the case of two-dimensional or axially sym- 


metrical flow. If we assume that the mean flow is steady and 


put 
See 


and take the average of various terms in the equation of dif- 
fusion, we have 


ata acs 3Co aC’u’ «ss Ov" BL" 
fo —— em om ae 6 Sa age at, 


. [19] 
ox oy y or oy y 


According to the boundary-layer assumptions 


oC’u’ ¥ aC’e’ 


Or oy 
Equation [19] becomes 


. ie 
t- <== 


1 dy*C'n’ 
ox dy y ow 


By mixing length theory, we may write 
ac 
oY 


Y oe J, 


where |, is the mixing length for concentration distribution. 
Substituting Equation [21] into Equation [20], we have 


oa =. Lee. ae 
u rn + v = 3 Yo €, 
or oy y° Oy Oy 


é. = a [23 ] 


c 


€, is known as the turbulent exchange coefficient for concen- 
tration (or density) distribution. Since N is constant, Equation 
[4] gives 
B = Nm (BC + 1).. 


Substituting Equation [24] into Equation [22], we have 


op op 1 0 op 
7] 4 + 0 4 =— (v é. 4 : 
Ox Oy y” Oy Oy 


In terms of the variables z and yW, we obtain 


op oO] 4, _ Op 
= y~€.u : 
oe «86 - oy 


EQuations oF Motion 
If the stress tensor due to molecular transfer is neglected, the 
equations of motion are 


Opu; 


+ Opu,u; oP 
ot or 


= - = 27 
Or; (27) 


3 
where summation convention is used, with i = 1, 2, or 3; 7 = 1, 
2, or 3, and z, and z; are the Cartesian co-ordinates. 

For two-dimensional or axisymmetrical flow, Equation [27] 
is reduced into the following form 


Opu Opu? 1 dy pu» oP 
+ = 


+ 3 [28] 
ol Ox y oy Or 


dpe i Opuv ‘ 1 dy? pv? 7 oP 


; 7 [29) 
ol Ox y oy oy 


Now, we assume that the mean flow is steady, substitute Equa- 
tions [4], [10], and [18] into Equations |28] and [29], and take 
average of the resultant equations, Furthermore, we apply the 
boundary-layer assumptions that 
21h I ¥ - Oo ) a ) 
i>>id, i~CcC~lI, << 
or Oy 
where ( ) may represent any dependent variable, 
and assume that 
ur<<ut, wt’ <<a 
and P is constant in the present problem. Equation [28] then 


becomes 


where 


(31) 
with J, as the mixing length for velocity distribution. If we 
write 


[32] 
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then ¢ is the turbulent exchange coefficient for velocity distribu- 
tion. In general, € is different from e,. 


Equation [30] becomes 
apa , od 1 |, On | 
“— vibes 12 Ty. a tS .. [33] 


Equation [29] is simply reduced to 


which is consistent with our assumption that P is constant 
throughout the flow field. 
In terms of z and y, we obtain 


[ epi 


ha 
oy 


GENERAL SoLuTION oF Two-DIMENSIONAL OR AXIALLY Sym- 
METRICAL TURBULENT JET MrxinG oF Two Gases aT CoNSTANT 
TEMPERATURE 


+y*<, 


From the foregoing analysis we see that in the present problem 
there are three unknowns, i.e., density § (or concentration C) and 
velocity components @ and 6, where P and 7 (thus N) are as- 
sumed to.be constant. These unknowns can be obtained by 
solving the three fundamental] Equations [12], [25], [33] with 
some initial conditions such as follows 


z=0 


B= pif), T= uly), 6 = w(Y)] 


If we use W as one of the independent variables, Equation [12] 
is automatically satisfied, and we shall solve only Equations [26] 
and [35] with the initial conditions in the square bracket of Equa- 
tions [36]. 

It is worth while to note that both Equation [26] and [35] are 
the generalized heat-conduction equations. They can be solved 
by stepwise numerical procedure, finite-difference method, 
from the initial conditions [36] without any difficulty, be- 
cause from the initial conditions it is possible to calculate the 
rate of change of f and @ with respect to z from Equations [26] 
and [35], respectively. By finite-difference method, the values 
of p and @ at « = Az may be obtained. Hence, by stepwise 
numerical procedure, the whole flow field can be obtained. 


5 = voy) 


TURBULENT EXCHANGE COEFFICIENTS 


Before we start to solve the fundamental equations such as 
Equations [26] and [35], we have to make some assumptions on 
the variations of the turbulent exchange coefficients € = —l,v’ 
and €, = —l,v’. 

According to Prandtl’s momentum transport theory we may 
assume that 


where k is a proportional constant. Hence 


du 
e=kl?— 
dy 


é,= k,l, - 


dy 


In general, |, ~ l,, hence € #€,. But in Hu’s analysis,‘ he as- 
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sumes that 1, = l, in order to get some analytic solutions in closed 
form. 

Another hypothesis on turbulent exchange coefficient which 
also was suggested by Prandtl is that the turbulent exchange co- 
efficient is assumed to be constant over every cross section of the 
mixing region. Prandtl suggested that 


€ = k. b (max — tmin)..............-. [39] 


where k,, is a proportional constant, b is the width of the mixing 

region of velocity distribution, dmax and dmin are the maximum 

and the minimum mean velocities at each cross section. 
Similarly, we may write 


ce a ee | 


where k, is also a proportional constant; b, is the width of the 
mixing region of density distribution. In general, k, is not equal to 
k, and b is not equal to b, but we may write 


k,b, = Ek,b 


where £ is the ratio of €, to €. 

In the following three sections we shall assume that FE = 1 
in order to show some first-order effect of density variation on the 
turbulent jet mixing problem. We shall discuss the effect of Z 
later. 


TURBULENT Mrxinc or Two Unirorm STREAMS OF DIFFERENT 
GasEs AT CONSTANT TEMPERATURE 


Fig. 1 shows the schematic diagram of the problem. If we 





— UL, fe 
Up 


Fie. 1 Mrxtne or Two Untrorm Streams 


assume that Z = 1, the fundamental equations of the present 
problem are (we drop bar for mean value from here on) 


The exchange coefficient € may be written as 
e =k, b(Ui— U2) = k, hz (Ui — U2); [U1 > U2].. [45] 


because by dimensional analysis we see that in the present prob- 
lem 6 must be proportional to z. 

For the flow downstream, we may assume that the profiles of 
both velocity and density are similar; thus we write 


‘ ‘‘Bemerkungen zur Theorie der freien Turbulenz,"’ by L. Prandtl, 
ZAMM, vol. 22, October, 1942, pp. 241-243. 
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y = zUF(n), p = p(n) 


y 


1 
-~(U, + U2) and 7 =- 
2 z 


and then 


oy dF 

——- we a os 

~ dn () 
oy 


a — F(n) + nF"(n) 


where prime means differentiation with respect to 7. 
Substituting Equations [45], [46], and [47] into Equations 
[43] and [44], we have 


7 


p' = 


1 
2 2 = ~ewe < = 
2k hA 


Comparing Equations [48] and [49], we have 
p’ = A [p’F)’ 


where A is a constant. From Equation [51] we find that 


where B is the constant of integration. Equation [52] was first 
found by Hu.‘ 
The boundary conditions are 
U; 
=p, F’ = U 
we |e 
Mad a LS 7 


l+Aatn=+0 
oo. (00) 
=1—)Aatyn =—o 


Substituting Equations [53] into [52], we have 


Wpaes Apc _ Pips ® 

’ Pm (AX + pw) 
where 

+ ae. 

pr + pr’ 


™ 


From Equations [52] and [54] we have 


Pp — pz 
Pi — P2 


u—U 1 
ax Pe - = . [56] 


pr U,— U; » siete u—U;, 
Pi U,— U2 
We see that when (p; — pz) is small, the density distribution 
(p — p2)/(pi — pz) is similar to the velocity distribution (u — U2)/ 
(U, — U:). It is a generalization of Hu’s result which is con- 
cerned with the special case of U; = 0, only. 
Substituting Equation [52] into [48], we have 
2 AF’? 
Fr’ + 2 og? FF" = —— ——. ee 


If p: = p2 = const, A = 0, Equation [57] reduces to Gértler’s 
equation® for the case of homogeneous fluid, i.e. 
F'’ +2o2%FF" =wO................. [58] 


* ‘‘Berechung von Aufgaben der freien Turbulenz auf Grund eines 
neuen Niaherungsansatzes,”” by H. Gértler, ZAMM, vol. 22, October, 
1942, pp. 244-254. 


We are going to solve Equation [57] by method of small per- 
turbation; i.e., we consider the case of small A, i.e., u< <A. 
Equation [57] may be written in the following form 


FP’ + 20% FF’ = —2 AF’? (1 + AF’ + A* F’? +...)..[59] 


If we neglect all the terms of u*, we have 
AF’’ +20° FF" \ =—2yF’” 


Equation [60] is the fundamental equation of the present prob- 
lem. 
Now we put 


F = Fy + pwF;.... ePeL) | 


in Equation [60] and neglect the higher-order terms of u, and 
we have 

Fy!” 

NFi'"’ +2027 (Fo Fy" + F, Fo’’) = —2 Fo’... 


+2o°F, F,” =0 

. . [63] 
We are going to solve Equations [62] and [63] for Fy and F; 
with the following boundary conditions 


Fn) =1+Aatyn=+ = 
Fn) = 1—Aatyn =— @ P base. 
F'n) = latyn =0 ) 


i vides 


The last condition is obtained by choosing the z-axis, i.e., 
y = 0, passing through the points u = U. 
We develop both F, and F; into power series as follows 


[65] 


Fy = O72 DN Fo €)...cseseeeeees 
v=0 


PF, 


where & = o7. 
Substituting Equations [65] and [66] into Equations [64], we 
have 


Fo’ (+ o) = 1; Fa’ (+ o)= 1, Fo’ ( —-o) = —] 


Fo’ (+ ©) =O forall y 2 2 ) 
Foo’ (0) = 1, Foy’ (0) = O for ally = 1 } ... [67] 
| 


F,,’ (+ @) = F,,(0) = Oforally 20 


We see that both the differential Equation [62] and the 
boundary conditions for Fy are the same as those of Gértler’s 
case of homogeneous fluids. Hence Gértler’s solution may be 
used for fF». However, it seems that there are some mistakes in 
Gértler’s original solution, we thus rederive these F, as follows: 
Substituting Equation [65] into [62] and satisfying the bound- 
ary conditions [67], we have : 

Fw = Q 
Fo'” +2& Fu” =0 
Fo,’"” +2&E Fo, = 9, (E) RoAE), for 


y2: 


where 
9 


®, (&) = we’ 2 


and Ro, (£) are known functions of which depend on F,’s where 
k <v—41. For instance 


®,; (€) Ra (E) = —2 Fa eT) Een, Te [70] 


The solution of Fo is 


= ff, ® (a) ea wn 
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@(a) = f, #, (8) dp 


and dq is an integration constant. 
The solution of Fo, for vy 2 2 is 


€ 8 
Pu = f, f, #, (8) f, Ro» (a) da dB dy + Co, 
f, 2 (a) aa + Do & + de 


where Co,, Do,, and do, are integration constants. 
From the boundary condition Fo,’ (0) = 0, v 2 1, we have 


and from Fo,’(+ ©) = Oforv = 2, we have 


eS PAA: 


If we write 
Rov = rane oi) cs a rs.c.cud 


then Fo,’ (©) = 0, for vy 2 2, gives 


/- 3 
tne Ef wa) [i RoAa) da dB.... [76] 


For instance, do; = —-0.16084 and the rest dy,, are even smaller. 
For practical purpose the velocity distribution of homogeneous 
fluid may be described simply by the first two terms of Equation 
[65], i.e. 


Fi = 


! A . 
[Fo +A Ful = e+ — | f P(a)da + ta | 
og o 0 


or the mean velocity distribution u is given by 


U; + U2 U, in ie U2 é 
& UF! = —— ——— 
to 0 E + “eras I ®, (ae | 


2 
+ U,— U2 2 § 
U,—U; 2 3 
2 Wr J 


The rest terms are minor corrections. 

After all Fo, are known, we substitute Equations [65] and 
[66] into [63] and collect the terms of same power of A, and we 
have 


Fy’ (€) +2 & Fw’ (E) = 0 
Since Fy’ (+ ©~) = 0 


where dj is a constant. 
For v 2 1, we have 


Pi!’ +2E Fy” = ® Ry, (€) 


where R,, are known functions of &, which depend on Fo, and 
Fy, wherek S v—1. For instance 


, Ru (&) =—2 [dio Fo" + Fq'"?} 


Similar to the solutions /y,, we have vy = 1 
é 8 
Fy = ff, f, ?,(8) f, R,, (a) da dB dy + Cy, 
€ 
fp PAE + Dek + du... (821 


By the boundary conditions F;,’(0) = F,,'(+ ©) = 0, we have 


MARCH, 1955 


C,p = Di, = 0....... [83] 
If we write 


Ri, = Ry — 2d. vacnt [84] 


. € 8 
dys = Vr f ®, (B) f Ri, (a) da "xe 
2 0 0 


By comparison of the solutions of F; and Fo, we see that the solu- 
tion F; is of the same order of magnitude as the part of F», which 
has been neglected in Equation [77]. The first-order effect of 
density variation on the mean velocity distribution of the jet- 
mixing region is exceedingly small, if we assume that € = €,. 


[85] 


Two-DimensionaL JET From 4 SMALL Suir 
Fig. 2 shows the schematic diagram of the present problem. 
Since the variation in pressure is small, the momentum across the 
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Two-DimmMeENsIONAL Jet From a SMALL OPENING 


Fig, 2 


different cross sections of the jet (x = const) must be constant, 
i.e., for every x-station 


f pu* dy = const.............0. (86 ] 


In general, both p and u vary with x. Strictly speaking, it is not 
possible to obtain similarity in both density and velocity profiles. 
If we write 

eee a (87) 


Equation [86] becomes 


2 f u? dy + f Ap u? dy = const. 


When Ap is much smaller than py, i.e., at far downstream, we have 


[88] 


Pr f u? dy = const. . 
—@ 
Then the similarity in profile of velocity may be obtained. By 
similar procedure to the problem of homogeneous fluid, we have 


il 


and the boundary of the jet is straight line y = y/z. 

From the equation of continuity, if we take a control surface 
A-B-C-D, Fig. 2, such that C-D and A-B lie in the region of the 
fluid outside the jet-mixing region, we have, from Equation [7] 


ap 4 
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and from Equation [9] 


ofan dy — pz ; ie udy = 0. 


Subtracting Equation [91] from [90], we have 


§. (p — po) udy = const 


If p’u’ << piu, we have by taking average of Equation [92] 


f ms (p — pz) idy = const. 

Since @ ~ 1/+/z, Equation [93] also expresses that (J — pz) is 
proportional to 1/+/z. This means that p will be very near to p» 
when z is very large. This is just what should be expected since 
at large distance from the slit nearly al) the fluid inside the jet is 
the fluid of density p. that has been sucked in from both sides of 
the jet. 

Hence if we assume that E = 1, and p = po, the equation of 
motion, Equation [33], becomes 


du du ou 
a a at =€ - 

ox oy or? 
It is also the equation of motion for the case of homogeneous 
fluid. Hence, at large z, the velocity distribution of two-dimen- 
sional jet of two gases will be the same as that of homogeneous 
fluid. 

From the equation of diffusion, Equation [25], if we put E = 1 

nd p = pz + Af, we have 


(95! 


Comparing Equations [94] and [95], we have 
Ap = const a 


When E = 1, at large distance of z, the distribution of density 
p will be the same as the distribution of velocity @. 


AXIALLY SYMMETRICAL JET From a SMALL OPENING 

By the same procedure, it is easy to show that similar results 
as those of the two-dimensional jet hold for the axially symmetri- 
cal case; i. e., strictly speaking, it is not possible to obtain similar- 
ity in both density and velocity profiles but at far downstream, 
and assuming E = 1, the velocity distribution of jet mixing of 
two gases will be the same as that of homogeneous fluid and the 
density distribution will be the same as that of velocity. 


Errect oF Factor £ 


In the preceding three sections we assume that the ratio of the 
turbulent exchange coefficient for density to that for velocity, 
i.e., EZ, is equal to unity. The conclusion drawn is that at far 
downstream, the distributions for density and velocity are the 


same. But from experimental evidence,’ we know that the 


7“A Study of Freely Expanding Inhomogeneous Jets,”’ by W. R. 
Keagy and A. E. Weller, Heat Transfer and Fluid Mechanics Insti- 
tute, University of California, Berkeley, Calif., June 22-24, 1949, 
pp. 89-98. Publication of The American Society of Mechanical 
Engineers, New York, N. Y. 


spread of the concentration distribution is wider than that of 
velocity. In fact, the factor E is not exactly equal to 1. In order 
to estimate the value of F approximately, we will consider the 
two-dimensional case where the z-wise velocity comporent @ is 
nearly constant and we have 


a = us + Au, d = Av.. [97] 
where u, is a constant, u, >> Au and Au ~ Ap. 

Substituting Equation [97] into Equations [94] and [95], 
neglecting the higher-order terms, and taking Au ~ Ap and E # 
1, we have 


dAu o?Au 
u A =€ 7: . 


ox oy? (98} 


dAp _ O'Ap 
Us = Ke 


~ Dy (99) 


Both Equations [98] and [99] are simple linear differential equa- 
tions of heat conduction. Since these equations are linear, 
method of superposition is applicable. Of course, since we 
linearize the original equations, Equations [98] and [99] will 
yield only approximate results which are only qualitatively 
correct. Hence it is sufficient to consider a typical solution of 
these equations. 

The elementary solutions of Equations [98] and [99] may be 
written as follows 


uay? 


[100] 


a uay? 
Pr 4eEx 


Ap = e 
V2 


(101) 


where u, and p, are constants. Keagy’ has found that at a given 
z-distance, the experimental distributions of both density and 
velocity distribution can be approximated by error functions. 
This qualitatively proves the validity of Equations [100] and 
[101]. The values of € and E can be determined experimentally. 
Since the spread of the density distribution is larger than that of 
velocity, hence Z is always larger than 1. The exact value of Z 
depends on the difference of the densities of the two gases in the 
mixture. Further experimental data are necessary in order to 
determine the value of EZ. 

From Keagy’s and Weller’s preliminary data of axially sym- 
metrical jet mixing, we see that Z is about 1.2 for nitrogen and 
air mixture, 1.4 for carbon-dioxide and air mixture, and 2.0 for 
helium and air mixture. It seems that the larger the difference 
in density of the two gases in the mixture, the larger the value of 
E, and the wider the spread of density distribution than that of 
velocity distribution. 





Plastic-Rigid Analysis of a Special Class 
of Problems Involving Beams Subject to 
Dynamic Transverse Loading 


By MARGARET F. CONROY,? LAFAYETTE, IND. 


The object of this paper is to show that in certain cir- 
cumstances the plastic deformation of beams, made of a 
material with linear strain hardening and subject to dy- 
namic transverse loading, can be determined by the tech- 
niques used in solving elastic problems. In particular, the 
differential equation of motion for such beams is in scme 
instances of the same form as in the corresponding linear 
elastic case, and so any of the methods employed for 
solving elastic-beam problems, such as the normal-mode 
method, Laplace-transform method, or Boussinesq’s solu- 
tions for infinite beams, can be used. Because of this 
linear character of the differential equation of motion 
encountered in the analysis presented here, it also is shown 
that some initial-motion problems for beams undergoing 
large plastic deformations due to transverse loading can 
be solved by superposing solutions. In these problems the 
disturbance part of the solution is obtained by some 
elasticity technique and is then superposed on the initial 
motion of the beam. The method of solution is demon- 
strated by means of several examples involving finite beams. 
The first example is an initial-motion problem and illus- 
trates the method of superposition. The second example is 
an initial-stress problem for a simply supported beam. 
Again, the method of superposition is used. The last 
example is a free-boundary problem for a cantilever beam. 
This problem is solved by an inverse method whereby the 
form of the solution is assumed and the physical problem 
associated with this solution is then determined. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


zx = distance along beam 

= deflection 
0*y/dx*, curvature of deflection curve 
mass per unit length of the beam 
bending moment 
shearing force 
time ; 

= limiting value of M for rigid-body motion 

Foot-pound-second units are used throughout the paper. 


1 The results presented in this paper were obtained in the course 
of research sponsored by the Office of Naval Research under Contract 
N7onr-35801 with Brown University. 

? Mathematics Instructor, Purdue University. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—-December 
3, 1954, of Tae American Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division July 1, 1953. Paper No. 54—A-17 


INTRODUCTION 


The general problem of the determination of the plastic de- 
formation of beams subject to dynamic transverse loading is very 
difficult to handle. Thus far only one such problem has been 
solved for a beam made of strain-hardening material. H. F. 
Bohnenblust (1)*has made an elastic-plastic analysis of the problem 
of an infinite beam subject to a constant-velocity impact. In 
view, then, of the difficulty encountered in solving problems of 
this type, the analysis carried out in this paper, while it applies 
only to a very special class of problems, seems well worth while, 
since it does add a group of tractable solutions to the literature. 
It is believed that this analysis represents the first treatment of 
the plastic deformation of finite beams, made of a strain-hardening 
material and subject to dynamic transverse loading. 


Basic ASSUMPTIONS 


The analysis carried out in this paper is introduced to deter- 
mine the permanent deformation of beams subjected to trans- 
verse loading of such a magnitude that the plastic strains pro- 
duced are large compared to the elastic strains. It is shown that 
in some instances a satisfactory approximation to the solution of 
such problems can be obtained by means of the same techniques 
used. in elastic-beam theory. 





-My 








Fre, 1 


The analysis is based on the assumption of a linear strain- 
hardening bending moment-curvature relationship of the type 
shown in Fig. 1. Thus elastic strains are ignored and the beam 
is considered to be either rigid or plastic. An approximation for 
the solution of the actual elastic-plastic problem is then obtained 
by neglecting the elastic strains and carrying out a plastic-rigid 
type of analysis. It is expected that this approximation will be 
satisfactory when the plastic strains are large compared to the 
elastic strains. 


3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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The analysis also is based on the assumption that the rate of 
change of curvature of the beam is everywhere greater than 
or equal to zero, or everywhere less than or equal to zero, for 
the range of time considered. This of course places certain re- 
strictions on the initial conditions and boundary conditions for 
application of this analysis, as described later. 

Under these assumptions the bending moment-curvature rela- 
tionship of the beam for plastic flow is the linear relationship 


, o*y 
M = +M,+ 6K = +M,+b5 
ox? 


where the sign of M, is the same as the sign of the rate of change 
of curvature of the beam. The differential equation of motion for 
the beam, which is obtained from the equilibrium conditions 


oM OQ o*y 
=> . ’ oo - = 0 
Q ox oz ines ot? 


becomes 
ory 1 O*y 
ox* c? Ot? 


This equation of motion is of the same form as in the elastic- 
beam theory, where the flexural rigidity has been replaced by b. 
Thus, under the assumptions stated, it is clear that the plastic 
deformation of a beam can be determined by the same methods 
used to solve the corresponding elastic problem and, since the 
equation of motion is linear, superposition of effects is permissible. 

The assumptions stated here restrict the application of the 
analysis to a very special class of problems. However, as men- 
tioned before, the general problem of the plastic deformation of 
beams subject to dynamic transverse loading has not yielded to 
theoretical analysis; hence the analysis given here represents 
definite progress. 

The following examples are given to demonstrate the solution. 


In1ITIAL-MoTIon PROBLEM 


For the application of this method to an initial-motion prob- 
lem, the initial motion of the beam must be such that the final 
rate of change of curvature of the beam after loading is everywhere 
greater than or equal to zero or everywhere less than or equal to 
zero; that is, the rate of change of curvature of the beam resulting 
from the initial motion must be such as to eliminate any oscillations 
in the sign of the rate of change of curvature due to the transverse 
loading. An example of such an initial motion is afforded by the 
following problem: 

Let a cantilever beam of uniform cross section and length / have 
one end (x = 0) fixed and be subject to an initial motion 


y = 2.25tz? — ~- 


which is maintained for all time by a bending moment, M, + 
b(4.5¢ — 1/15), applied at the free end of the beam. For t¢ > 0 
an additional bending moment 9bt is applied to the free end (x = 
l) of the beam. The problem is to determine the subsequent 
motion of the beam. 

The initial motion and the applied bending moment given here 
were chosen rather arbitrarily. Any other choices would serve 
as well, provided they are such that the rate of change of curva- 
ture of the beam after loading is everywhere greater than or equal 
to zero (or everywhere less than or equal to zero). 


Because of the prescribed initial motion, the initial rate of 
change of curvature of the beam is everywhere greater than zero. 
Thus the bending moment-curvature relationship is 


M, = Mo + bK, : aha 


where K, and M, are the bending moment and curvature cor- 
responding to the initial motion. If the final rate of change of 
curvature of the beam due to the initial motion plus the dis- 
turbance remains everywhere positive, the linear bending mo- 
ment-curvature relationship of Equation [1] remains valid and 
from Equations [1] and [4] it is clear that 


Mp = bKp 


where Kp and Mp, are the additional bending moment and 
curvature corresponding to the disturbance. 

The final deformation of the beam can be obtained by super- 
posing the disturbance deformation onto the initial-motion de- 
formation. The disturbance deformation can be determined by 
any of the methods used in elastic-beam theory. 

The disturbance deformation resulting from the application of 
the bending moment at z = I can be found readily from Bous- 
sinesq’s solution for an infinite beam until such time as this solu- 
tion gives an appreciable disturbance at the fixed end of the beam. 
While the solution does not satisfy the fixed-end boundary con- 
ditions, it yields an approximation to the disturbance deformation 
until such time as the deflection and slope of the beam at z = 0 
provided by this solution become significant. 

The Boussinesq solution (2) of Equation [2] for a semi-infinite 
beam, initially (¢ = co) straight and at rest, and subject to the 
conditions 

aya 
oy 0 o*y = F,(ct) 
ox* Ox? 


2 - 2 2 
y= 7 - P, (« — S) cos < da 
: Vr Jo 2a « 


and 


F,'(ct) F (ct) 


tf 
ee d(ct) 


et 
F,(ct) = -. F,'(ct)d(ct) 
Now, since the bending moment applied at the free end of the 
cantilever is 


0 fort < 0 
M,(t) = (ss fort > 0 


Mp = bKp 
it is seen that 
0 for ct < 0 


9 
~ (#) for ct >0 
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It follows from Equation [5] that 


9 “ (i — x)? |? a? 
% = ; itn Segre cos — da. . [6] 
V re (—2)/(2et)'“* 2a 2 
vp “0 f- [« jun | asa cos -* 
or WV we Jaa) (2ce)'”* 


—d 
2a? a? 2 ms 
and 
dy, 18 ‘fs [ 
— 2; i- | et 
oz? V we J(i—2)/(2ct) “” 


From Equations [3] and [7] it is clear that the final rate of 
change of curvature of the beam resulting from the initial motion 
plus the disturbance motion is 


dK 
dt 





= al Ne ss a 


K 
D 2a? 


[7] 


= 45+ 9 {1 — 2S[(l — z)*/4ct] } 


where S[(i — z)?/4ct] is the Fresnel integral 


1 (l—x)?/4et sin 7 
V 29 0 Vn 


Since S[(l -—- x)?/4ct] < 0.75 for all values of the argument, it 
follows that 
dK 


== >i0 
dt 


everywhere along the beam for all time. Thus Equation [2] 
is everywhere valid and superposition of effects is allowable. 
Superposing Equations [3] and [6], we obtain 


9 Yi 
V re (1— 2) /(2et)'“* 


(i — z)?\2 a? 
ct — ar cos 2 da 


zx? 
= 2.25tz? — 
y = 2.25tz 30 + 


This Boussinesq solution was calculated (3) at ¢ = 0.01 and 
t = 0.02 for the case when | = 3 and c*? = b/m = 907. The re- 
sults are shown in Table 1. 

This problem also may be solved by finding yp by the well- 
known method of normal modes and then superposing this solu- 
tion onto the initial motion of the beam. 


TABLE 1 
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Sump_y Supportep BEAM 


Consider a beam of uniform cross section simply supported at 
the ends x = 0 and z = l. Initially the beam is at rest and 
subject to an external bending moment, M, < —Mp, at both 
ends. At time zero an externai load distribution 


q(x, 2) = got sin 
is applied to the beam and the resulting deformation is to be de- 
termined. 

Initially the beam is entirely plastic. If the motion due to the 
applied load or disturbance is such that the rate of change of 
curvature of the beam is everywhere negative, for all t, the 
bending moment-curvature relationship of the beam is 


M = —M, + 6K 


and 


Mp = bKy 


where M, and Kp are the additional bending moment and 
curvature resulting from the applied external load. Again, the 
deformation of the beam can be determined by finding the dis- 
turbance deformation by the normal-mode method used in elastic- 
beam theory and then superposing this onto the initial deforma- 
tion. 

It is assumed in solving this problem that the rate of change of 
curvature of the beam is everywhere negative, for all ¢. Once the 
solution has been obtained, it is readily verified that this assump- 
tion is valid. 

The initial deformation of the beam is 


M, + Mo 


{— 
Oh 2b ( x)z 


and the disturbance deformation of the beam is assumed to be of 
the form 


vo = > X,(z)¢,@ 


n=1 


where the X,(z) are the normal modes for a beam simply sup- 
ported at z = 0 and z = 1. These normal modes are readily 
found to be 


X, = (2/ml)'/* sin Y 


BOUSSINESQ SOLUTION 


—t = 0.02 








= 0.01 


-=SS Coco 
omn o-oo % 
SSRs Sa8c5 


n~ 
uo 


vy Yp 
0 +0.00102 +0.00102 
+0.00026 
+0.00105 
+0 .00236 
+0.00420 


+0.00656 
+0.01680 
+0.02126 
+0.02625 


+0. 68505 
+0.09476 


+0.10500 


—0.07723 
—0.08131 


— 0.08395 


& NNwNN NHK 


+0.01355 +0.05421 +0.15921 
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We have as the equations of motion 
Pn = Pn? On = >, 


in which ®, is the force corresponding to the co-ordinate gy, and 
p,? = c*r‘n*/l*. If a small increase 6¢, is given to a co-ordinate 
¢,, the work done by the external load will be 


l 
. 5 @ , 1 . T 
®, dy, = f got sin - (2/ml)'/* sin > 2b, dx 


and thus 


)%, =0 


6 forn ~ 1 


@, = (2/mil)'/*(1/2)qot 


Substituting these into the equations of motion and taking into 
consideration the initial conditions of the problem, we obtain 


¢, = 0 forn #1 


1 l - 
gi = (2/ml)'/*(1/2)q0 — (: -— sin pt) 
p* Pr 


Finally, substituting X, and ¢, into Equation [8] and super- 
} ¢ 1 I 
posing the initial deformation, the following solution for the dis- 
placements is obtained 


M, + Mo 
y(z, t) = , (l 


rjr 
2h ) 


go . Wz we 
+ sin t sin pyl 
mp? l Pr 


To insure that this is the solution of the problem, it remains 
only to verify that (dK)/(dt) < 0 for0 < z < landallt > 0. 
But, differentiating y(z, t), we find 

dK qo 7? Wx 


= sin (1 


- cos pit) 
dt mp? [? l ” 


which is readily seen to be negative for 0 < zx < land allt > 0. 


FREE-BOUNDARY PROBLEM 


In the two previous problems the beam was initially entirely 
plastic and remained entirely plastic for all time. No plastic-rigid 
boundaries were present. The absence of such boundaries ac- 
counts in large measure for the ease .ith which these problems 
were solved. However, in the case of a beam which is initially 
rigid, the application of a load, in general, will produce a moving 
plastic-rigid boundary. The determination of this free boundary 
and the solution of such problems does not appear simple. How- 
ever, by the inverse method to be given, it is possible to find solu- 
tions to some free-boundary problems under the assumptions 
originally given. The method consists essentially of determining 
what physical problems are associated with simple analytic ex- 
pressions satisfying Equation [2]. 

Consider the following solution of Equation [2] 


4 


= 72 — —— 
oe 180c2 


This expression satisfies the boundary conditions at 


{ 2 
| K = oe ot 

V/ / Ox 
and at x = E(t) = 12'/* (et)? ¢ 


y=0 
j= 


z=0 


y 0 0 


( 
| 
‘ 
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That is, the foregoing solution of the differential equation of motion 
for plastic flow satisfies fixed end conditions at x = 0 and free- 
boundary conditions at z = &(t). As? increases from? = 0, the 
position of the free boundary moves from the fixed end (x = 0) 
to larger values of z. Moreover, since K = 0 for x = £&(0), it 
appears that Equation [9] may be the solution in the plastic 
region, 0 < x < &(#), for a cantilever problem in which the beam 
is initially straight. For &(4) < « < 1 the beam remains rigid; 
lis the length of the beam. This solution will be valid only until 
such time as the plastic-rigid boundary reaches the free end of the 
beam, that is, for 0 < t < /*/e(12)'’*. 

The physical problem associated with Equation [9] 
assumed to be that of a cantilever beam, fixed at z = 0, initially 
straight and at rest, and subject at time zero to a force F(t) and a 
bending moment M(t), both of which are applied at the free end 
r=l, 

F(t) and M(t) are determined from the equations of motion for 
the rigid portion of the beam, i.e. 


8s now 


l - l 
Fi) + by’). =— = [, (R £)6 mdR + ie maR 


l 
Vo + ff (R 


£) ((R 
‘ 3 (R 
. 


( 
+ m 


M(t) + FW) (l— &) = - £)6] m dR 


£) ym aR 
It follows, then, that 


FQ) = —b(y"")r=e + mil E)(y)r—e 


1—t) . 
M() = —Fw@(l—H+Met+m ; g) (@)z=¢ 


E(t) = (12)'/*(ct)'/* 


oo? 6(12)'/* et 


z=t 


o*y 
(Y)z=<¢ = | y 


i o*y 
Orne = E= 


. Oy .. Oy 
2 as £)? : 
* orol + ©) <4 
» Oy ° y a 
: :— = 6(12) /* (el 
+2 + sl. 6(12)'/* (et) 


(yet = 


For any given set of parameters a check must be made to make 
sure that M(x) < Myfor& <x <1; that is, it must be verified that 
the yield limit is not exceeded in that portion of the beam which is 
assumed to be rigid. M(z) is obtained readily from the following 


equilibrium equation 
l . 
M (x)= M(t) + F()(L — 2) —f (R — x) [((R — £)6)mdR 
1 
f mi (R r)dR 


As a specific example, the following practical values of the 
parameters were chosen: | = 5 ft, My = 17 ft-lb, m = 1.2 lb/ft, 
c? = 907 ft*/sec?. M(z) was calculated for § < x < lati = 
0, 0.005, 0.02, 0.05, 0.10, 0.20 sec. From the results of these cal- 
culations, which are shown in Fig. 2, it appears that for this set of 
parameters M(z) < M,for—<2z<l. It does not seem feasible 
to make a rigorous analytic check of this fact. 
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CONCLUSION 


The examples treated in this paper serve to illustrate the fact 
that, under certain conditions, the plastic deformation of beams 
subject to dynamic transverse loading can be determined by the 
same techniques used in solving elastic-beam problems. This is 
owing to the fact that, under the assumptions given, the equation 

‘of motion for a beam undergoing large plastic deformation is of 
the same linear form as the equation of motion for an elastic 
beam. 

The first two problems were solved readily, largely owing to the 
fact that in each case the beam was initially entirely plastic and 
remained entirely plastic for all time. If the beam is initially 
rigid, an applied load, in general, will produce a moving plas- 
tic-rigid boundary. The presence of such free boundaries makes 
these problems more difficult to handle. The same difficulty 
arises, of course, in solving problems involving the unloading of 
external forces, rather than the loading type of problems treated 
here. 

As shown by the third problem, it is possible to find solutions 
to some free-boundary problems under the original assumptions. 
The method of solution is essentially an inverse process whereby a 
simple analytic expression satisfying the differential equation of 
motion for plastic flow is considered, and the physical problem 
associated with this solution is then determined. The general prob- 
lem of a beam subject to prescribed external forces giving rise to 
free boundaries is not solved so readily. 

It was hoped that a numerical technique based on Hartree’s 
method (6) might be devised for locating these free plastic-rigid 
boundaries at any given time. While there was no free boundary 
to be determined, Hartree’s method was first tried on the first 
problem of this paper. However, it was found that, owing to the 
presence of the fourth derivative in the equation of motion of the 


beam, the results of a finite-difference technique to solve the ordi- 
nary differential equation resulting from Hartree’s method were 
poor. In the case of a free-boundary problem, the satisfaction of 
the boundary conditions, (dK)/(dt) = 0, would introduce further 
high derivatives, and it was virtually impossible to retain suf- 
ficient accuracy using finite difference to complete such a prob- 


lem. 

The reader may refer to (7) and (8) for other papers pertaining 
to the plastic deformation of beams under transverse impact 
loading. 
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Forced Motions of Timoshenko Beams 


By G. HERRMANN,’ NEW YORK, N. Y. 


Timoshenko’s theory of flexural motions in an elastic 
beam takes into account both rotatory inertia and trans- 
verse-shear deformation and, accordingly, contains two 
dependent variables instead of the one transverse dis- 
placement of classical theory of flexure. For the case of 
forced motions, the solution involves complications not 
usually encountered. The difficulties may be surmounted 
in several ways, one of which is presented in this paper. 
The method described makes use of the property of orthog- 
onality of the principal modes of free vibration and uses 
the procedure of R. D. Mindlin and L. E. Goodman in 
dealing with time-dependent boundary conditions. Thus 
the most general problem of forced motion is reduced to 
a free-vibration problem and a quadrature. 


INTRODUCTION 


beams, in contrast to the elementary Bernoulli-Euler 

theory, allows for corrections for shear deformation and 
rotatory inertia. Though derived more than 30 years ago (1),° 
and attracting the attention of many workers in the field,‘ no 
complete solution of the most general boundary-value problem of a 
finite beam with time-dependent boundary conditions of any 
admissible combination, acted upon by time-dependent normal 
loads and bending moments with specified arbitrary initial con- 
ditions, seems to have been developed to date. 

A major difficulty in solving boundary-value problems gov- 
erned by Timoshenko-type equations (4, 5) consists in finding a 
proper combination of two (or more) “displacement”? compo- 
nents, which would exhibit the property of orthogonality. This 
property is essential in developing series solutions by the classical 
(D. Bernoulli) method of separation of variables. In a recent 
paper (6) it was shown, by means of the example of a Timo- 
shenko-type theory of longitudinal motions of rods, how this 
difficulty may be overcome by making use of Lagrange’s equa- 
tions of motion. 

An additional difficulty, typical of any vibration problem with 
initial and boundary conditions, arises when one or more boundary 
conditions are time-dependent. In (6) it was demonstrated, how, 
in some cases, this complication may be removed by solving cer- 
tain static problems. 

In contrast to the procedure of (6) and as a counterpart of it, 


fp gee theory of flexural motions of elastic 
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of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 25, 1953. Paper No. 54—A-6. 


we attack here the general forced-vibration problem directly, 
without recourse to Lagrange’s equations. Thereby, the time- 
dependency of the boundary conditions is dealt with, by making 
use of the idea of (7). 

Thus the most general boundary-value problem of a finite 
Timoshenko beam will be reduced to the solution of the corre- 
sponding free-vibration problem and an integration, 


STATEMENT OF PROBLEM 


Timoshenko’s theory of flexural motions of elastic beams is 
contained! in the equations of motion 


k'(y” — ¥')G/p + @/pA = 9 
Ey’/p + k'(y’ — ¥)G/pr* + M,/pA = 


the stress-displacement relations 


M = —EIy’ 
Q = ky’ — WAG f * 


the boundary conditions 


1 At each point along length of beam, one member 
of each of products yg and YM, must be specified 3] 
2 At each end of bar, one member of each of products {| “~ 
yQ and YM must be specified 


and the initial conditions 
Initial displacements and velocities must be specified... . [4] 
In [1] to [4] the symbols have the following meanings: 


= Young’s modulus 
shear modulus 
shear-deflection coefficient 
mass density 
transverse displacement of cross section 
angle of rotation of cross section 
area of cross section 
area moment of inertia of cross section 
cross-sectional] radius of gyration, r? = 7/A 
net transverse load, per unit of length 
M, = net (bending) moment, due to applied axial] shears 
M bending moment 
Q = transverse shear 


Primes indicate differentiation with respect to zx, the co-ordinate 
along the centroidal axis of the beam, and dots indicate differ- 
entiation with respect to time. 

As a convenience in specifying the boundary conditions, the 
following notation will be employed: 


B, = y orQ 
B, = forM atz 
B,=y orQ atz= 
B, = YorM atz = 


atz 


where | is the length of the beam. 
Accordingly, the Boundary Conditions [3] become 


‘ For derivation of these equations, consult, for example (8). M, 
is the net bending moment, per unit of length, along the beam, due 
to the application of shear tractions on the cylindrical surface of the 
beam. This moment usually is omitted and is retained in the present 
paper for the sake of completeness 
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B, = f(t) i= l, 2, 3,4 


in which the four functions f,(t) are prescribed. 
The Initial Conditions [4] are specified by four arbitrary func- 
tions 
y(z, 0) = yx) ) 
(2,0) = Yolzx) 
Xx, 0) = yor) 
Vz, 0) = Yo(x) 


FREE VIBRATIONS 


As a preliminary to the study of forced vibrations, we shall be 
concerned with the problem of free vibration, specified by the 
homogeneous differential equations of motion 


ky’ —W)G/o=9 | 
Ey"/p + k'(y’ — W)G/pr? = 


and homogeneous boundary conditions 


B,=0, i =1,2,3,4 


Considering solutions in the form 


y(z, t) = Y(z) sin wt 
¥(z, t) = V(z) sin wi 


we may show that the equations of motion, Equations [5], to- 
gether with the Boundary Conditions [6], are satisfied for an in- 
finite set of discrete frequencies w,, each of which corresponds to 
a mode shape given by functions Y,(z) and V,(z). These modes 
are determined, except for a multiplying factor, common to both 
functions, from the equations 


. [8] 


Gk'(Y,,” one W,,’) = —pw,°¥,, 
EW,” + k’( Y,,’ aI W,)G/r? ‘ate —pw,¥, eae 8 eb 


or, because of [2], from the equations 


Q," - —pAw,’Y,, 
—i + Q, = —plw,2V, 
We proceed to formulate the property of orthogonality of the 
principal modes of free vibration, using Rayleigh’s method (9). 
We multiply the first of Equations [9] by Y,, and the second 
of Equations (9) by V,,, integrate over the length of the beam 
and obtain, after integration by parts 


1 1 l l 
2 4 , = ’ = wk , 
phan? f, ¥Yuds =f, On'%adz = Q.¥m | — ff O70" dz 
l 1 
—plw,? {, WV,V,, dx = fi (— M,’ + Q,) Vande 
I 1 
= V4 nu), + fj On + QV) de 
Interchanging the subscripts m and n, a similar set of equations is 
obtained. Adding the two equations of each set and subtracting 
the resulting first from the resulting second relationship, we find 
o(w,? — w,%) f, (AY,Y,, + 1¥,,,) dx 
Y. |. y, | Mv, |. — Mw, |! 
= —Q, nm o + Gm n ot! n “jolt” m 5 
l 
i f, (M.W,,’ — MW") de 





+ S (Qn Vin’ — Van) — Qn( ¥,’ — ¥,)]} dx 


The integrated terms in Equation [11] vanish because of Condi- 
tions [6] and the two integrands in Equation [11] vanish because 
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of Relations [2]. Thus we obtain the formulation of the prop- 
erty of orthogonality of the principal modes of free vibration 


T 
f, (Y,Y,, + 7r7¥,,,) dz = 0, w, ¥ »,, . [12] 


Forcep VIBRATIONS 


The solution of the general forced-vibration problem, specified 
by Equations [1], [3a], and [4a], will be sought in the form 


4 
y(z,t) = Di Giy(2 F(t) + sy(2, t) 

i=1 
Eye 


4 | 
¥(z, t) = 2 Gil2 f(t) + sy(z, 2) 
t=) 

The eight functions g,,, giy correspond to the four functions 
g; of (7). They are determined in such a way as to make the 
boundary conditions on the functions s, and sy homogeneous. 
This can be done for all possible combinations of boundary condi- 
tions, taking gi, and g;y to be polynomials and choosing the co- 
efficients accordingly. It is necessary only to compute those of 
the giy, giy for which the corresponding f;(t) do not vanish. 

If, as a first example, the boundary conditions are specified by 


y(O) = fit) 
M(0) = f,(t) 
Ql) = fit) 
Wl) = fit) 
the functions giy, giy, which make the boundary conditions on 
8y, 8y homogeneous, are calculated to be 
iy 7) = | 
nz) = 0 
Ydy r) 0 
Ga(z) = (l—2x)/EI 
Jy r) = r/Ak'G 
9xAx) = 0 
Gau(xz) = z/l 
Gz) = 1 
If, in the exceptional case, at both ends of the beam time-depend- 
ent moments and shears are specified by 
Q(0) = fi(t) 
M(0O) = f.(t) 
~+» [10] QW) = ft) 
M(l) = fit) 
} the functions 9,,, giz are found to be 
—z?/21Ak'G 
—1/Ak'G 
—z?/4EI 
2z?/2IE] — x/EI 


yr) = 
Az) = 
zy I) = 
g2xy{z) = 
9y(xz) = 0 
Qxy{x) = 2x*/AR'GI — 32*/Ak'G? 

G(r) = 0 

gaylz) = —x?/EI? + 25/Ell 
The remaining problem consists in finding s,(z, ¢) and sy(z, ?) 
from the differential equations 
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Giy Si = oa’) 
i=l 


+ q/pA = 


Ge. . 
+ — (8," —sy’) 
p 


4 
> Giy Ji + 4, 


i=1 
ae . 
; De oie" fi + sy” 
4 4 
(> Gia Se — >: sie) + 
i=l 


k'G k'G 
+ — 
t=! 


pr? 
4 


pr? (s,’ = Sy) 





+} M, pl = +? Jip fi i sy 


l 
ong 


i=! 


the boundary conditions 


and the initial conditions 
4 
yor) — ? Giy(2)F(O) 


t=! 
4 


>} giv(x)f,(0) 


t=1 


4 
yor) phe Ji,(z)f,(0) 


i=l 


4 
Yo(r) — > gip(x) f(0) 


8, (2,0) = 


sy(z,0) = Yor) — 


&,(z,0) = 


sy(z, 0) = 


We seek a solution in the form 


=] 


7 Y,(x) 7',(t) | 


n=l 


8,(z,t) = 


re -) 


aylz,t) = D> Vale) Tt) | 
n=1 } 
assuming® that the principal modes form a complete set. 
To find T,,(t) we expand first 


@ 
Giy = ) 
n=1 


G;, To 


Multiplication of the first of Equations [18] by Y,,, of the second 
of Equations [18] by r*W,,, addition and integration over the 


length of the beam results, in view of Equation [12], in 


* This assumption could be justified, by generalizing the proofs of 


MOTIONS OF TIMOSHENKO BEAMS 


l 
f, (gi,¥. + rgiy,) dz 


i [19] 
f, (Y,? + r°W,?) dz 


G,, = 


It may be observed that it is sufficient for the coefficients G,,, 
in the first and second of Equations [18], to be the same. 
We expand further 


k'G 
* (Vig 


E k’'G . 
: giy” + > (gi,’ Jiy) = G,,,°¥,, 
p pr* 


n=1 
Operations similar to those on Equations [18] and again with the 


application of Equation [12] yield 


k'G 


(Sig = 


Se'G ” , , E ” 
) (Giy = Jiy )} ” + Jiy + 
AP p 


pr 


-) 
(Y,? + r°W,*) dz 


Also, we expand the applied time-dependent loads and moments 


>: Q,(0Y,(2) 
n=l 


q/pA = 


es) 


M,/el = >> QO¥,A2) | 


In the same manner as in the Expansions [18] and [20] we ob- 
tain the (time-dependent ) coefficient in Equations [22] 
M,r 


«| 
I (' fe v,) dz 
0 pA pl 
l 
freer va 


Thus each term in Equations [14] is an infinite series. 


Q, = (23 ] 


Equating 
the nth terms we obtain 


DS Gin" Yul, 


‘= 


w,*¥,T, + Q,¥, 
4 
- > GY f+ TY. 
t=! 
4 
1 


>, GinW fi — VT, + OY, 


4 
I 


GV J, + TY, 
lo 
where use has been made of Equations [9]. 
Dividing the first Equation [24] by Y, and the second by ¥,, 
there result two identical equations on T’, 


4 qd 
T, +o? T, = — D> Gnd + Do) Gin®he + Qn = Palt).. (25) 


ti=1 t=1 


completeness given by Courant and Hilbert (10) and by Kemble (11) 


to the case of two dependent variables. 


the solution being 
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T, = A, cos w,! +B, sin w,! 


t 
ys f P,(r) sin w,(t — 7)dr 
@, 0 


The constants of integration A, and B, are determined from the 
Initial Conditions [16]. 

Expanding the initial displacements in a series of principal 
modes 


yz) = > CY. 


n=1 
Yo(z) ar > CY, 
n=1 


as well as the initia] velocities 


ida) = >> DY, 


n=1 





Yo(z) = > DW, 


n=1 


the expressions for the coefficients C, and D, are determined by 
making use of Equation [12] 


fw, + rboW,) de 


fl ret et) de 





C, 


l . 
fy (int, + UW) de 
fi, Wet ae 





D, 


Substitution of Equations [27] and [28] in Equations [16] re- 
sults in 


4 
T (0) + D> Ginf(0) = Cy 


t=1 


4 
7.0) + D> Ginf(0) = Dy 


t=1 


From Equation [26] we have 


T,(0) = A, 
T,(0) = w,B, 
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Thus 


4 
A, = C,— >> Ginf(0) 


t=1 
1 4 
B, — |. —? = Gid0)| 
Wn i=l 
This completes the formal solution of the problem. 
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The Stress Problem of Vibrating 


Compressor Blades 


By JAN R. SCHNITTGER,' FINSPONG, SWEDEN 


In order to demonstrate the general nature of the actual 
vibrations of compressor and turbine blades, the author 
undertakes a simplified analysis in which a single stiff 
blade, with one translational and one pitching mode, is 
studied. It is shown that all problems of stress in vibrating 
compressor blades whether they arise from forced or self- 
sustained vibrations may be related to the magnitude of 
finite mechanical or aerodynamic disturbances. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
ae area of cross section of airfoil 
b = semichord of airfoil 
L 
CL - = lift coefficient 
4bq 
C*, jump in lift coefficient at stall] at dynamic conditions 
M 
4b*q 
Cty jump in moment coefficient at stall at dynamic condi- 
tions 
= mw,? = spring constant of translational motion 
= [,W,? = spring constant of pitching motion 


= moment coefficient 


Cy 


= modulus of elasticity 


Cy 
C 
c 2b = chord of airfoil 
E 
F real part of Theodorsen’s function (1)? 


F, aerodynamic reaction in equations of motion due to lift 
Fy = aerodynamic reaction in equations of motion due to 
moment 
Fz ky, fo(k,) = stress function due to horizontal velocity 
disturbance 
Fg k,fa(k,) = stress function due to angle-of-attack dis- 
turbance 
= k,f,(k,) = stress function due to mechanical disturbance 
= k,few)(k,) = stress function due to aerodynamic jump 
at stall 
Ie (ho/b)/oa; = amplitude response due to horizontal 
velocity disturbance v = v(1 + ce) 
fa (ho/b)/Bo = amplitude response due to angle-of-attack 
disturbance B = Bye' let — *@ — 4) 
pm (ho/b)/(po/bq) = amplitude response due to mechanical 
disturbance p = poe 
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i | le a 
\V m 
| 


acceleration due to gravity 

(ho/b) = dimensionless translational deflection 

translational deflection of center of torsion, positive 
downward 

moment of inertia of airfoil about center of torsion per 
unit span 

moment of inertia of cross section of airfoil with respect 
to neutral axis parallel with chord 

(wb)/v = dimensionless frequency of exciting force 

(w,b)/v = dimensionless natural frequency in transla- 
tion 


= (wWgb)/v = dimensionless natural frequency in pitching 
= aerodynamic lift in center of torsion per unit span of 


airfoil 

length of airfoil in spanwise direction 

aerodynamic moment about center of torsion per unit 
span of airfoil 


= mass of airfoil per unit span 


force on airfoil at tip 


= mechanical disturbing force per unit span of airfoil 


2 


2 


= dynamic pressure 


= radius of gyration of airfoil 


I, , . Re 

V _ = radius of gyration of cross section of airfoil 
—=@ 

maximum stress at root section of airfoil 

time 

maximum thickness of airfoil 

free-stream velocity 


= = velocity of propagation of waves in solid 
material of blade 

work per cycle due to moment, positive when going into 
blade 

work per cycle due to lift, positite when going into 
blade 

co-ordinate of dimensionless deflection, that is, z = a, 
respectively, z = h/b 

co-ordinate of chordwise distance from leading edge 

chordwise distance from leading edge of center of grav- 
ity of airfoil 

chordwise distance from leading edge of center of tor- 
sion of airfoil 

Eto 

r,/t = ratio of radius of gyration r, to maximum thick- 
ness t 

angle of attack, counted from angle of static equi- 
librium a, 

initial angle of attack at static equilibrium (flow direc- 
tion-chord direction) 

amplitude of angle of attack (a; + a) 

angle of attack at which stall occurs when a@ is increas- 


ing 
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angle of attack at which stall occurs when a is decreas- 
ing 
variation of angle of attack of free stream flow 
amplitude of variation of angle of attack of free-stream 
flow 
coefficient of aerodynamic damping 
dimensionless change of aerodynamic reactions in 
separated flow at stall proportional to C*,, respec- 
tively, C*y, reference (2) 
small number < 1 
ah? 
p— 
m 
the chord as diameter per unit span to mass of airfoil 
per unit span 
logarithmic damping 
k/k, = ratio of exciting frequency to natural frequency 
of airfoil 
= density 
= coefficient of free-stream velocity v = vo(1 + ce'*) 
= frequency radians per sec 


= ratio of mass of air contained in a cylinder with 


Subscripts: 

= maximuro amplitude value 

in the part of cycle with increasing positive deflection 
in the part of cycle with decreasing positive deflection 
center of gravity 

in translational motion 

initial 

lift 

moment 

center of torsion 

in pitching motion 

first derivative with respect to time 

second derivative with respect to time 

apparent angle of attack 

discontinuity at stall condition 
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INTRODUCTION 


The fatigue failures of the blades of advanced axial-flow com- 
pressors for aircraft engines are a serious problem. In the past, 
blade vibrations were attributed to external disturbances acting 
on the blades (forced vibrations). Recently some failures ap- 
peared to be connected with the separation phenomena on the 
blade surfaces at high aerodynamic loads (stall flutter). These 
separations can be reproduced for a single blade immersed in a 
uniform air stream. The arising vibrations are then self-sustained. 

The actual cantilever blade of axial-flow compressors possesses 
an infinite number of degrees of freedom, though only the lowest 
bending and torsional mode usually cause any trouble. The 
cascading further increases the complexity. The influence of 
self-vibrating neighbor blades has been observed as modifications 
of those vibrations, which are exhibited by a single vibrating 
blade with two degrees of freedom in an otherwise fixed, two- 
dimensional cascade. Recent research makes it very likely that 
the whole phenomenon of stall changes still more, when the ar- 
rangement is a complete annular cascade, constituting a part of an 
axial-flow compressor. In this case, stall propagation along the 
cascade in the peripheral direction has been observed. Since 
this latter type of stall may be fairly independent of the motions 
of the individual blades, it is recognized that the distinction be- 
tween forced vibrations caused by upstream wakes or flow dis- 
turbances, and the so-called stall at high angles of attack, may be 
unmotivated in the engineering case. 

In order to show the general nature of the connected stress 
problem, the author has undertaken a simplified analysis in which 
a single, stiff blade with one translational and one pitching mode 
is studied. 
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This analysis shows the different nature of the dynamic sta- 
bility of self-excited compressor blades in comparison with the 
well-known problem of classical, two-dimensional flutter of air- 
plane wings. 

The problem of the self-sustained vibrations has been formu- 
lated, however, in a form which coincides with that of the forced 
vibrations. From the viewpoint of the designer, therefore, the 
maximum stresses are proportional to the magnitude of certain 
disturbances and a series of similar stress functions F’,, F's, F,, and 
Fey). It is believed that the formulation of the stress problem 
in this way may prove useful for further research into the actual 
engineering practice. 

Equations oF Motion 

For the two-dimensional blade system of Fig. 1 the equations 
of motion may be written 
) 


mh + (x, —2z,)m& + Ch = L | 1) 
(xz, —2z,)mh + Iau +Caa = Mj °° 
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Fig. 1 Two-Dimenstonat Biape System 
The terms on the left-hand side of Equations [1] contain the 
inertia and elastic forces of the two-dimensional system in trans- 
lational (h) and pitching (a) motion. L and M are the aerody- 
namic reactions on the airfoil referred to the center of torsion at 
Zp. No material damping is considered for the present. 
Introducing 


= w,? 


Wa? lq = mr,’ 


pat? 
m 


mass ratio 


k (wb)/v dimensionless frequency 


a; initial angle of attack 


It is obtained 
h + Lott + w,2h = KF, 


Za 


2 
"a 


h+& + wa’a = kFy 





SCHNITTGER—THE STRESS PROBLEM OF VIBRATING COMPRESSOR BLADES 


In turbomachinery design the mass ratio 


prb? 
‘Ceo— 


m 


equals about 0.002 (static sea-level condition of axial-flow com- 
pressors). The aerodynamic reactions xf, and «Fy are extremely 
small in comparison to the inertia and elastic forces of the blade. 
The typical change of modes into one coupled motion at a com- 
mon frequency (classical flutter) (1, 3) is unlikely to occur. This 
is demonstrated by Fig. 2 which is cross-plotted from reference 
(1), graph I-A. It shows how the reduced velocity v/wb, at which 
classical flutter starts, varies with the mass ratio x. The very 
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smal! « of current axial-compressor design thus corresponds to 
exceedingly large reduced velocities v/wb. The modes of vibra- 
tion and their frequencies accordingly can be determined with 
sufficient degree of accuracy by solving the homogeneous part of 
the System [3]. 

For the solution it is assumed 


a= Cine" 1 
hm yest foo 
This gives the frequency equation 
W,? + Wa? 
4 + en tei — w? + 
Ze 
Ta ) 


Equation [5] gives directly two frequency values w; and we and 
two amplitude ratios [(ho/ra)/ao]; and [(ho/ra)/ae]2. Some re- 
sults are given in Table 1. (Note r./b equals about 0.5 for com- 
pressor blades.) 

The results of Table | may be interpreted in the following way: 


1 In general, the free modes of the systen consist of both 
translational and angular deflections due to the inertia coupling 
(which exists when zz ~ 0). A linear transformation defines the 


ov 


TABLE 1 ERRPENy AND AMPLITUDE RATIO OF NORMAL 
MODES OF A TWO-DIMENSIONAL BLADE SYSTEM 


Data are given for three ratios of 
Wa, / >, 


cen (we /w,) = 
4 6 8 

= 0.4 0.995 0.997 1.000 

wi/w, for za/rg = 0.8 0.980 0.993 0.993 

w/w, for ta/tTa = 0.4 1.097 094 1.093 

1.70 68 1.67 

37.6 

19.2 

| —0.42 

—0.82 


wi/w, for to/Ta 


w/w for z4/Ta = 0.8 
746.0 
56.8 
—0.40 
-0. 80 





(he/rq) ‘aa |; for 2a/Ta = 0.4 
‘q)/aoh for z,/rg = 0.8 
‘)/ao): for z4/ra = 0.4 
‘q)/ao)2 for z,/rg = 0.8 


relation between these normal modes and those of the h and a- 
motion. 

2 The degree of inertia coupling is usually small. For NACA 
4-digit-series solid blades, the center of torsion appears at z, equal 
to 33 to 35 per cent of the chord and the center of gravity z, at 42 
per cent chord. These figures correspond to about 90 per cent of 
the lower degree of coupling in Table 1 and imply that the free 
mode of the essentially pitching motion occurs around a point 
between z, and z,. The pure translational motion is very slightly 
distorted. 

Therefore it will be a reasonable step to investigate the case 
of pure translational motion and a case of pitching motion around 
a center of torsion in the region of 35 to 45 per cent chord. 

The System [3] may thus be written as two independent. equa- 
tions 


h + w,? = KF ,. 
& + we? = KF y.. 
Forcep VIBRATIONS 


When a rotating blade row passes through the wakes of up- 
stream objects as blades and struts or through the unsymmetrical 
flow of divided compressor or turbine intakes, this gives rise to 
periodic disturbances. 

One may possibly express these disturbances as periodic, sinu- 
soidal variations of magnitude v and direction a, of the free- 
stream velocity v entering the actual blade row. 

For the present the only aerodynamic theory available to treat 
this case is based on the rather limited premises of classical theory 
(1, 3), namely, incompressible potential flow around a single air- 
foil executing a small harmonic motion in the flow leaving behind 
plane infinitely extended wakes. The problem is divided into two 
parts. The first consists in finding the aerodynamic reactions to 
the motion of the airfoil. This is the familiar problem of classical 
theory (3). The second part deals with the problem of finding 
the aerodynamic lift and moment acting on a fixed airfoil when the 
magnitude or direction of the flow velocity varies in front of 
the airfoil (4, 5). 

The most common failure of compressor blades seemingly is due 
to forced translational motion. Therefore the present investiga- 
tion concentrated on the pure translational motion. 

Consider the two-dimensional blade system at an initial angle 
of attack a; and an instantaneous velocity v and restrained so that 
only pure translational motions are possible, Equation [6]. The 
reaction F; then contains both the aerodynamic damping force 
and the external disturbances (which are of aerodynamic or 
mechanical nature). These latter will in each case be due to one 
of the following periodic processes: 


Case I. Variation of the magnitude of the free-stream velocity 
v (horizontal gusts) 


PS ee el nS (| 
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Case II. Variation of the angle of attack of the free-stream 
velocity v (vertical gusts) 


B= Bret lo — k(z — b)) 


Case III. A mechanical force acting per unit span of the air- 
foil as a result of unbalances of rotor 


p= poe’ 
The solution of the vibration problem by means of Greenberg’s 
expressions is described in the author’s paper (2). 


The amplitude response may be expressed in the form of the 


dimensionless amplitude Hp = ho/b. 
The general form of the amplitude response to the foregoing 
external disturbances is found to be as follows: 


Case I 
Ho/oa; = folky, K, v) 
Case IT 
Ho/Bo = fal ky, *, ¥) 
Case III 
Ho/(po/bq) = f,(kn, x, ¥) 


To the left in Equations [11], [12], and [13] the dimensionless 
amplitude Hy = ho/b is related to the magnitude of the ampli- 
tude of actual disturbance, that is, the velocity variation + v at 
the angle of attack a;, the angle of attack variation +, and the 
mechanical force + per unit span per unit ‘dynamic’ pressure 
force bg = b(pv?/2), respectively. The amplitude responses are 
functions of the natural dimensionless frequency k, = (w,b)/v, the 
mass ratio k = (prb*)/m, and the ratio vy = k/k, of the exciting 
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frequency k = (wh)/v to the natural frequency k, = (w,b)/v. 

The maximum amplitude of any system is obtained when the 
exciting frequency is tuned to the system, that is, vy = 1 + €, 
where € is a small number< 1. 

These cases have been computed and are given in Fig. 3 as func- 
tions of k,, v being equal to 1 + ¢€ and the value of x varying be- 
tween 0.002 and 0.02, the exact value having a very small in- 
fluence at the resonance condition. 





SCHNITTGER—THE STRESS PROBLEM 


It is found that quite generally speaking there is a general in- 
crease in the amplitude response with decreasing k, (that is, for 
increasing velocity at a given system or decreasing elastic stiffness 
for a given velocity). 

The situation is changed when the frequencies are not tuned. 
The amplitude response in this case is strongly influenced by the 
mass ratio, the resonance peak being considerably sharper for the 
heavier blade (small x). The resonance curves of case I (Equation 
[11]) are shown for x = 0.002 and 0.02 in Fig. 4 and Fig. 5, re- 
spectively. They are quite similar for the other two cases. 

The foregoing results constitute the familiar problem of forced 
vibrations. Resonance occurs whenever any integral multiple of 
the rotor speed equals the natural frequency of the blade system. 
The functions f,, fg, and f, will be used for the evaluation of 
maximum blade stresses. 


SEeLF-SuSTAINED VIBRATIONS 


It was shown in the section, Equations of Motion, that the 
self-sustained vibration in two degrees of freedom (classical 
flutter) is unlikely to occur, since the small values of the mass 
ratio x correspond to impossibly large flow velocities in case of 
compressor blades. Though some coupling effects both between 
the modes of one and the same blade, and between the actual 
blade and its neighbors in a cascade cannot be excluded, it ap- 
pears possible to explain all self-sustained vibrations in turbo- 
machinery design as motions of essentially one degree of freedom. 
A discussion of the observed differences between the two-dimen- 
sional and the three-dimensional, annular cascade with respect to 
the implication of the word “self-sustained” will be found in 
reference (6). In two-dimensional cascades there are at least two 
known causes of self-sustained vibrations. 

One of these is the separation of the boundary layer at high 
angles of attack (also separation at low or negative angles of at- 
tack is likely to occur, reference 2). The other is the oscillation of 
shock waves at the incidence of compressibility burble (7). The 
following is chiefly concerned with the separation effect (stall 
flutter), though the general philosophy is equally applicable to 
the other (shock flutter). 

Recent research (2, 8) has shown that at the separation of the 
boundary layer there occur changes of the aerodynamic forces so 
as to feed energy into the blade system. This appears now to be 
possible both in the translational and the pitching motion. 

The simplest way to recognize this is to perform the integra- 
tions 


War = § Mda 
Wir = § Ldh 


It has been found (8) that the aerodynamic reactions retain 
their usual damping character as they oceur in unseparated flow, 
when the angle of attack is sufficiently remote from the stalling 
angle, that is, when the angle is either small or very large (suf- 
ficiently exceeding the stalling angle). On the other hand, close 
to the stalling angle the reverse is true: that is, the integrals 
Wwe and Wir form positive values, when the initial angle of 
attack is close to the stalling angle and the amplitudes are 
limited (2, 8). Outside a limited region of amplitudes the damp- 
ing character of the aerodynamic reactions will appear at an in- 
creasing amount with increasing amplitudes. Therefore it is 
conceivable that there exist amplitudes for which 


Wur = § Mda=0 
Wir = § Ldh=0 


In the translational case the actual angle of attack will be the 
initial angle of attack a; plus an apparent angle of attack a’ = 


OF VIBRATING COMPRESSOR BLADES 61 
h/v, the amplitude of a’ being determined by the translational mode 
h, if one assumes nearly sinusoidal motion, approximated by A 
= he’. The oscillatory motions, for which War = 0, respec- 
tively, Wiz = 0, are referred to as limit cycles (2,9). For each 
completed cycle the aerodynamic reactions in a pitching or a 
translational motion put a positive amount of work into the 
blade, when its angle of attack passes forward and back again 
through the stall region. Since periodic disturbances in the case 
of forced vibrations also deliver a work corresponding to the 
energy destroyed in damping, one may conceive that both self- 
sustained and forced vibrations can be looked upon from the same 
general aspect. The essential difference between the external dis- 
turbances and those connected with the stall is connected with 
their dependence of the motion of the blade (a, a, h, 4) and their 
relation to the aerodynamic conditions, that is, the initial angle of 
attack a,, the frequency kg = (wab)/v, respectively, k, = (w,b)/v, 
the Mach number, the cascade arrangement, and so on (2). 

The author has attempted a rationalization of the behavior of 
the aerodynamic reactions at stall, Figs. 6 and 7. The following 
assumptions were made: 

(a) A certain jump in the aerodynamic lift C*, and the aerody- 


Cm 


Cm 


“A 
a 
(7 





AERODYNAMIC MOMENT 


ANGLE OF ATTACK 














a, 
a 








a; 
Fic. 6 Pircutnc Morton 


(That part of the aerodynamic moment connected with separation of flow is 
expressed aS an instantaneous change C*m. This change occurs at different 
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namic*>moment C* yy occurs at an angle of attack equal to a 
radians above the initial angle of attack a;, at which latter angle 
the system is at a state of static equilibrium. Because of hysteresis 
there will be a delay of the jump C*, or C*y at decreasing 
angles of attack (return stroke) so the second jump occurs at 
an angle a; < a4. 

(b) For the aerodynamic damping forces (which according to 
the physical situation work mostly in unstalled flow) it is as- 
sumed in a first approximation that the classical expressions (3) 
for the forces in phase with the velocity of the motions still are 
valid. 

The foregoing assumptions lead to the general differential 
equation in dimensionless quantities 


Here the coefficient yy corresponds to the aerodynamic damping 
force and 6 is proportional to the jump C*y, or C*,, depending 
upon whether pitching or translational motions are studied. The 
author solved Equation [16] by resorting to the so-called phase 
plane of nonlinear mechanics (9). 

Some practical results are given in Fig. 8 for pitching motions 
and in Fig. 9 for translational motions. A short review of these 
results will now be made in connection with the figures presented. 

Pitching Motion. Upon performing the integration War = 
£ Mda, one will see that the work fed to the wing during a cycle 
of vibration is proportional to the area C*y(a, — a) in Fig. 6. 
Therefore it is to be expected that the amplitude response of a 
pitching motion may be expressed as 


a /C*y = Som) lai /C*y, (a — a@2)/C*y, Ka)... .[17] 


The resulting amplitude is proportional to the aerodynamic jump 
C*y at stall under dynamic conditions and this relationship is 
believed to be valid also in the case of the so-called rotating stall 
even if the change of control over the jump C*, from the part of 
the system may change the functional relationship on the right- 
hand side of Equation [17]. 
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The jump C*y and the hysteresis effect (a, — a:)/C*y to- 
gether describe a rationalized behavior of the aerodynamic reac- 
tions in the stall region for all ka-values. In cases of small 
natural frequencies kg = (wab)/v they constitute a quite realistic 
concept (2). The variable a,/C*, describes the position of 
static equilibrium a; with respect to the actual stalling angle a, 
+ a; (see Fig. 6). The dimensionless natural frequency k, is an 
important variable. In the relationship of Equation [17] it con- 
trols the magnitude of the aerodynamic damping. However, it 
also can be shown that both C*y and (a; — a:/C*y are functions 
of kg, but it still remains to collect more data on these relations. 
Equation [17] may then simultaneously be expressed as 


a = Ao @;, ka) 


In Fig. 8 it is put a,/Cy = 0; Kk = 0.002, r./b = 0.5, and x, = 35 
per cent chord. It is apparent that the amplitude response a/- 
C*y of the self-sustained vibration is similar to those forced by 
the external disturbances. 

Translational Motion. It is possible to show that the integral 
Wut = § Ldh corresponds to maximum amplitude when there is 
a zero phase lag in the apparent angle of attack a’ = A/v and the 
static equilibrium is close to stall. When this latter is exactly 
true, that is, when a, = 0 (see Fig. 7) then the system is self- 
excited in a rather rigorous sense (i.e., oscillations are set up for 
very slightly disturbed initial state, soft flutter). This case has 
been calculated and is reproduced in Fig. 9 which shows the ampli- 
tude response (ho/b)/C*, as function of the frequency k,. In 
general, however, the response has the form 


ho/b = fosct)(a's/C*,, (an — ae')/C*,, ky) 


The influence of cascading the actual blade may be a dependence 
of the reactions on the position h, that is, a variable of the form 
JS adt enters in Equation [19]. 
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Tue Srress Prop_eM or VIBRATING CoMPRESSOR BLADES 


The amplitude response of the elementary blade system being 
known in terms of the magnitude of the disturbances, it is now 
possible to make an elementary investigation of the related stress 
problem of the vibrating cantilever blades in axial turbomachines. 

Consider an elastic airfoil of uniform cross section of length / 
supported as a cantilever beam. Let the cross section have a 
width ¢ corresponding to the chord and a maximum thickness ¢. 
Further, put /, equal to the moment of inertia of the cross section 
with respect to the neutral axis parallel with the chord and let A, 
be the area of the same cross section and put 


Vi 
z A. 
The constant Z in the formula r, = Zi varies with the type of cross 
section. The rectangular section e X thas Z = 1/3/6 = 0.289 and 
the elliptic cross section with the axes c and thas Z = '/, = 0.25. 

As an introduction to the study of the problems of stress of 
vibrating turbomachine blades, an elementary discussion of pure 
bending vibrations in the foregoing airfoil will be made. It will be 
assumed that the cantilever blade is exposed to a uniform flow 
with the velocity v and an angle of attack a; with respect to the 
chord direction. Next, suppose that the blade is subjected to 
the various disturbances in the previous sections on forced and self- 
sustained vibrations, and let it be assumed that the aerodynamic 
conditions at the tip of the blade are completely determining the 
amplitudes of the tip. It is obvious that this is only approxi- 
mately true and the integrated reactions may make more correct 
reference section located somewhere around 75 per cent of the 
length from the root section. However, it merely means a slight 
change of a constant numerical value in the discussion which 


= Zt 


follows. 
Assume a force P applied at the tip of the blade. 
maximum stress s in the root section 


This causes a 


Plt/2 (20) 
Ss = ; : 
l, 
The deflection at the tip section is 
PH 
ho = Pais @ 
3El, 


where E = modulus of elasticity. 
Elimination of the product Pl gives 


s = (3/2)E(t/c) r 


The natural frequency may be written 
Ms Bo Paes 
oy I? Y A, 
[23] 


The smallest of the eigenvalues equals 1.875 for a straight 


uniform beam. The factor V Eg/y is a material constant with 
the dimension of a velocity which can be shown to be the velocity 
of propagation of waves in the solid material. For convenience 


A 
: 


we will put 


It is obtained 
., c 
o, = A2Zvmerilt/c) = 


Elimination of t/l? in Equations [22] and [25] gives 


= (3/2) 
; A2Zvmtri 


and after a slight rearrangement and introduction of k, = (w,b)/t 


(3/2)E v 
ss = k hy b)] 
P | A\2Z | (".) al 


The functions (ho/b) of the possible maximum amplitude when 
the system is in resonance with the various external disturbances 
are already known from the two preceding sections. Let them be 


[26] 


Forced Vibrations: 


Case I ho/b = caf ky): 


ho/b = Bofalk,).. 


' Po 
k, 
( bq )a 


For a true self-sustained vibration there is no resonance con- 
dition in the ordinary sense. If the jump in lift at stall is C*,(k,) 
which however is a function of k,, the following is obtained: 


Case II 


Case III ho/b = [29] 


Self-Sustained Vibration: 
ho/b = C*%,( ky )fcecty(hy) 
Put for all four response functions 
F,, = kiSn( hy)... [31] 


o, B, p, and C*, 


nu = 


The following expressions for the maximum stress at the root 


section are obtained: 
(a) Forced Vibrations: 


Case I s  (3/2)E » (k 
_ a A2Z Vaatrl =? 
ee (3/2)E vw 
Case II z. = xz 
(3/2E vw 
Case III —. 
(po/bq) AZ 


F o(k,) 


Vintrl 


Umtrl 
(b) Self-Sustained Vibrations: 


' (3/2)E v 
ite. tth ~_ Fees) (he). 


; - . (35) 
C*,( kn) A2Z Vmtrl . 


The F-functions are tabulated in Table 2. 

The result is interesting. In design practice the problem often 
is to design blades for a given flow channel where the length /, the 
velocity v, and the blade material are given. Then the ratio v/vmer 
is given and the modulus of elasticity Z. Usually the general 
shape of the blade is known; i.e., the cross section constant Z and 
the eigenvalue \ are given (A is influenced by the taper of the 
blade). The foregoing requirements determine the ratio 


(3/2)E 
\*Z 


The problem from the point of view of vibratory stresses is then 
concentrated to the F-functions. This means that one is in- 
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TABLE 2 STRESS FUNCTIONS P,(k,), Falky). F,(ky). AND 
Po* ry) 
ky, 
Pe 
Fg 
Fy 
Po* 1) 


terested in the frequency k, = (w,b)/v. Minimum absolute thick- 
ness of blade-tip section and aerodynamical considerations 
usually predetermine the thickness ratio t/c. Equation [25] 
then reveals that w, is proportional to the chord c = 2b, and that 
the frequency k, = (w,b)/v therefore is proportional to the square 
of the chord, the flow velocity v being a predetermined quantity. 

The results of Table 2 now imply that as long as the magnitude 
of the disturbances, i.e., 7a;, Bo, (po/bq) and C*,(k,) are un- 
changed, there are in quite a few situations no objections to the 
construction of slender blades. In the case of self-sustained vi- 
brations, it must be remembered that the disturbance C*,(k,) is a 
function of k, and Machnumber (2, 8), and that C*,(k,) is likely 
to increase with decreasing ky. 

It is of great practical interest to compare the order of magni- 
tude of the damping in the blade holder and the internal material 
damping with the magnitude of the damping of the aerodynamic 
reactions. Such a comparison already has been made by Shannon 
(10) who reports some experimental results on the two first kinds 
of damping. 

The damping in the clamping device of the blade depends on 
the design and pressure of the holder, the internal damping de- 
pends on the design (amount of material under high stress), the 
amplitude or stress, state of condition of material such as tem- 
perature (heat-resisting steels increase their damping greatly 
above a critical temperature), and number of load cycles the ac- 
tual specimen has passed (the damping usually will be much 
smaller after a certain time in service). 

Obviously, there is no more a simple answer to the question of 
the magnitude of the root and material damping than there is to 
that of the aerodynamic damping. 

Shannon (10) reports on the internal material logarithmic 
damping Amtri for two different cases, one with a light alloy for 
compressor blades and one with a high-temperature alloy. 

For both cases, at simulated operating conditions he found 
Amtri = 0.006 to 0.007. For the damping in the holder, root 
damping, he found similarly, Arcos = 0.003 to 0.01 for the com- 
pressor blade and Arcot = 0.03 for the turbine blade. Taken to- 
gether, it is obtained for the total structural logarithmic damping, 
Astruc = 0.01 to 0.016 for the compressor blade and Astrue = 0.036 
for the turbine blade. 

Since the root damping at running conditions probably is very 
small, Astruc = 0.01 will be adopted as a figure of comparison for the 
case of compressor blades. 

The comparison of the aerodynamic logarithmic damping Asero 
with the structural damping Astruc is made for different frequencies 
k, in Table 3 under the assumption that Astruc stays constant. 

Advanced first-stage compressor blades have k, of the order of 
magnitude of 0.1 to 0.2. Itis seen that the structural damping for 
advanced designs appears to be of the order of 10 to 20 per cent of 
the total damping, thus corresponding to an equal amount of re- 
duction of the stress functions in Table 2 for the actual k,-region. 

It should be noticed that the internal damping is probably only 
approximately constant when the absolute frequency ws varies. 

It is also probable that a large-size amplitude (the amplitude at 
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TABLE 3 RELATIONSHIP BETWEEN STRUCTURAL AND 
AERODYNAMIC DAMPING AT VARYING NATURAL FREQUENCY 


Asero ™ 277 = 20« F(ka) 
kh 
F is here equal to the real part of Theodorsen's function C(k) 
« = (prb*)/m = 0.002 
kh 0.1 0.5 1.0 
- 0.103 0.015 0.0068 


Astruc/(Astrue 


+ A,,,..), per cent 8.9 40 59.5 


the tip of the blade is increasing with decreasing k, for the same 
level of maximum stress) is connected with a nonlinear magnifica- 
tion of the aerodynamic damping. If this is true it corresponds to 
a tendency to decrease F,, Fg, Fp, and Fe¢*z,) of Table 2 toward 
decreasing k,. This emphasizes even more the interesting possi- 
bilities found in connection with these functions. 

The foregoing results were derived from an aerodynamic theory 
of limited scope under further simplification when applied to the 
three-dimensional structure. Nevertheless, the results may pos- 
sibly form the start of a new approach to the stress problem of 
vibrating compressor blades. More research is necessary, how- 
ever, both on the aerodynamic and structural side before any 
more definite advice to the turbomachine designer will be ven- 
tured. 
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Experimental and Theoretical Study of 
Transverse Vibration of a Tube 
Containing Flowing Fluid 


By R. H. LONG, JR.,2 COLLEGE PARK, MD. 


The free transverse vibrations for the fundamental 
mode of a single-span tube containing a flowing fluid are 
investigated analytically and experimentally. An ap- 
proximate solution of the differential equation of motion is 
made with an infinite power series. Care must be taken 
in evaluating the large-order determinant that appears so 
that erroneous results may be prevented. The solution 
indicates a slight decrease in frequency and no decaying 
vibration with an increase in flow rate that can be at- 
tributed to the flowing fluid for simply supported, fixed, 
and fixed-simple ends. For fixed-free ends a decaying 
vibration due to the flowing fluid is indicated and a slight 
frequency decrease. The experimental results agree 
reasonably well with these solutions, although the fre- 
quency decrease is within the experimental error. The 
theory neglects internal damping of the tube and “sup- 
port” damping. The latter appears significant in magni- 
tude and is evaluated for the constructions used. This 
paper shows the reason for the incorrect conclusions of 
previous paper and gives experimental results that tend to 
verify the analytical results presented here and those in 
another previous paper by a different procedure. 


of a single-span tube containing a flowing fluid are investi- 
gated analytically and experimentally for several end con- 
ditions. 


Ter: free transverse vibrations for the fundamental mode 


ANALYTICAL INVESTIGATION 


The differential equation of motion as derived in a previous 
paper® is used. 
eA 


n ar? = Q.... [1] 


077 OZ 


= +2 — + 
ae y —— 7 
ox?  ~P’ arax 


EI — 2 
Tc + pt 


Here the modulus of elasticity of the tube is Z, rectangular mo- 
ment of inertia 7, mass of the fluid per unit length p, mass of tube 


! Portions of this paper were part of a dissertation presented to the 
faculty of the Yale University School of Engineering in partial 
fulfillment of the requirements for the degree of Doctor of Engineer- 
ing, which was awarded in 1952. 

2 Associate Professor, Mechanical Engineering Department, Uni- 
versity of Maryland. 

**Bending Vibrations of a Pipe Line Containing Flowing Fluid,” 
by G. W. Housner, Journat or Apptiep Mecuanics, Trans. ASME, 
vol. 74, 1952, pp. 205-208. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N Y., November 28—December 3, 
1954, of Tae American Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street. New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 22, 1954. Paper No. 54—A-22. 


plus fluid per unit length m, and the constant velocity of the fluid 
relative to the tube is v. The horizontal co-ordinate along the 
tube is X, the vertical co-ordinate is Z, and time is 7’. 

This equation may be put into nondimensional form by the 
following substitutions 


2 = Z/L,2 = X/L,t = T VEI/mLA = Tp 
Equation [1] becomes 


o*z + 0% + o% + 0 i 
>a row: Ee er —, de bec one 
oz! Ozt dtdz di 


2pvL utm 
——== and w= = 


V mEI 4p 


Owing to the great difficulty of obtaining a solution of this 
equation which will fit the boundary conditions a power-series 
approximation is used. Assume 


i= 


with 


Substitution of Equation [3] into Equation [2] gives an ordi- 
nary differential equation 
d‘*F a°F 


, dF 
ast w 7 + iuD = — D*F =0..... 


Substitution of Equation [4] into [5] gives a set of recurrence 
equations by placing coefficients of like powers of z equal to zero, 
as the solution must hold for values of z other than zero. 


n(n — 1)(n — 2)(n — 3)a, + (n — 2)(n — 3)wa,- 
+ (n — 3)iuDa, — D*a,, = 0,n = 4,5,6....... [6] 


These equations give four independent solutions for F, in each 
of which the coefficients may be expressed in terms of a», @:, G2, as, 
respectively. The boundary conditions determined by the type 
of support will provide four additional equations for the co- 
efficients a,,. 

The significance of D can be seen from Equation [3] or from 
the equivalent trigonometric form z = F(z) (cos Dt + ¢ sin Dt). 
If D is real then it is related to the circular frequency w by w = 
Dp. When D is complex (D = R + iS), Equation [3] becomes z 
= F(z)e‘*'e-5' andw = Rp. S isa measure of the damping that 
is present. The logarithmic decrement is A = 27S/R. 

The system of equations containing a, has solutions different 
from zero if the determinant of the coefficients vanishes. In order 
to solve this infinite determinant for the exponential factor D the 
power series is cut off above some finite n. By comparing the 
known solution for u = 0 with solutions of the determinant for 
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successively greater n it is found that terms up to a certain n must 
be included for sufficient accuracy. In doing this the convergence 
of the determinant is demonstrated. With small values of u, 
convergence is also demonstrated but more terms must be in- 
cluded for sufficient accuracy. With the number of terms used 
here the solution appears valid at least to u = 0.3. 

A previous paper‘ used a similar procedure, but the differential 
equation of motion did not inelude the term containing w and the 
dimensionless flow rate was half the u used here. The analysis 
here deviates from that paper starting with more terms included of 
the power series. The equation resulting from the determinant is 
solved for D by a numerical iteration procedure instead of the 
graphical method mentioned.‘ The erroneous conclusions of that 
reference were due to cutting off improperly terms of the deter- 
minant and not because of the incorrect differential equation 
used, A proper procedure is discussed in the following. 

The determinant is reduced to the second order in successive 
steps by the method of F. Chio.5 The resulting equation contains 
terms in ascending powers of u, w, and D as Equations [7] and 
[8] in the Appendix indicate. As the order of the determinant is 
increased some of the terms reach final values and new terms 
appear with coefficients which are progressively smaller in mag- 
nitude. With terms included through u‘D* the effect of neglecting 
the higher-power terms can be shown to be negligible on the value 
of D with the number of significant figures used. 

It also should be noted that care must be taken in cutting off 
terms of the determinant so that the final value of each term used 
is included. Otherwise the value of D can be considerably in 
error, even being negative in some cases. Also, a complex D may 
be obtained when a real D is actually correct. For simply sup- 
ported, fixed, and fixed-simple ends D is real. A slight decrease in 
D (frequency ) is indicated with an increase in u. For the extreme 
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case where u = 0.840 and w = 0.411 for simply supported ends 
the decrease in D is only from 9.8696 to 9.6440 (—2.4 per cent). 
This condition is used as it was the greatest flow rate used in the 
experimental arrangement and shows the largest decrease per- 
centagewise of the cases investigated. 

With fixed-free ends D is complex, indicating a damping effect. 
The effect of flow rate on the logarithmic decrement is shown by 
the solid lines in Fig. 1 for two contrasting conditions. They 
are, first with the term containing w in Equation [5] neglected 

‘Bending Vibrations of a Pipe Line Containing Flowing Fluid,”’ 
by H. Ashley and G. Haviland, Jounnat or Appitiep MscuHanics, 
Trans. ASME, vol. 72, 1950, pp. 229-232. 

5“Applied Mathematics for Engineers and Physicists,” by L. A. 


ey McGraw-Hill Book Company, Inc., New York, N. Y., 1946, 
Pp. «4. 
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(w — 0), and then with w = u? which is for the ratio m/p = 4. 
The latter condition is used as the experimental arrangement had 
a ratio of 3.88. This shows the small contribution to the decaying 
vibration of the term in Equation [5] containing w over the range 
of u considered. It may be noted that, for a given value of u, w 
depends on the m/p ratio. As the effect is small with m/p = 4 the 
lower limit is for m/p 0 orw-—>0O. For intermediate values of 
w the approximate value of the logarithmic decrement may be 
found by interpolating between the lines. Three points obtained 
experimentally as described in the following also are shown in the 
figure. 

A slight decrease in frequency is indicated with an increase in u. 
This effect is shown in Table 1 where the exact condition is the 
known solution for u = 0. 


FREQUENCY DECREASE FOR FIXED-FREE ENDS 
ow = Rp 


Approx R 
3.516 


TABLE 1 


Exact R 
(1.875)* = 3.515625 


u w 
0 0 


0 3.805 
0.300 {ue 3.485 


It should be noted that the analysis has neglected the internal 
friction of the pipe material and also the effect of the supports. 
The order of magnitude of the former as available in the literature 
is much smaller than that encountered in the experimental ar- 
rangements to be described. The damping found for free vibra- 
tions with no flow velocity is thus termed support damping. The 
viscosity of the fluid also has been neglected. 

The reason for the decaying vibration for fixed-free ends with 
the flowing fluid can be seen by considering the origin of the force 
term containing u. It is the inertia force associated with the 
Coriolis’ acceleration and is due to the fluid moving with a ve- 
locity v relative to the tube while the tube has an angular velocity 
0*Z/OTOX. The component of this force in the Z-direction is al- 
ways directed opposite to the velocity as the angular velocity is 
of the same sense over the entire length of the tube. For the 
other end conditions considered, the angular velocity of the tube 
will be of opposite sense over each half span causing the sense 
of the Z-component inertia force also to be opposite. The net 
work done per cycle by all these forces is thus zero. 


EXPERIMENTAL INVESTIGATION 


Tubes with simply supported, fixed, and fixed-free ends were 
constructed and investigated experimentally. 

The simply supported tube was a low-carbon-steel seamless 
tube with 1 in. OD and a wall thickness of 0.037 in. Two steel 
support pins were brazed to the tube in the horizontal plane 2 in. 
from each end. These pins were supported by angles at the up- 
stream end and rollers at the downstream end. Rubber hoses 
clamped on the ends of the tube permitted water to flow through 
the tube. Two type A-5, SR4 strain gages were mounted axially 
on the tube near mid-span, one above and the other below the 
tube, to pick up the strain in the vibrating tube. A Brush BL-310 
strain amplifier and a BL-201 magnetic direct-inking oscillograph 
were used to record the vibration. 

The free vibration was started with no velocity and an initial 
displacement by hanging a weight at mid-span and cutting the 
supporting wire. The arrangement used gave good reproduci- 
bility. 

The effect of the hoses was determined for the empty tube as 
giving an increase in frequency and decrease in strain of about 2 
per cent and thus they do not affect the vibration appreciably. 

With the span of the tube of 120.03 in. the natural frequency for 
the full tube with no flow is 5.70 cycles per sec (cps). The average 
results of 36 runs for two contrasting conditions are given in Table 
2. This shows that there is no effect of a flow rate of u = 0.84 on 





LONG—STUDY OF TRANVERSE VIBRATION OF TUBE CONTAINING FLOWING FLUID 67 


the frequency and damping within the experimental error. 
Similar results were found with lower flow rates. 


TABLE 2 EXPERIMENTAL th eg FOR SIMPLY SUPPORTED 
ENDS 


© 
“« 
Pe) 


Full 
. oo 


se 

wtoe 
ANI i HOO 
NON wuNO € 


tom 


Velocity 
u = 0.84. 


Nore: Values are averages over the number of cycles given. 


eo 
aw 
-_ 


The results of unpublished, independent experimental work on a 
simply supported tube, similar to that used here, have been made 
available by Mr. Erdem Ergin who did the work at the California 
Institute of Technology. This is presented in Fig. 2 with grati- 
tude for permission to reproduce it. Since the dimensionless flow 
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rate attained is approximately 10 times that used by the author, 
it shows the effect of the velocity upon the natural frequency of 
fundamental vibration. Where the range of experiments is the 
same, it corroborates the author’s results. Over the range investi- 
gated the frequency decreased about 3.2 per cent. The dural tube 
used was 0.500 in. OD and 0.453 in. ID with 24 in. between sup- 
ports. Other values follow: 


p 1.81 X 10* slugs/in. 

m 2.90 X 10* slugs/in. 

E 10.5 X 10° psi 

I = 10# in.‘ 

The average results for the fixed-ends tube also indicate no 


effect of the flowing fluid on the frequency and damping as 
Table 3 shows. 


EXPERIMENTAL RESULTS FOR FIXED ENDS 


Log dec. 
.031 


TABLE 3 
Freq, eps 


49.43 
49. 46 
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43.9 
96.6 


Velocity 
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Nore: Values are averages over the number of cycles given. 


This was with a 1 in. OD seamless-steel aircraft tubing (SAE 
4130) with 0.073 in. wall thickness and 57.95 in. between sup- 
ports. Steel collars, 27/1. in. OD and 12 in. long, were placed on 
each end of the tube with a slight interference fit. Steel plates 


(*/2 in. X 19 in. & 19'/2 in.) were welded at the ends of the col- 
lars nearest each other. Then supporting pedestals were formed 
with concrete giving about 12 in. X 24 in. cross section. The vi- 
bration was initiated and the strain recorded in the same manner 
as the foregoing. The theoretical natural frequency for the full 
tube was 59.8 cps. It may be noted that this tube is farther from 
being one with fixed ends than the former was from being simply 
supported. 

This tube was converted to fixed-free ends by sawing the tube 
and removing the downstream pedestal. It was 55.94 in. long 
and had a natural frequency when filled with water of 10.12 cps. 
The load used to give the initial deflection was placed 1.94 in. 
from the free end. 

The average results for three different flow rates are given in 
Table 4. 


TABLE 4 EXPERIMENTAL RESULTS FOR FIXED-FREE ENDS 
u Cycles ——Log decrement——. 


0 l 0.036 0 

0.080 é 0.210 0.174 
0.118 0.286 0.250 
0.200 ll.: 0.457 0.421 


Nore: Values are averages over the number of cycles given. 


The first logarithmic-decrement column gives the obtained 
values, while the second column is the decrement without the sup- 
port damping of 0.036 included, for plotting in Fig. 1. The 
average frequency obtained was 10.0 cps for each value of u. 

The figure shows reasonable agreement between the analytical 
and experimental results. The amplitudes on the oscillograph rec- 
ords were difficult to interpret as there was more of a transient 
effect which persisted longer, believed to be due to the sudden 
method of starting the vibration, than in the other cases. How- 
ever, by visual superposition of the records it was found that this 
transient effect was reproduced on different days. This probably 
gives part of the experimental error. The effect of fluid viscosity 
also contributes to this error. 

The magnitude of support damping is about 0.08, 0.03, and 
0.04 for simply supported, fixed, and fixed-free ends, respectively. 
This causes the free vibrations to decay in a few seconds with the 
constructions used. 


Appendix 
THEORETICAL PROCEDURE 
The procedure used will be outlined for simply supported and 
fixed-free ends. The following equations express the boundary 
conditions: 
Simply supported 
r= 0*z/dz? = 0 
z= = 0%2/dr? = 0 
Fixed-free 
z = 02/d0z = 0 
0*z/dx* = O82/dz* = 0 
When these are substituted into Equation [3] four equations con- 
taining the coefficients a, in addition to Equations [6] are ob- 
tained. They are for: 
Simply supported 


z=0 
z=1 


>> n(n — l)a, = 0 


n=3 
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Fixed-free a& = a, = 0 


>> n(n — 1(n —2) a, = 0 


n=2 


s n(n — 1)a, = 0 
n=2 

These equations with Equations [6] give a system of equations 
containing a, which has a solution different from zero if the deter- 
minant of the coefficients vanishes. 

Enough terms are included so that the terms up through u*D* 
appear in the second-order determinant. This requires starting 
with the twenty-second-order determinant. 

The final equation from evaluating the determinant for simply 
supported ends is 
D* 7,567,560 + 33,783.75u* — 540,540w + 15,015w? 

— 1,501.5 u*w) = 681,080,040 — 113,513,400w + 5,675,670w? 
+ DX6006 + 22.75u? + ut/64 — 273w + 5.25w* — 54.375u*w) 
— D1 + u®/320 + u*t/391,680 — w/30 + w?/2040 
— u*w/12,240) +D*1/18,360 + u*/6,976,800 + u‘/783,971,436.4 
— w/697,680 — w*/817,650.7848 — u*w/389,214.3401)...... [7] 
By starting with the value of D for u = 0 an iteration procedure 

can be used to evaluate D for various values of u and w. 

For fixed-free ends the equation has real and imaginary parts 
so D is complex. The substitution D = R + iS was made for 
various values of u and w, and R and S were found by an iteration 
procedure starting with the known value of R at u = 0. The 
following equation resulted from the determinant 
.. D1 + 5u*/1224 — 4w/153) 

— iD(8u + 28u*/17 — 2373uw/544) 


— D%10,920 + 60u? + 5u*/64 — 360w — 21w*/4 — 2505u%w/ 32) 
+ iD65,520u + 210u* + 126,735uw/4) 
+ D32,432,400 + 270,270u? + 1365u*/4 — 1,441,440w 
+ 27,300w* + 589,680u*w) 


— iD%129,729,600u + 450,450u — 107,567,460uw) 
— D%13,621,608,000 + 227,026,800u? — 908,107,200w 
+ 24,324,300w? — 348,648,300u%w) 


+ iD(27,243,216,000 u + 10,897,286,400uw ) 
+ 163,459,296,000 = 0 
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The reduction of the large order determinant to the second 
order can be done fairly quickly. The greatest time (several 
hours) required is in evaluating the second-order determinant for 
Equation [7] or [8]. The time required to obtain a value of D 
from Equation [7] by the iteration process depends on the ac- 
curacy desired, and by following a systematic procedure, with a 
little judicious guessing, numerical results may be found in less 
than an hour usually. 

When solving Equation [8] as described, about as much time as 
required to get Equation [8] from the second-order determinant 
is needed in making the substitution D = R + iS, and this must 
be done for each combination of values of uand w. The iteration 
procedure here is about twice as long as for the cases without ampli- 
tude decay resulting from fluid flow as there are now two equations 
to satisfy. Fortunately, the effect of terms containing higher pow- 
ers of S is negligible compared with the other terms that are pres- 
ent, in the range considered, and such terms can be elimi- 
nated during the first iteration simplifying the iteration work 
following. 


ADDITIONAL COMMENT 


The author’s attention has been brought to a paper* published 
after the preparation of this paper, and a brief comparison of the 
related parts appears in order. In the section where the tube is 
considered to vibrate as a beam, as in this paper, the com- 
pressibility of the fluid is considered in determining the equation 
of motion. For cases where the wave length is large in com- 
parison with the tube diameter the equation agrees with Equation 
{1]. The effect of the fluid velocity on the fundamental fre- 
quency of a simply supported tube is approached by the conven- 
tional method. By assuming Z = C exp (iaX + wT’) a quartic 
in @ is obtained. With the four boundary conditions known, in 
theory the solution can be found. In order to reduce the com- 
plexity some approximations were made and the frequencies for 
the two limiting conditions of m/p = 0 and m/p = © were com- 
pared. 

This procedure also shows the small effect that fluid flow has 
in reducing the frequency. The results cover the complete 
velocity range for a simply supported tube while the author’s re- 
sults have a limit on u as discussed. 


***Vibrations of a Cylindrical Tube Containing Flowing Fluid,” by 
F. I. N. Niordson, Transactions of the Royal Institute of Technology, 
Stockholm, Sweden, No. 73, 1953. 





An Approximate Theory of Lateral 
Impact on Beams 


By B. A. BOLEY,? NEW YORK, N. Y. 


The approximate theory derived in this paper describes, 
by means of a “traveling-wave” approach, the behavior of 
beams under transverse impact. Lateral impact is con- 
sidered in detail, namely, one in which a section of the 
beam undergoes a sudden change in velocity or shear force. 
The theory considers the effects of shear deformations and 
of rotatory inertia according to Timoshenko’s model, and 
that of lateral contraction as suggested by Love. The 
governing equations and the boundary conditions are de- 
veloped with the aid of an energy-variation technique. 
Numerical! examples are given in which the behavior of the 
boundary layer near the point of impact is examined. 
For one of these the exact solution is available and is in 
agreement with the present approximate results. Some 
general considerations concerning the velocity of propaga- 
tion also are discussed. 


INTRODUCTION 


HE behavior of beams under various types of dynamic 

lateral loads has been found, in some experimental investi- 

gations, to be well approximated by the Bernoulli-Euler 
theory of bending (2, 3, 4,5). This is not true, however, of the 
transmission of pulses with very short wave lengths; in such 
cases it becomes necessary to consider the shearing deformations 
and the rotatory inertia of the beam. Timoshenko’s beam model 
(6) takes these quantities into account and has been shown by 
Mindlin (7, 8) to give results which are in good agreement with 
those obtained either experimentally or from the three-dimen- 
sional theory of elasticity (9, 10, 11, 12). A similarly favorable 
comparison is given by Kolsky (13). 

Some exact solutions of the Timoshenko beam equations (which 
result from the ones used in this paper when lateral contraction 
terms are neglected) have been obtained for certain special cases 
(14, 15, 17, 28) but, in general, are quite cumbersome. An attempt 
is presented here to develop simpler, if approximate, solutions; 
it employs a traveling-wave approach and is based on Timo- 
shenko’s model with an additional correction for lateral contrac- 
tion analogous to that introduced by Pochhammer (16) in the 
case of longitudinal impact. The present paper represents a first 
effort in this direction and consequently is limited in many re- 
spects. For example, attention has been concentrated on the 
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behavior of a short portion of the beam close to the point of im- 
pact, with generalizations indicated briefly. 

Consider a bar, to one end of which is suddenly imparted, for 
example, a lateral velocity; the ensuing motion of the beam will 
then certainly contain high-freguency components and therefore 
will require consideration of the shear and rotatory inertia effects. 
These effects will be of great importance in the neighborhood of 
the sudden jump in velocity, but the experimental evidence pre- 
viously cited [and in particular the work of Vigness (reference 5) 
who considers the present loading condition] indicates that at 
some distance from the disturbance front they are not essential 
for a prediction of the bending stresses. 

A consideration of the orders of magnitude of the various 
terms in the basic equation is carried out in this paper and shows 
that near the point of impact the shearing deformations and 
rotatory inertia effect areimportant, principally in a short “bound- 
ary layer” immediately following the disturbance front. The 
length of this layer is of the order of the cross-sectional dimensions 
of the bar. Therefore the solution can be set up in two parts; 
i.e., within the boundary layer the Timoshenko model must be 
used, but for the remainder of the beam the Bernoulli-Euler 
theory is adequate. 

The behavior of the boundary layer, arising in beams under 
lateral impact, is described in this paper with an approximate 
energy theory. Expressions are assumed, in terms of some 
arbitrary parameters, for the deflection of the beam and for the 
distance traveled by the disturbance. The parameters are then 
determined with the aid of the principle of virtual displace- 
ments. Four illustrative examples are presented. The exact 
solution for one of these is known (28) and is in good agreement 
with the present results. 


Basic ASSUMPTIONS AND RELATIONS 


Consider a bar, not necessarily uniform in cross section, of 
length L. Let z measure the distance along the bar, and let y 
and z be the principal axes of the cross section. Assume that the 
centroids of all cross sections lie on the z-axis. 

The bar is struck at the end where z = 0 with a force P = 
P(t) in the z-direction, the time ¢ = 0 being chosen as the begin- 
ning of impact. Let the displacements of any point (z, y, z) 
be u, %), and w,, in the z, y, and z-directions, respectively, and de- 
note by w = w(z, t) the displacement, in the z-direction, of points 
on the z-axis. Assume that displacement w consists of two 
parts; one, denoted by w,, taking place with bending, but no 
shearing, deformations; the other, denoted by w,, taking place 
with shearing, but no bending, deformations. Assume further 
that u, and », vanish on the z-axis. 

The displacements of points off the z-axis may be related to 
those of points on this axis, as a first approximation, by means of 
the formulas for the case of pure bending (18, 19); then 


uM = — w,’z 
v = vw,"zy 
w, = w, + w, + (v/2)w,” (2? — y*) 
where v is Poisson’s ratio and primes indicate differentiation 


with respect to z. The strains and stresses at any point in the 
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bar are then, in the usual] notation 


€, - —(e,/v) = —(e,/v) = (o,/E) - —w,"2 
Ys = % = 9, =7T,, = 0 [2] 
Ven = (7,,/G@) = ~~’ “* 
Yer = (T2/G) = w,' + (v/2) w,'" (24 — y?*) 
where E is Young’s modulus and G = E/(2 + 2 v) the shear 
modulus. 
The striking of the bar gives rise to a disturbance which travels 
along the bar; let the distance traveled in a time ¢t be L,; = L,(t); 
then L,(0) = 0. It follows that 


w=wv,=wv,=w,’ = 0, ifz>L 


is necessary for continuity of the bar, and because sudden changes 
in slope can only occur with the action of shear. From these 
equations the kinematical conditions to be satisfied at the head of 
the disturbance wave (18, art. 205) are easily derived to be 


wh +w=w,L, +, = w,’L, + vu, 
= w,"L, + w," = 0 
where dots indicate differentiation with respect to time and L, 
represents the velocity of advance of the wave front. 
DerivaTIONn or Basic EquaTIONns 


The basic equations of the problem of transverse impact on a 
bar will now be developed from the principle of virtual displace- 
ments, with the aid of D’Alembert’s principle. In the present 
problem 


sU +V+Ki) =0 


where the variation of the strain energy is 


In 
6U = &(1/2) f ff (Gg€_°+ Ty€y + The + Tey Vay 
+ TysVye + Tez Vex) da dy dz 


the variation of the potential of the external forces is 


L 
bV = — P(tbw(0, t) + f, ‘ff p(m" 6 wm + vo, by 
+ w," 6 w;) dx dy dz 


the increment in kinetic energy due to the variation of the length 
L, is 
6K, = [Kz = 1,)6L, 
and where the kinetic energy A per unit of length is 
K = (p/2) SS ((ur’)® + (o1')* + (wr')*) dy dz... .. [9] 


In the foregoing equations p = p(x) is the mass density of the 
bar, and the limits of integrations in the y and z-directions must 
be chosen so as to cover the entire cross section. 

The last three terms in Equation [6], which represent the 
strain energy of shear, cannot be calculated directly from Equa- 
tions [2] because the shear stress due to w, is incorrectly given 
there as constant in any one cross section. A numerical co- 
efficient N is therefore introduced, which differs from the usual 
one (20, 21) because of the inclusion, in its calculation, of the ef- 
fect of lateral contraction. The determination of N is carried 
out in the Appendix for a rectangular section and the results are 
plotted in Fig. 1. The final form of the strain-energy variation is 
then 


‘ Ii 
8U = 6 £ (EI, /2)(w,")® dr 
L 
+5 fi  (G/N\A/2\w' — wy!) de 
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where J, is the moment of inertia of the cross section about the y- 
axis. 

The various energy quantities can now be evaluated with the 
aid of Equations [1] and the variations indicated in Equation [5] 
carried out according to the rules of the calculus of variations. 
The variation in the length L,, appearing in the upper limits of 
the integrals of Equation [10], must be taken into account with 
the aid of Leibnitz’s Formula (22) 


fe Se 
sf, F(z)dz = f, 8F(x)dz + F(fr) dfs — F(fd8f.. (11) 


The final form of Equation [5], correct to terms of the fourth 
order in the cross-sectional dimensions, is then 


L 
f, {—(EI,w,”)' — (GA/N)(w’ — w,') : 
+ pl,w,"" — (vpl,kw™/2)'} bw,'dz 
L 
+ f, {—{(GA/N )(w’ — w,’)]’ + p Aw” 
4 (vpl ,kw,""*/2)} bw dr | 


+ {[( Elo," + (vpl kw /2)) dw,’ 
+ (GA/N)(w’ — w,’) dw + [(EI,/2)(w,")? 


+ (G/N)(A/2)(w’ — w,')? + (p A/2)(w")? 
+ (pl,/2)(w,” )? | 


+ (vpl kw’ w,”"/2)) 6 Lajate = ls 


— {[Elw," + (vpl kw" /2)| dw,’ 
+ [((GA/N)(w’ — w,") + P] bw} ae, = 0 = 9 | 





where 


and where J, is the moment of inertia of the cross section about 
the z-axis. Equation [12] must be satisfied for any arbitrary 
variation of the displacements; hence the governing equations 
for the transverse motion of a beam with variable cross section 


are 
—(EI,w,")’ —(GA/N)(w’ — wy") + pl wy" —(vpl kw""/2)' = 0 
—[(GA/N\(w’ — w,"))’ + pAw™ + (vpl,kw,""/2) = 0... . [14] 


In the special case of a uniform bar, w, and its derivatives may be 
eliminated; the result is (D indicating a differential operator ) 


Dw = El,w + pAw” — pl,|1 + (EN/G) — vk]w"™ 
+ (pl, N/G)w'*** + ((vp Ik)? N/(4GA)]w""*** = 0... [15] 
It may similarly be shown that this equation takes the form 
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Dw,’ = Dw,’ = 0 


when written in terms of the bending and shear displacements, 
respectively. If the terms containing Poisson’s ratio are neg- 
lected, Equation [15] becomes identical with Timoshenko’s 
equation (6) and very similar to Prescott’s (23). If shear de- 
formations are neglected Love’s equation (18) results; if both 
shear and Poisson’s ratio terms are neglected the well-known 
equation for the transverse motion of beams including the effect 
of rotatory inertia (24) is obtained. The relative importance of 
the various terms of Equation [15] will be discussed later. 


Bounpary CONDITIONS 


Some of the boundary conditions to be satisfied at the wave 
front (x = L,) are given by Equations [3]. The remaining condi- 
tions there and at z = 0 ean be obtained from Equation [12]. 
At x = 0 they are either 


El ,w," + (vpl kw" /2) = 0 or dw,’ = 0...... [17a] 


and either 
(GA/N)(w — w,’) + P = 0 or dw =0 


Thus at the struck end of the bar either the bending moment 
(modified by a term which vanishes if /, = /,) or the slope due to 
bending may be prescribed, and either the shear force or the total 
displacement. 

Consider now the quantities 6L, and éw,', contained in the 
boundary conditions at the head of the wave. Since w and (w + 
dw) must vanish at z = L, and z = L, + 6k, respectively, it fol- 
lows that 

6L, = —(1/w' bw atr = .. 


and similarly in terms of the bending and shear displacements. 

The quantity dw,’ stands for the variation of the slope (due to 
bending) at z = L,, the variation being taken without changing 
z. It differs from the variation 5(w,’ )totai of the slope at the head 
of the wave, inasmuch as the latter must be calculated taking 
into account a change in z equal todLl,. The relation between the 
two slope changes is then, with the aid of Equation [18] 


bw,’ = 5(w," rota + (w,"/w’ bw atz = L, 


The bracket of Equation [12] labeled x = L, indicates that the 
work done by the shear force and by the moment at z = L, during 
the virtual variation of the displacements must balance the total 
strain plus kinetic energies stored in the portion of the beam de- 
fined by LZ, < x < (I, + 6L,). It corresponds to the dynamical 
conditions given by Love (18, art. 206). Use of Equations [18] 
and [19] gives the boundary conditions as either 


El ,w,” + (vpl kw" /2) = 0 or 6(wy")rowi = Oat zc = Ly. . [20] 


where, because of Equation [3], the latter condition must always 
be satisfied, and 
(1 — a?)(w,”)? — [a? — (1/y)](1/r,)%Xw’)? 


+ (vk/a*)(w'w,” — w'w,”’) 
( ’ 6 


at x = L, with the following notation 


a = L;/a; a = VE/p; y = EN/G; 1,2 =1,/A. .{22] 


Equations [3], [17a], [176], and [21] are the boundary condi- 
tions of the problem. 


ReMARKS ON ROLE or SHear, Rotatory 
INERTIA, AND LATERAL CONTRACTION 


It is well known (7, 23) that if the effects of shear and rotatory 
inertia are not considered in the analysis of a beam under lateral 
impact, the physically impossible result of an infinite velocity of 


propagation is obtained for very short waves. However, a 
theory developed by Timoshenko (25) on the basis of the Ber- 
noulli-Euler equation 


El,w + pAw” = 0... [23] 


which results from Equation [15] when all shear, rotatory inertia, 
and Poisson’s ratio effects are neglected, gives stresses and dis- 
placements in close agreement with some experiments (2, 3, 4, 5). 
It therefore appears that shear and rotatory inertia, though es- 
sential to a study of the velocity of propagation, play a some- 
what limited role. This may be clarified by the following study 
of the orders of magnitude of the various terms of Equation [15] 
pertaining to positions of the wave front close to the struck end of 
the beam. 

Consider a portion of the beam, originally at rest, near to and 
including the end struck laterally. Let order of magnitude of 
the displacement in this portion of the bar at a time ¢ be denoted 
by w; in the case of lateral impact w is a finite and nonvanishing 
quantity. The order of magnitude (denoted by 0) of its time 
derivative can then be approximated by 


0(0w/dt) = w/t [24a] 


The order of magnitude of its z-derivative may be taken as 


0(0w/dr) = w/(AL) [245] 


where the dimensionless coefficient \ appearing in the characteris- 
tic length AL will be determined later. The magnitudes of higher 
derivatives may then be estimated by repeated application of 
Equations [24]. The orders of magnitude of the various terms 
in Equation [15] are then (if a common multiplier [#/,w/(AL)* 
is omitted), respectively 

0(w'Y — term) = 1 

O(w — term) = A‘S,? (L/at)? 

O(w"" — term) = (1 + y — vk)A%L/at)* 

O(w"""* — term) = A*y(L/at)* 

| 

O(w""* — term) = (Avk/S,)*%y/4)(L/at)* | 

In view of the restriction to cases of lateral impact, it is reasona- 


ble to suppose that the second of these, which represents the 
It is now necessary 


[25] 


translatory inertia, is important at all times. 
to determine which of the other terms of Equation [15] are of 
equal importance. 

Assume first, that the w'’ — term and the w™ 
the same order of magnitude (as they would have to be if Equa- 
tion [23] is to hold in good approximation); then 


— term are of 


O(A?) = (at/L)(1/8,) [26a] 
The orders of magnitude of the various terms of Equation [15] 
are then 
0(w'* — term) = 0(w'’— term) = 1 ' 
O(w"" — term) = (1 + y — vk)(1/S,)(L/at) : 
i. [26] 
O(w" — term) = (y/S,?)(L/at)* 
O(w"" — term) = (7/4)(v*k?/S,*)(L/at)* 


The third and fourth terms represent mainly the shear and 
rotatory inertia effects, and the last term is due principally to 
lateral contraction. Equations [266] show that the latter effect 
is small unless vk is large. The orders of magnitude of these 
three terms is small compared to 1 unless the time ¢ is very small; 
specifically, it is more than 1 if, respectively 

t< [(1 + y — vk)/S,|(L/a) } 


t < [(7)'/*/S,\(L/a) 
t < [-yv%k?/(4S,*)]'/(L/a) 


|26c] 





72 JOURNAL OF APPLIED MECHANICS 


The largest of the foregoing limiting values is (unless vk is very 
large) the first; it follows that if ¢ is large compared with the 
quantity [(1 + y — vk)/S,)(L/a), the first two terms of Equa- 
tion [15] predominate and the others are negligible. If on the 
other hand, ¢ is small compared with that quantity, it is found 
from Equations [26b] that the w’”’ — term (for instance) is large 
compared to unity. This is contrary to the hypothesis that the 
w” term always predominates; hence it is necessary to repeat the 
whole argument on the basis of 


O(A2) = (1 + y —vk)/S,? 


namely, the relation necessary to make the second and third 
terms of Equa*ions [25] of the same order of magnitude. Equa- 
tions [26b] are then replaced by 


0(w'’ — term) = 1 


0(w™ — term) = 0(w" — term) 
= (1 + ¥ — rk) 1/S,)%L/at)? 


O(w"* — term) = (1 + Y — vk)%1/S8,){L/at)* 
O(w"" — term) = (1 + y — vk)(vk/S,*)(y/4)(L/at)* 


Here the w’” term predominates if ¢ is small; similar results 
may be obtained by equating the order of magnitude of the 
w"” term with that of the w* term. Considering only the larg- 
est of the limiting values of Equations [26c], one may then con- 
clude that if ¢ is very small compared with the quantity [(1 + 
 — vk)/S,)(L/a) the shear and rotatory inertia effects are of 
paramount importance, and the bending terms secondary. On 
the other hand, if ¢ is large compared with that quantity, only 
bending terms need be considered; thus, except for a short inter- 
val, Equation [23] will describe with good accuracy the be- 
havior of the bar. If ¢ is of the same order of magnitude as that 
quantity, all terms should be considered; but because of the 
large value of a this time is very small. For example, for a 1.7- 
in-square aluminum or steel bar with vy = 0.3, shear and rotatory 
inertia may be neglected if t > 10-* sec. In the numerical ex- 
amples which follow, the time & (at which the shear deforma- 
tions at z = 0 become negligible) is 2.1 XK 10-5 sec, 6.2 x 10-* 
sec, 3.9 X 10~* sec, in examples I, II(a), and II(b), respectively, for 
this same bar, and hence in good agreement with that predicted 
here. 

To determine how far the disturbance has traveled in 10-* 
sec it is necessary to find first the speed of propagation. Im- 
mediately after impact the shear (and rotatory inertia) terms 
predominate, and it is, therefore, reasonable to expect that for a 
short time the bulk of the disturbance will propagate with the 


speed 


. [276] 


Ly = VG/(Np) 


With this velocity the disturbance will have traveled in the 
bar approximately 1.1 in. in 10~* sec, that is, less than the cross- 
sectional dimensions of the bar. 

The velocity of propagation given by Equation [28] is identical 
with one given by the characteristic solution of Equation [15], 
lateral contraction terms being omitted (15). Such a solution 
shows that there are two distinct velocities with which a sudden 
disturbance may be propagated; the slower of these is that given 
by Equation [28] and corresponds to a sudden change in velocity 
and in shear force; the other is 


Ly =“¢g = VE/p 


and corresponds to a sudden change in bending moment and in 
the angular velocity w’,’. 

The initial shear force at the struck end will now be calculated. 
The shear force Q is, in general 
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Q = (GA/N)\(w’ — w,') 


At z = L, the quantity w,’ is zero; at the beginning of impact 
L, = Oand w’ = wu, where v is the velocity with which the beam 
is struck. The initial force is then (see Equation [4]}) 


This equation has the same form as that which gives (19) the 
initial stress in a bar struck axially with a velocity m. Equations 
[30] hold whenever the one point of the beam undergoes a sudden 
change in velocity of magnitude v. The foregoing value for the 
initial shear force is identical to that given by an exact solution of 
Equation [15], lateral contraction terms being neglected (28). 

The argument has been developed for a region close to the 
struck end of the bar but could be extended to any position of 
the wave front at which a sudden change in velocity occurred. 
Such a wave front travels with a velocity given by Equation 
[28]; for a wave front traveling with the velocity of Equa- 
tion [28a] a similar argument could be developed by replacing the 
displacement w by the rotation w,’, and the shear-force discon- 
tinuity by one in the bending moment. 


REMARKS CONCERNING THE SPEED OF PROPAGATION 


Consider first a bar with 7, = J, , for which all terms containing 
Poisson’s ratio vanish. In particular, Condition [21] becomes 


(1 — a*)r,%w,")? = [a* — (1/y)](w’)? atz = Q,....[31] 


Inspection shows that the terms (1 — a?) and [a? — (1/7)] must 
be of the same sign. Since y > 1 they must be positive and 
must lie in the following region 


(i/y)'* Sal 
It may be verified that the displacements given by 
w = csin w[t — (z/L,)].............. [33] 
satisfy Equation [15] with k = 0 if 
(wr,/a)? = at/[(1 — a*)1 — a*y)]........ [33a] 


Comparison of Equations [32] and [33a] shows that w must be 
imaginary. A real value of w would imply that the condition of 
continuity of the slope due to bending at z = J, is violated. 
Let, in fact, the condition w,” = 0 be chosen in Relations [20], 
rather than 5(w,’ roti = 0; then Equation [31] would be replaced 


by 
(wy)? + (r,w,"/a)? = (1— ya* (w’)? 
This requires 
(i/y)'* 2 


which, when substituted into Equation [33a] gives w* > 0. 

The limiting values of a given by Equation [32] are identical 
with those given by the characteristic solution of the governing 
equations (see Equations [28]). They correspond to disturbances 
with very short wave length, i.e. (1/w) = 0, or, more specifically, 
to the propagation of discontinuities in bending moment (with 
w,’ = w’ = 0) and inshear force (with w,” = 0), respectively, for 
the upper and ower lim t. 

To investigate the ¢ uneral case (k # 0), let the displacement of 
Equation [33] be again substituted into Equation [15]; then 


(wr kox/a)Xy/2) = b + Vb? — vk*ya*...... (35] 
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where 
b = (1 — a*)\(l — a*y) + ak 


The quantity v*k*ya‘ is always positive; therefore, w* can be 
negative (as shall be assumed) only if b << 0. However, w* will 
be real only if |b] > |vk V 70. These two conditions on 6 
will be satisfied if, and only if 


(1 — a1 — ay) + atvk + [yk Vy al < 0... [355] 


The limiting values of a (namely, those which cause the left- 
hand side of Relation [35b] to vanish) are plotted in Fig. 2 for 
rectangular sections of height a and width 6, and with y = 0.3. 
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Both the upper and lower limits of a decrease as b/a increases 
and for large values of b/a they lie so close that they practically 
establish immediately the value of a. In the numerical examples 
discussed later the calculated velocity of propagation (whose 
meaning is discussed later) also decreases with increasing (b/a) 
and always lies close to the lower limit. 


APPROXIMATE METHOD oF SOLUTION 


The foregoing theoretical development suggests an approxi- 
mate method oi solution of problems of lateral impact of bars. 
In this method, expressions are assumed, in terms of some arbi- 
trary parameters, for the deflections of the beam. The parame- 
ters are then adjusted so as to approximate a solution of Equa- 
tion [12]. In general, two wave fronts will arise, each followed by 
a short region in which shear deformations and rotatory inertia 
are important. It will then be convenient to assume the dis- 
placements in two parts, one vanishing when z > at (see Equa- 
tion [28a]), the other when z > at V/ 1/y (see Equation [28]). 
As mentioned in the introduction, however, it is desired to obtain 
solutions valid for short times only, that is, when the disturbance 
has affected only a short portion of the beam. During such a 
period the bulk of the disturbance travels with velocity close to 
that given by Equation [28]. For such a limited solution it is 
therefore possible to simplify the problem by assuming that only 
one wave front exists, traveling with a “mean” velocity ZL,” to 
be calculated from Equation [12]. The details of this method of 
solution are then as follows: 

1 Assume a function LZ, = L,(t) for the distance traveled by 


the disturbance at any time ¢ and functions w = w/(., ¢) and 
w, = w,(z, t) for the displacements of the bar, in terms of n 
arbitrary parameters. These functions must satisfy the bound- 
ary conditions given by Equations [3], [17a], [176], and [21], 
and the condition L,(0) = 0. 

2 Substitute the assumed functions in Equation [12]. The 
brackets labeled z = Oand z = J, will vanish because the bound- 
ary conditions already have been satisfied. Note that 


[36] 


bw = >> (dw/Op,)5pi. .. 


i=1 


and similarly for w,’, where p; denotes one of the arbitrary 
parameters. 
3 The result of step 2 is an expression of the form 


n 
be Fi, (6, Pay Pu ecsccee » P.) dp, = 0 


i=l 


Since the 5p; quantities are arbitrary, the exact solution re- 
quires that F; vanish for any i and all ¢; but in an approximate 
solution one must be satisfied with adjusting the available parame- 
ters to obtain the best possible approximation. The following 
methods are suggested to obtain an approximate solution in the 
rangeO <i <T: 


(a) By the method of least squares, that is, by minimizing the 
sum of the squares of the total errors in each function F;; then 


[37a] 


T n 
2p» f, EL ee eee 


(b) By setting equal to zero (or minimizing) the average total 
error in each function F;; then 


. [370] 


(c) By substituting ¢ = 7’ in each function F,; then 


FT, pry Pa» P,) = 0 « = 1, 2, 3........ yn... [87e] 
In the numerical examples these three methods were found to 
yield very similar results. In example I the results of methods 
(a) and (b) are, for all practical purposes, the same. The results 
of methods (b) and (c) for the propagation velocity in examples 
I, II(a), and I1(b), respectively, differ by 3.5, 6.8, and 0.0 per 
cent for a square bar, and by 4.5, 12.0, and 5.3 per cent for a 
rectangular bar with a width-to-height ratio of 20 to 3. The 
values given are percentages of the smaller value in each case. 

It is probably possible to assume fairly accurate functions for 
the quantities Z,, w, and w,, without an excessive number of 
parameters, if the solution is restricted to the ‘boundary layer’’ 
previously discussed. If, on the other hand, a description of a 
longer disturbed portion is sought, it may be found that the 
number of parameters required becomes excessive. In such 
cases it is suggested that different displacement functions be as- 
sumed near the disturbance front and at some distance from it 
so as to conform with the previous discussion concerning the im- 
portance of the shearing deformations and the rotatory inertia 
effect. This method is illustrated in two of the numerical 
examples but it should be emphasized that the smal! number of 
parameters used still makes the results unreliable outside the 
boundary layer. The discussion of Fig. 4 indicates, however, 
that here the Bernoulli-Euler theory provides an adequate ap- 
proximation. 

Expressed in general terms, the choice for the displacement 


functions is as follows: 
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Region 1; (l, —~ly) Sesh, 
w = w,(z, t) 
Ww = w»,(z, t) 
Region 2; 0 < 2 <(L,— kh) 


w = we (z,t) 


Ww = wz, j— w(L, — Lo, t) + we, (Li Th In, t) 


}. [385] 


These functions must satisfy the conditions of continuity at z = 
L, — I, namely 


wi(L, — Lo, t) = we L, — La, t) 
wy, (L, — Lo, t) = we'( I, — Ln, t) 


as well as the following requirements on the shear force and bend- 
ing moment 


(GA/N)|wy'(Li — La, t)— wy," (Li — Le, t)} = 0 | 
a 
El we,"(L1 — Lo, t) = El ,w." (L, — In, t) } 


[38d] 


Within the distance (L, — Lo), which varies as the disturbance 
progresses along the bar, the effects of shear, rotatory inertia, 
and lateral contraction are important. The shear-strain energy 
vanishes in Region 2. The distance Ly) may be taken as a parame- 
ter or may be expressed in terms of other parameters. If the 
time elapsed after the start of impact is very small (¢ < &), only 
Region 1 will be present. The numerical examples show that for 
large values of time (LZ, — Lo) is small compared with I, and 
that in Region 2 the (constant) shearing displacements constitute 
only a small fraction of the total displacements. In general, the 
order of magnitude of (LZ, — Lp) is (1 + y — vk)(L,'/aX(L/S,), 
where the value for the propagation velocity Z,, may be taken in 
good approximation from Equation [28]. 


NUMERICAL EXAMPLES 


Four numerical examples, described in Table 1, were solved by 
the foregoing procedure. The details of the solutions, omitted 
here, have been presented more fully in reference (1). The as- 
sumed displacements are given in Table 2, together with the ex- 
pression for the time ¢ = & at which the disturbance has traveled 
a clistance equal to the length of Region 1. Typical results of the 
calculations are plotted in Figs. 2 to 5. 

In each example the velocity of propagation L," = a; was taken 
as one of the parameters, and therefore, the values obtained repre- 
sent, mean velocities within the range of validity of the solution. 
In other words, a; is a weighted average of the velocities of 
propagation of all the component wave lengths contained in the 
disturbance and, as expected, was close to the velocity, given by 
Equation [28], for the propagation of sudden jumps in velocity 
and shear force. 


DESCRIPTION OF NUMERICAL EXAMPLES 


Example Example 
II (0) Ill 


w = vot + vil*® 
conditions 
atc =0 we” = 0 wy’ = 0 we” = 0 


Arbitrary @ a,c a 
parameters 

Equations [376], [37e] [376] 
used in 
solution 
Restrictions 


on 
calculations 


TABLE 1 


Example Example 
I II (a) 
w = vot 


Boundary w = vot 


(37a), {376}, 
[37c] 


Lateral 

contraction 

considered, 
tsb 


Latera! Lateral 
contraction contraction 


k= 
neglected neglec t 


0 
Sb 


Notes: (a) a= a:/~~E/p, where distance traveled by disturbance is 1; = 
at. (6) Quantities » and v: are constants: » is given in Equation [40a]. 
(c) At t = t disturbance has traveled a distance equal to length of Region 1 
of Equations [38a] 
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The variation of the shear force at the struck end of the bar of 
example I is plotted in Fig. 4 together with that obtained from 
the exact solution, Equation [28]. It may be seen that the two 
curves are in good agreement within the boundary layer pre- 
viously discussed. It should be noted that (taking as an example 
a rectangular section), a wave traveling with the velocity of 
Equation [28] will have traveled a distance equal to the height 
of the bar when the abscissa of Fig. 4 equals approximately 6.2. 
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Beyond that point the Bernoulli-Euler theory is a sufficiently 
good approximation since it represents the mean value about 
which the shear force oscillates. The amplitude of these oscilla- 
tions is small compared with the maximum shear force and it was 
therefore thought permissible to neglect it. It should be men- 
tioned, however, that these oscillations arise because of the 
presence of shear deformations, which therefore in reality affect 
the entire beam. Only if they are neglected is it possible to carry 
out the order-of-magnitude considerations as in Equation [24]; 
consequently, the use of the Bernoulli-Euler theory in this re- 
gion is consistent with the accuracy employed throughout this 
development. 

Examples II(a) and II(b) represent solutions of the same 
problem usimg two different deflected shapes, respectively, neg- 
lecting and considering the effect of lateral contraction. Fork = 
0, however, all lateral contraction terms vanish; hence, in this 
particular case, the discrepancy between the results of those 
examples is due to the variation in deflected shape alone. The 
difference between the two velocities of propagation is only 4.7 
per cent of the smaller value, indicating that, in this case at least, 
a change in assumed shape does not influence greatly the results. 

For other values of k examples II(a) and Ii(b) give widely 
varying results, indicating that the importance of lateral contrac- 
tion increases with k. Thus, for a rectangular bar with a width- 
to-height ratio of 20 to 3, the foregoing error increases to 46.4 
per cent of the smaller velocity. 

In example III the quantity vp) was determined by assuming 
that the beam is struck at z = 0 by a rigid mass M moving with 
an initial velocity m. The assumption was made that the beam 
and the mass remain in contact; therefore this solution holds 
only within the duration of the subimpacts described in references 
(2, 3, 4). However, the time & is considerably smaller than the 
measured duration of the subimpacts. It may be remarked, in- 
cidentally, that it is difficult to find direct experimental proof 
for these solutions within the boundary layer because of the ex- 
tremely short distance covered by it. The only verification pos- 
sible appears to be that concerning the accuracy of the basic 
equations at high frequencies (8, 13). 


Returning to example III, let the displacements of the struck 
end of the beam be expressed as 


ye vt@tD 


+=0 


w(0, t) = 


where vw is the initial velocity, and 2»; the initial acceleration. 
The equation of motion of the striking mass is 


(GA/N) (w’ — w,') = Mw atz=0........ [40] 
When the various displacement functions are substituted in this 
equation, the quantities v; can be determined in terms of w% 
by equating coefficients of like powers of t. If only the two low- 


est powers are kept, the result is 
= —GA/(2NMa,) 


The results of example III depend on the parameter (S,m), 
where S, is the slenderness ratio of the bar, and m is the ratio of 
the mass of the striking body to the mass of the bar. If m is 
very large, or the bar very slender, the end of the bar moves with 
constant velocity, thus approaching the conditions of example I. 
The results of the two examples are, in fact, identical if (1/S,m) 
vanishes. The variation of the shear force of the struck end of 
the beam of example III is shown in Fig. 5 for a value Sym = 
10. The variation is similar to that of Fig. 4 but the shear 
force of course decreases more rapidly than in example I. Again, 
the Bernoulli-Euler theory may be used for regions beyond the 
boundary layer. 

In conclusion, it is felt that the present approach is in certain 
respects different from the methods usually employed in this type 
of problem and therefore may be of some interest. Of course 
the applications presented are limited in scope; it is, nevertheless, 
hoped that they may prove of value es a basis for further work. 
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Appendix 


DETERMINATION OF NV 


The quantity N is defined by the equation 
Us = SS (ta* + Ty?) dy de = (N/AKS S t2dy dz) 


for a beam bent by a force in the z-direction. In this equation 
U, is the shear-strain energy per unit of length, and the limits of 
integration must be chosen so as to cover the entire cross section. 
For a rectangular section, sufficiently accurate values of the 
shear stresses may be obtained from the approximate formulas 
given by Timoshenko.‘ The results are plotted in Fig. 1. 

These values of N correspond to the stress distribution at some 
distance from the point of load application, and there is some ques- 
tion as to whether they are applicable in the portion of the 
beam immediately behind the disturbance front (Region 1 of 
Equation [38a]). For very small values of time, Region | is close 
to the point of impact, and therefore (according to Saint Ven- 
ant’s principle) strongly affected by the details of load applica- 
tion. Whether this is true of Region 1 for other values of time is 
the subject of an investigation in progress at present (26). 

The coefficient N cannot be used to account for normal stress 
distributions radically different from that of Equations [3], such 
as arise when skin waves become prominent (19). In such case a 
more accurate theory, similar to Prescott’s (23, 27), would be re- 
quired, or the present approach might be modified by the intro- 
duction of some arbitrary parameters in the stress variation within 
the cross section of the bar. The coefficient NV was calculated in 
the foregoing from statical considerations; the correction sug- 
gested by Mindlin (8, 14) was not included in the calculations. 


* Reference (19), p. 327 ff. 





Anisotropic Loading Functions for Combined 
Stresses in the Plastic Range 


By L. W. HU! anv JOSEPH MARIN,* STATE COLLEGE, PA. 


A loading function is a relation between combined 
stresses for which the beginning of plastic flow takes place. 
The loading function for a given material is different de- 
pending upon the initial plastic strains produced. That 
is, the initial stress or strain history influences the subse- 
quent loading function. This paper gives the results of an 
experimental investigation to determine the validity of 
certain loading functions proposed for anisotropic mate- 
rials. The study reported was conducted for an aluminum 
alloy 24S-T and the state of stress covered was biaxial ten- 
sion. These stresses were produced in the usual way by 
subjecting thin-walled tubular specimens to axial tension 
and internal pressure. The test results showed that none 
of the existing loading functions is adequate for in- 
terpreting the plastic stress-strain relations obtained. 
Tests also were made to determine the change in the load- 
ing function with increase in plastic flow. It was found 
that the loading function did not remain symmetrical with 
respect to the original function, nor was the new loading 
function the same as the original except for a shift of 
origin. However, the test results support in a qualitative 


way the concept of the so-called “yield corner.” 


INTRODUCTION 


ARIOUS theories of plasticity have been proposed for 

expressing theoretically the stress-strain relations for 

metals subjected to combined stresses in the plastic 
range. To express specifically these plastic stress-strain relations 
it is necessary to assume a so-called “loading function.” This 
function also may be called a “yielding function” when it is 
used to define the beginning of plastic deformation (1, 2). A 
yielding function is a relation between the combined stresses 
and the simple tension yield strength of the material and de- 
fines the beginning of yielding for states of combined stress. 

A loading function is a relation between the combined stresses 
for materials which have been stressed initially beyond yielding; 
that is, the loading function considers the strain history of the 
material. For stress states within the limits defined by the 
loading function, plastic deformation does not occur. (For ex- 
ample, in Fig. 3, the ellipse shown represents a loading function 
for two-dimensional stresses based upon the distortion-energy 
criterion.) For a loading function correctly to represent the 
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behavior of the material, stressing of the material along the path 
represented by the loading function should result in changes in 
the elastic strains only, with no change in the plastic deformation. 
For three-dimensional stresses, the loading function may be repre- 
sented by a surface in space with the co-ordinates representing the 
three principal stresses. Two different types of these functions 
or surfaces have been used in conjunction with theories of plas- 
ticity. In one type, such as the distortion-energy criterion, the 
loading surface has a unique normal at all points. 
type, such as the maximum-shear criterion, there are points on 
the loading surface where discontinuities occur and where there 
is no unique normal (2). 

In addition to specifying conditions of limiting plastic flow, 
the concept of the loading function provides a means of dis- 
tinguishing between certain plasticity theories. For example, a 
consequence of the slip theory (3) is the existence of a so-called 
yield corner where a unique normal to the loading surface is not 
required. On the other hand, the usual formulations of the flow 
theory (4) require that the loading surface have a unique normal 
everywhere. Other characteristics of the loading functions are 
described in references (5) and (6). 


In a second 


Previous EXPERIMENTAL INVESTIGATIONS 

Few experimental studies have been made to verify the con- 
cept of the loading function. The first extensive study was made 
by Taylor and Quinney (7) in 1931, and a few experimental re- 
sults have been reported by other investigators since that time. 
In 1947, Cunningham, Dorn, and Thomsen (8) reported the 
variation in the distortion-energy ellipse for different stages of 
straining. These results indicated that a loading function existed 
and could be expressed in terms of a number of concentric distor- 
tion-energy ellipses for different stages of straining. However, 
the foregoing test results were restricted to biaxial stresses with 
constant principal stress ratios during loading. 

Shaw and Wycherley (9) conducted a biaxial-stress test with 
variable principal stress ratios. This test was made by loading a 
thin-walled tubular steel specimen under axial loading and in- 
ternal pressure in such a manner that the octahedral shear stress 
or distortion energy was maintained constant. The results of 
this test showed that the octahedral shear or distortion-energy 
loading function was not adequate. Variable biaxial tensile-stress 
tests for an aluminum alloy 14S-T4 were made by the authors 
(10) to determine the accuracy of both the distortion-energy and 
maximum shear-stress criterion. In these tests either the dis- 
tortion energy or the maximum shear stress was maintained con- 
stant. The results showed that appreciable plastic deformation 
occurred and that neither criterion was adequate as a loading 
function. Other similar tests, made by the authors on an alumi- 
num alloy 148-T6 (11) and on a cold-drawn mild steel, also show 
that the distortion-energy loading function is not adequate. 


PuRPOSE OF INVESTIGATION 


The purpose of this investigation was to investigate for an 
aluminum alloy 24S-T, the validity of various loading functions, 
such as distortion-energy criterion, the maximum shear-stress 
criterion, and a criterion suggested by Prager (1). In addition, 
tests were conducted to study the changes in the loading function 





78 JOURNAL OF APPLIED MECHANICS 


with increase in stress. Three possible types of change were con- 
sidered and will be designated as (a) isotropie expansion, (b) shift- 
ing of origin, and (c) yield corner. One of the purposes of this 
study was to determine which of these types of loading-function 
change represents the actual behavior. 

The loading functions will be considered and tested for the 
vicinity of the proportional limit, since for the condition of yield 
the loading function is not dependent on the strain history (2) and 
therefore can be applied. 

For the material tested in this study initial isotropy of the ma- 
terial was not present and it was necessary to modify the usual 
form of the loading functions to provide for this anisotropy. For 
this purpose, an anisotropic loading function suggested by Hill 
(15) was modified and used for the present iavestigation. 

Anisotropic LoapinG Functions 

Initial anisotropy is said to exist in a material when it has 
different mechanical properties in different directions. Another 
type of anisotropy in materials may be produced during the 
straining of a material in the plastic range. The loading function 
in the case of initial anisotropy may not be of symmetrical form 
with the yield stress in simple tension equal to that in compres- 
sion. Furthermore, if anisotropy also occurs during straining, 
then the loading function does not remain geometrically similar 
to the initial yielding function. 

Assuming the initial isotropy of materials, Reuss (14) first 
proposed an anisotropic loading function, in which the anisot- 
ropy due to straining was described by containing the plastic- 
strain components in the formulation of the loading function. 
In 1948, Hill (15) suggested a loading function to describe the 
initial anisotropy of materials by introducing six material con- 
stants in the formulation of this function. Studying the plastic 
behavior of metal sheets, Jackson, Smith, and Lankford (16) pro- 
posed a loading function having the same form as the one sug- 
gested by Hill. Other similar relations also were presented by 
Fisher (17), and by Hazlett, Robinson, and Dorn (18). In this 
paper new loading functions for initially anisotropic materials 
will be suggested based upon the general form of Hill’s loading 
function (15). The relation proposed by Hill is 


2f = F(a — O13)? + G(ox — ou)? + Hou — on)? 
+ 2(Lo2s* + Mon? + Noj:") =]... [1] 


where F, G, H, L, M, and N are experimental constants and the 
o-values are stress components. 

For isotropic materials, the loading or yielding funtions for 
strain-independent materials and two-dimensional stresses are 


o? = 0,7 — 010: + o:* = a,? 
for the distortion-energy criterion. 


For 0; > o: > Oor 0; <a: < 0, 01 = +0, 
For 0; > o%; > O or 0: < a1 < 0, o: = +0, 


For 7 >0> 0, 0r o, > 0> 01, 01 — a: = +0, 


for the maximum-shear criterion, and 


AI (a1? — 020; + 027)? — 3 (a1 + o2)2(o; — 202)2(o2 — 20] 


= o,° 
for Prager’s criterion. In Equations [1] to [4], o, is the yield 
stress in simple tension or compression (assumed equal for alli 
directions) and o; and ¢; are the principal stresses, 
Dividing Equations [2] and [4] by o, 
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(2) — (&)(a) * (2) 


for Oo >¢2>0 or o1<02:<0 


for o>o,>0 or o2<0,<0 
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The dimensionless loading functions given by Equations [2a], 
[3a], and [4a] can be represented geometrically by using the 
dimensionless ratios 0,/¢, and o;/0, as co-ordinates. For aniso- 
tropic materials, the geometrical symmetry of the loading surface 
can be retained, if the yield stresses in both directions are con- 
sidered; that is, the anisotropic loading functions for the dif- 


ferent criteria can be obtained from Equations [2a], [3a], and 
[4a] by rewriting these relations in the form 
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where the yield stresses in directions 1 and 2 are represented by 
iy and 03,, respectively. By the foregoing modification in the 
loading functions simple tensile strengths in the o; and : direc- 
tions can be made to agree with the actual values; that is from 
Equation [5], [6], or [7], for «2 = 0, 01 = o1, and for 7; = 0, 0 = 
Ory. 

le the foregoing derivation, the tensile and compressive yield 
stresses in one direction were assumed equal to each other. For 
materials such as cast iron, this is not the case. However, the 
same principles can be applied to the formulation of anisotropic 
loading functions for such materials, if the following rules are 
observed: 

1 The tensile stress is assumed to be positive, and the com- 
pressive stress is assumed to be negative. 

2 The yield stress 7, in the above equations has a positive 
value equal to the tensile yield stress and has a negative value 
equal to the compressive yield stress in the same direction. 

3 The ratios 01/01, and 02/02, are always positive. 


In this manner. the geometrical symmetry of loading surface 
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can be retained, even when the material has different yield stresses 
in tension and compression for various directions. 

The loading functions as expressed by Equations [5], [6], and 
[7] will now be checked experimentaily by using tension-tension 
tests on an aluminum alloy 248-T. 


LOADING-FUNCTION TEsTs ON ALcoa 248-T 


The material tested was an aluminum alloy designated as 
248-T. The mechanical properties and plastic stress-strain rela- 
tions of this material for various tensile biaxial-stress ratios are 
given in reference (12). The testing machine used to apply com- 
bined internal pressure and axial loading to a tubular specimen is 
described in reference (13) and the dimensions of the specimen 
used are shown in Fig. 1. 
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Fic. 1 Braxtat-Srress Specimen 


All dimensions are in inches.) 


The specimens were subjected to a specific manner of loading 
based on predetermined values for each test. The average 
values of the axial and tangential stresses were used assuming a 
thin-walled tube. Since the plastic strains were small, the values 
of the stresses were calculated based upon the initial specimen 
dimensions; that is, the axial and tangential-stress values were 
determined by the equations 
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where P = the total axial load, p = the internal pressure, d; = 
the initial internal diameter, and ¢ = the initial wall thickness. 

The radial stress c, is small and was assumed to be zero. Both 
the tangential and axial strains were measured by using an SR-4 
electric resistance-wire strain gage, since the plastic strains were 
of the order of magnitude of the elastic strains. The elastic 
values of the radial strains were determined by the use of Hooke’s 
law and the plastic strains were calculated by considering that 
the volume remains constant as assumed in the theories of plas- 
ticity. Nominal stresses and strains were calculated based upon 
the initial dimensions and the original gage length since the plastic 
strains produced were relatively small. 

Based upon the simple stress-strain relations reported in ref- 
erence (12), a loading path O-A-B-C-O, as shown in Fig. 2, was 
selected for determining the proportional limits in the axial and 
tangential directions of the tubular specimens. Since the loading 
surface must be concave toward the origin, the paths A-B and 
B-C must be either on or within the yielding surface. To deter- 
mine the proportional limits four tests were conducted at different 
stress levels. In Table 1, the plastic strains produced during the 


TABLE 1 PLASTIC STRAINS PRODUCED ALONG LOADING 


PATH O-A-B-O IN FIG. 2 


-—Stress component,—. ——Plastic-strain component 
psi 10~* in/in 
Axial, Tangential, Axial, Tangential 
a ot ea” et” 


40000 40000 0.18 2 
39000 35000 0.19 0.3% 
36000 32000 0 0 
34000 30000 0 0 


loading path O-A-B-O are given. The proportional limits were 
found to be 34,000 psi in the axial direction, and 30,000 psi in the 
tangential direction. Using these values of stresses, the loading 
paths for the following tests were computed. 

To check the validity of the distortion-energy criterion, a test 
was conducted by subjecting a specimen to biaxial tension along 
the loading path 0-1-2 19-20-0 as shown in Fig. 3. If the 
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distortion-energy criterion is the correct yielding surface, no 
plastic deformation should be produced during this loading. In 
Fig. 4, the nominal stress-strain relations for the distortion energy- 
criterion tests are shown. Based on the stress-strain data using 
the loading paths 0-1 and 20-0, the elastic constants for both 
axial and tangential directions were determined; and the plastic 


strains were calculated by the equations 
e’ = ¢—¢%s [2 
ao a a a E, 


” , o 
mand man (ER 
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where ¢ is the total strain, ¢’ is the elastic-strain component, and 
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e” is the plastic-strain component; Z is the modulus of elasticity 
and yu is Poisson’s ratio. The subscripts a and ¢ indicate the axial 
and tangential direction, respectively. The variations of the 
plastic strains and the effective strain along the loading path 

19-20-0 are given in Fig. 5. As reported by previous 
investigations (8, 11), the test results did not agree with the 
distortion-energy criterion. In other words, the correct yielding 
surface must be inside the distortion-energy ellipse. 

Using test data on Alcoa 248-T obtained by Osgood (19), 
Drucker (20) claimed that the Prager criterion (as given by 
Equation [4] for biaxial stresses) gives the best agreement with 
test results. For anisotropic materials, Equation [4] can be re- 
duced to the dimensionless form of Equation [7], and represented 
graphically by the curve 1-2 21-22 in Fig. 6. Using the 
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loading path 0-1-2. . . 21-22-0, a test was conducted in order to 
verify the validity of the Prager criterion. In Fig. 7, the nominal 
stress-strain relations for Prager’s criterion are shown. The 
plastic strains were calculated by Equation [9]. The variation in 
the strains is represented by the plot in Fig. 8. 

In order to distinguish between the maximum-shear criterion 
and the Prager criterion, the same specimen, after stressing along 
the loading path 0-1 . . . 21-22-0, was reloaded by following a 
different loading path O-A-B-C-O. If the Prager criterion is cor- 
rect, plastic strains would be produced during the loading path 
from 1 to A, since the path 1-A is outside the yielding surface 
postulated by the Prager criterion. However, if the maximum- 
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shear criterion is correct, no plastic strains should be produced, 
since the yielding surface has been extended to A-B-C by the 
previous loading paths 4-5 ...8 and 14....19. The nominal 
stress-strain relations for this reloading process are shown in Fig. 
9; and the variation of the plastic strains is plotted in Fig. 10. 
Although a small amount of plastic strain was produced along the 
loading path 1-A, as shown by O-A in Fig. 10, the plastic strains 
produced along the path A-B was of the same order of magnitude 
as produced along the maximum-shear loading path as shown in 
Fig. 8. Therefore, the results are insufficient to distinguish be- 
tween Prager’s criterion and the maximum-shear criterion, since 
neither can be considered satisfactory. 
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CHANGE IN LoapiInNG FuncTION PRovIDED BY STRESSING 


When a strain-hardening material is subjected to combined 
stresses in the plastic range beyond yielding, the properties of the 
material are changed and the subsequent yield strengths for 
various states of combined stresses no longer are defined by the 
original yield loading function. The prediction of the new load- 
ing functions for various types of prestraining and strain histories 
will now be considered. 

Once a state of stress outside that defined by the initial yield load- 
ing function is reached and the stresses are removed, a new 
loading function will be required to define yielding for subsequent 
stressing of the material. Conceivably, there are three simple 
ways by which the loading function may change from its initial 
form tosome otherform. For two-dimensional stresses, these pos- 
sibilities are: (a) Isotropic expansion in loading function, Fig. 11 
(a), in which the loading function remains geometrically similar 
to the original loading function; (6) no change in the loading 
function except a shift in the origin, Fig. 11 (6). (The shift that 
takes place is such as to include the new state of stress); and (c) 
a loading function which includes the original relation with a 
modification to include the new state of stress by the formation 
of a so-called yield corner, Fig. 11 (c); that is, if in Fig. 11 (c), P 
represents the new state of stress, the new loading function to in- 
clude point P has a transition from the original loading function 
to point P along the tangents P-A and P-B. It is also con- 
ceivable that the new loading function may be a combination of 
the three suggested. 

To comply with the three types of changes in loading function 
outlined, the following material properties would be implied: 

For Type (a) Change in Loading Function. After an isotropic 
expansion of the loading function, an isotropic material would re- 
main isotropic, and an anisotropic material would remain aniso- 
tropic, 

For Type (b) Change in Loading Function. After a shifting of 
the loading function, an isotropic material would become aniso- 
tropic, and an anisotropic material would have a higher degree of 
anisotropy than before. However, the changes in properties in 
different directions would bear a definite geometrical relation to 
the loading path. 

For Type (c) Change in Loading Function. After the formation 
of a yield corner, an isotropic material would become anisotropic, 
although the material properties in certain directions may not be 
affected at all. Furthermore, an anisotropic material would have 
a higher degree of anisotropy than before, although the mechanical 
properties of the material in certain directions may retain their 
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initial anisotropy. However, the significant change is that the 
loading function having unique normals everywhere originally, no 
longer have unique normals at all points. 

In order to understand the process involved in changing of load 
functions, various experiments should be conducted. In this in- 
vestigation, only preliminary tests were conducted to dis- 
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tinguish the various types of change in loading functions as herein 
described. 

Considering a loading path O-A-B in Fig. 12, the loading func- 
tion by the distortion-energy criterion E-C-A-G-D-H will change 
to J-P-B-J, if isotropic expansion occurs; but it will become 
I'-P’-B-J' if shifting of the origin occurs. Similarly, the loading 
function by the maximum shear-stress criterion E-F-G-H will 
change to K-P-B-L-M if isotropic expansion occurs; but it will be- 
come K’-P’-B-L’'-M’ if shifting of the origin occurs. If the for- 
mation of the so-called yield corner occurs, the loading function 
by the distortion-energy criterion E-C-A-G-D-H will become 
E-C-B-D-H; and the loading surface by the maximum shear- 
stress criterion E-F-G-H will become E-B-H. 

After the stress state at point B is reached, the specimens were 
loaded further along either the loading paths B-P-K or B-N. 
Therefore, the validity of various loading criteria and the con- 
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firmation of the mode of change can be determined by investigat- 
ing the plastic behavior of the specimens along the loading paths 
B-P-K and B-N. 

First, consider the distortion-energy criterion as being valid. 
Then if isotropic expansion occurs, no plastic deformation will be 
produced along the loading paths B-P and B-N using the distor- 
tion-energy theory. If shifting of the origin of the loading 
function occurs, no plastic deformation will be produced along the 
loading paths B-P’ and B-Q based on the distortion energy 
theory. Moreover, if the formation of yield corner is correct, 
plastic deformation will be produced along both the loading paths 
B-K and B-N using the distortion-energy theory. . 
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For the isotropic expansion of loading function to be valid, 
then in Fig. 12, no plastic deformation will be produced along the 
loading paths B-K and B-N if the maximum shear-stress criterion 
is used. Also if the shifting of the origin of the loading function is 
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valid, no plastic strain will be produced along the loading paths 
B-K’ and B-R by the shear-stress theory. If the formation of the 
so-called yield corner is correct, plastic deformation will be pro- 
duced along both the loading paths B-K and B-N based on the 
maximum shear-stress criterion. 

To verify the foregoing statements two tests were conducted. 
In one test the specimen was loaded along the path O-A-B-P-K-O, 
and in the other test the specimen was loaded along the path 
O-A-B-N-O (Fig. 12). The nominal stress-strain relations for 
these tests are shown in Figs. 13 and 15, and the variations of the 
plastic deformations along the loading paths B-P-K and B-N are 
represented in Figs. 14 and 16. The test results in Figs. 14 and 
16, show that plastic deformation definitely developed during 
both the loading paths B-P-K and B-N. Therefore, only one 
conclusion can be reached; namely, the isotropic expansion of the 
loading function is not likely to occur during stressing in the 
plastic range. However, the test results also qualitatively support 
the concept of the formation of a yield corner during plastic 
deformation. 


CONCLUSION 


Biaxial variable stress-ratio test results on an aluminum alloy 
24S-T reported herein show that neither the distortion-energy, 
maximum-shear, nor Prager criterion is adequate as a loading func- 
tion even when these functions are modified for initial anisotropy 
of the material. Furthermore, the test results definitely disprove 
the isotropic expansion of loading function during plastic defor- 
mation. The test results support in a qualitative way the con- 
cept of the formation of the so-called yield corner during loading 
in the plastic range. 
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Axially Symmetric Flexural Vibrations 
of a Circular Disk 


By H. DERESIEWICZ? anv R. D. MINDLIN,* NEW YORK, N. Y. 


At high frequencies, the flexural vibrations of a plate are 
described very poorly by the classical (Lagrange) theory 
because of neglect of the influence of coupling with thick- 
ness-shear vibrations. The latter may be taken into ac- 
count by inclusion of rotatory inertia and shear-deforma- 
tion terms in the equations. The resulting frequency 
spectrum is given, in this paper, for the case of axially 
symmetric vibrations of a circular disk with free edges and 
is compared with the spectrum predicted by the classical 


theory. 
circular disk, of constant thickness, was first attacked by 
Poisson (1)* over a century ago. Basing his investigation 
on the classical (Lagrange) theory of plates, he obtained the lower 
frequencies of the axially symmetric flexural motions of such a 
disk with a traction-free boundary. 

It is well known that the classical theory satisfactorily predicts 
actual behavior only for the first few flexural modes of motion of a 
plate whose thickness is small in comparison with its other dimen- 
sions. For the higher flexural modes the influence of coupling 
with the thickness-shear mode of motion becomes increasingly 
important. Hence, the classical theory, in which this effect is 
not taken into account, ceases to yield reliable information (2). 
In particular, at the frequency of pure thickness-shear vibration 
of an infinite plate (i.e., displacement constant in direction and 
parallel to the plane of the plate) a drastic change occurs in the 
frequency spectrum of a finite plate (3, 4). 

The influence of coupling between flexure and shear is taken 
into account by inclusion of rotatory inertia and shear-deforma- 
tion terms in the equations. The resulting change in the fre- 
quency spectrum has been given previously for the case of a free- 
free beam (3) and a class of antisymmetric modes of motion of a 
circular disk (4). The present paper contains a discussion of the 
axially symmetric, flexural vibrations of a free disk, with empha- 
sis on behavior in the neighborhood of the thickness-shear fre- 
quency. ‘ihe spectrum obtained with consideration of the ef- 
fects of 1otato:, inertia and shear deformation is compared with 
that predicted by the classical theory. 


INTRODUCTION 


HE problem of free vibrations of a thin, isotropic, elastic, 
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PLaTE EquaTIONs 


If account is taken of rotatory inertia and shear deformation, 
the plate stress-displacement relations in polar co-ordinates, for 
the axially symmetric case,* become 


oy 
j 


or 
y+) 


My = D(» © + 
ann (v4 
M,, = Q% = 0 ) 


v 
+ - 


r 


M, = D( 





where D = Eh*/12(1 — v*), Z, pw, v, and h are Young’s modulus, 
the shear modulus, Poisson’s ratio, and the thickness, respectively, 
and x? = #?/12. The functions W and w are related to the radial 
and axial components of the displacement according to the ap- 
proximations 

aE ie : 


ue, the circumferential component of the displacement, is zero. 
The plate equations of motion,’ for the present problem, are 
OM, , M,—Me ph ary | 
or r 12 of? 
oe, , 2 o*w 
—~ 4 = me ph — 
or r ot? 


ur = z¥(r, t) 


2) 
uz ~ w(r, t) 


r 


where p is the density of the plate. 
If we now insert Equations [1] in [3] we obtain the plate dis- 


placement equations of motion. Omitting the time factor e’”', 
these become 
)y 


@ + ld 1 
dr? 


r? 


pp*h* 


12D 


rdr 


d? 


dr? 


d 


dr 


1 


‘yy +( 





+ ld 
rdr 
Equations [4] may be uncoupled by differentiating the second 
equation once and subtracting the result from the first one. 
This procedure yields an expression for W in terms of w, which, 
when inserted into the second of Equations [4], gives a single 


equation on w only 
d? 
i) (4 + 


(4 ld 


ee — + 
dr? r 
5 These are given, in the general case, by equations [3] of reference 


dr 
(4). j 
* For the general case, see equations [2] of reference (4). 


x7 


14 8) w = 0.... [5] 
rdr 
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4 ——EEaE 
5,?, 5,2 = ™ [R+S8 +4 V(R—S)? + 48-4] 
S = D/xtph, do = pp*h/D, R = h*/12 


The expression for ¥ in terms of w is given by 


2 
¥ = (Rt — $-1)4 £ E +** + (si + sy w 
d rdr 


r Ldr* 


SOLUTION oF EquaTIoNs or MoTion 


Equation [5] may be solved for w by noting that 


where w; and w, satisfy, respectively, the equations 


d? 
bib 2 _- 
(= + ) w; = 0, 


Hence, the shear displacement y is found to be 


w 


i 
y = (¢,—1)— + (a —D 
dr 


dwe 


dr 


oi, 2 = (by, 6,*)(R 5. — S-!)-? 


Both of Equations [8] are Bessel equations of zero order. In 
dealing with a solid disk, their appropriate solutions are 


w= ae 
We = AgJ (dar) 


where A;, Ae are arbitrary constants. 
For a plate with a traction-free edge, the boundary conditions 
are 


[10] 


M, =Q,=0 atr =a... 


where a is the radius of the plate. 
Inserting Equations [1], [9], and [10] in Equations [11], the 
boundary conditions become 


(o; — 1)[5:2a°Jo"(bra) + vb,aJ0'(51a)|A1 ] 
+ (os — 1)[8:%a°Ve"(xa) + vB:aJ'(50)]A2 = 0 } «- [12] 
Ao o'(b:a) + Asobeto'(b2a) = 0 
where primes indicate differentiation with respect to the argu- 
ment. 


FREQUENCY EquaTIon 


The secular equation, governing the frequency, is obtained by 
setting the determinant of Equations [12] equal to zero. The re- 
sulting equation may be written in the form 


g—6? ., 1 — gB? 
—— 4 oatenliien —(1— »)\(1 — 8) = O.. [1 
ci; lr; + itg ByT: — ( v)( 6?) = 0.. [13a] 


where 
8 = 52/5:, 
Tr, = Jo y)/JilY), 


y = 5a, g= R/S 


Tl, = Jo By)/Ji(By) 


It may be observed that g is a material constant, depending only 
on Poisson’s ratio, while the remaining functions in Equation 
[13a] depend on the frequency. 


Since 5, is real for all positive values of the frequency p, while 4, 
is real or imaginary, depending on whether p is greater or less 
than p = 2(u/p)'/*/h, 8 will be real or imaginary according as 
p 2p." For the range p < p, if we let 8 = if, the frequency 
equation may be transformed to the more convenient form 


g + B:? 
l+g 


1 + 98? 
a, + ——* BryG, — (1—»)(1 + 8) = 0 


13d 
l+g I 


where G, = Io(Bry)/Ii(Bry), and Ip(x), I:(x) are modified Bessel 
functions of the first kind. 

We may find an explicit formula for the frequency by means of 
the relation 8 = 6,/6, and the expressions for 5, and 5, which im- 
mediately follow Equation [5]. Thus 


p> p\ 
.. [14 
<p} _ 


p/p = [1 — B%1 + 9)*/g (1 + B*)*]~", 
p/p = [1 + BC + g)/o(1 — B41, 


In addition, from the relation y = 6,a, we find 


v(p/p)((1 + B*)/301 + g)J'4, p>p\ 
= ¥(p/p)\(1 — B:*)/3(1 + 9)", p<pf**’ 


d/h ‘ 
d/h 15} 
where d is the diameter of the disk. 

The complete solution of the problem is contained in Equa- 
tions [13], [14], and [15]. With the value of v specified for the 
material of the plate, a choice of 8 or 8; determines p/p by Equa- 
tions [14] and yields an infinite set of roots y of Equations [13]. 
For the chosen 8 or 8; each of these roots furnishes a ratio d/h 
through Equations [15], so that there results an infinite set of 
values of d/h corresponding to each value of p/p. 


FREQUENCY SpecrruM 


The resonant frequencies of axially symmetric flexural vibra- 
tions of a circular plate with free boundaries, as predicted by the 
present theory, are shown, for the range 0.80 S p/p S 1.12, in 
Fig. 1. The computations were made for g = 0.283, correspond- 
ing to vy = 0.312. These curves are characteristic of a frequency 
spectrum arising from the coupling of two infinite systems.* 
The first system consists of the flexural modes, whose frequency 
spectrum may be visualized as an extension, into the region 
p > p, of the curves in the region p < p. The second system is 
comprised of'the fundamental thickness-shear mode and its 
overtones. Their spectrum may be discerned as formed by the 
loci of the flat, nearly horizontal portions of the resonance curves 
in the region above the thickness-shear frequency. They are, 
clearly, asymptotic to this frequency. 


CompaRIsoN Witn CuiassicaL THEorY 


In order to observe the effect, on the resonant frequencies, of 
the coupling with thickness-shear motion, it is necessary to make 
a comparison with the corresponding frequency spectrum ob- 
tained from the classical theory, in which this effect is absent. 
Here, the relation between frequency and diameter to thickness 
ratio is,* in the present notation 

d/h = ¥(p/p)'/*(8/3r%(1 — v)]'/*.. [16] 
where the values of are given by the roots of the secular equa- 
tion? 


yiT: + G)—A1—v) = 0.. (17] 
7 — is the frequency of the first thickness-shear mode of an infinite 
plate. 
* See, for example, Fig. 1 of reference (3). 
* Reference (5), article 217, equations [1] and [4]. 
” Reference (5), article 219, equation [2]. 





JOURNAL OF APPLIED MECHANICS 





Fria, 1 


MARCH, 1955 


Frequency Spectrum or Ax1atty Symmetric VisraTions OF A Free, Circutar Disk, 


IntustTRaTinG Resutts or Courtine or Fiexure anp TaHickness SHEAR 


(d/h = ratio of diameter to thickness; p/} = ratio of resonant frequency to frequency of pure thickness-shear 
vibration of an infinite plate of thickness h; » = 0.312.) 


in which 

G, = Idy)/Ii(y) 
The resulting curves, for y = 0.312 (corresponding to g = 0.283), 
are shown in Fig. 2. 

The presence of the thickness-shear mode is represented, in the 
present theory, by the rotatory-inertia coefficient R and the 
shear-deformation coefficient S. (In the sequel, this theory is re- 
ferred to as RS and the classical theory asC.) It may be verified 
that the secular equation of RS (Equation [13]) degenerates 
to that of C (Equation (17]) for the limiting case R = S = 0 (so 
that 5,?, 5,2 = +65"). Hence the curves in Fig. 1, when extended 
down to p/p = 0, approach those of Fig. 2 asymptotically. The 
suppression of shear deformation in C serves as a constraint which 
raises the frequencies, in that theory, above those of RS. Asa 
result, for a given plate, RS reveals that there are many more 
resonances, in a given frequency range, than are predicted by C. 
For example, for d/h = 40, there are 25 resonances in the range 
0 < p/p < 1, whereas C predicts only 16. 

Furthermore, in designing a plate to resonate at a certain fre- 
quency, in its fundamental mode, one would be led to choose too 
large a plate on the basis of C. For example, for p/p = 0.05, 
the diameter would be in excess by 2.61 per cent. This discrep- 
ancy increases with the ratio of plate thickness to wave length of 
mode and, hence, with the order of the mode. For example, if 
the second mode of the plate is to vibrate at p/p = 0.05, the error 
in diameter chosen on the basis of C would be 2.86 per cent. 
The discrepancies are more pronounced at higher frequencies. 
Thus, the error in diameter of a plate designed, according to C, 
to resonate at p/p = 0.1, in the first mode, is 5.33 per cent and, 
in the second mode, 5.79 per cent. 

The most striking difference between the two theories occurs at 
frequencies above that of the fundamental thickness-shear mode, 
as may be seen from Figs. 1 and 2. 


YP 





Fie. 2 Frequency Spgcrrum or Ax1aLLty Srmmurric VIBRATIONS 
or a Free, Cracutar Disk AccorpiNne To THE CLassIcAL (LacRANGE) 
Taeory or Fiexvure oF Pirates (vy = 0.312) 
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The Effect of Elliptic Holes on the 
Bending of Thick Plates 


By P. M. NAGHDI,' ANN ARBOR, MICH. 


The effects of an elliptic hole on both plain bending and 
pure twist of an elastic plate are investigated by applica- 
tion of the recent theory for bending of plates due to E. 
Reissner, where the influence of shear deformation and 
transverse-normal stress is taken into account. The 
stress-concentration factors are given for both cases men- 
tioned. The solution, which is approximate in character, 
involves modified Mathieu functions of the second kind. 
In limiting cases, the results reduce exactly to the solution 
of corresponding problems with circular hole, as well as to 
the predictions of the classical theory of plates. 


INTRODUCTION 


v NHE recent extension and improvement of the classical 
(Poisson-Kirchhoff) theory of bending of thin elastic plates 
by E. Reissner* (1, 2, 3) has led to a theory which ac- 

counts for the effect of shear deformation and transverse-normal 

stress; Reissner’s theory was obtained by use of the principle of 
virtual work.* This theory subsequently was rederived from the 
general equations of elasticity by A. E. Green (6) who also indi- 
cated a series method for the three-dimensional solution of 
flexure of plates (7). An analogous theory to that of Reissner 
also has been developed by Mindlin (8) for flexural motion of 
elastic plates where the influence of rotary inertia and shear de- 
formation has been taken into account. 

In the absence of surface loading according to Reissner (2), the 
problem of bending of isotropic elastic plates is equivalent to 
establishing the deflection w of the plate which satisfies 


D(V'w) = ¢ 


and an associated stress function x given by 


where ¢ and W are conjugate harmonic functions, and y, is the 
solution of 


10 
vy — ¥i=0. oe [3] 


Ia Equations [1] and [3], V* is the two-dimensional Laplacian, h 


1 Professor of Engineering Mechanics, University of Michigan. 
Assoc. Mem. ASME, 

? Also see reference (4). Numbers in parentheses refer to the 
Bibliography at the end of the paper. 

2 See also reference (5) for the derivation of the basic equations 
of this theory by means of a new variational theorem. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Tae American Society or MecHanicaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, March 4, 1954. Paper No. 54—A-26. 


is the thickness of the plate, and D denotes the rigidity of the 
plate given by 
Eh 
12(1 — v?) 
where E and »v are Young's modulus and Poisson's ratio, respec- 
tively. 

It should be mentioned that, contrary to the classical theory 
where the existence of only two boundary conditions at each edge 
is necessary, the present theory requires the satisfaction of three 
boundary conditions at each edge of the plate.‘ 

Using appropriate solutions of Equations [1] and [3], Reissner 
(2) considered the effect of a circular hole in an infinite plate under 
the state of both plain bending and pure twist. The stress (stress 
couple) concentration factors as given by Reissner for the case 
of plain bending and experimental results (9) were in very good 
agreement. The corresponding solution for the case of a rigid 
circular inclusion in an infinite plate subjected to plain bending is 
given by Hirsch (10). More recently Reissner’s theory has been 
applied to problems of rectangular plates with variable load by 
Schafer (11) and to axially symmetric plates on elastic founda- 
tions by the present author and Rowley (12). 

In the present paper, using Reissner’s theory, the effect of an 
elliptic hole in an infinite plate in the state of both plain bending 
and pure twist is considered. The solution, which is approximate 
in character, involves modified Mathieu functions of the second 
kind. Stress-concentration factors are given for both cases men- 
tioned, and the solutions for limiting cases are discussed, 

In contrast to the present study, it should be mentioned that 
the influence of circular and elliptic holes on the bending of thin 
plates, using the classical theory, was investiga‘ed by Goodier 
(13) and the solutions to corresponding problems of the effect of 
circular and elliptic inclusions on the bending of plates have been 
given by Goland (14). It is noteworthy that the experimental re- 
sults for plates with circular holes have confirmed the predic- 
tions of the classical theory for only large values of hole-diameter- 
plate thickness ratios (15, 16, 17). 


Tue Basic Equations IN ORTHOGONAL CURVILINEAR 
Co-ORDINATES 


In order to render manageable the boundary conditions at the 
hole, it is necessary to introduce elliptic cylindrical co-ordinates. 
For this purpose, however, it is convenient to transform Reissner’s 
equations to orthogonal curvilinear co-ordinates and then to de- 
duce those for the elliptic co-ordinate system. We recall that a 
curvilinear co-ordinate system is defined by a transformation® 

z= 2(o%, a), y= y(a, G2), = s 
and the corresponding co-ordinate surfaces a, a = const, which 
are mutually orthogonal provided 


4 For axisymmetrical problems, there are two boundary conditions 
at each edge, although they are not the same as those appropriate for 
the classical theory. In this connection, see reference (12). 

* For an exposition of curvilinear co-ordinates, see reference (18), 
articles 19-22C. 
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[5] 
The differential arc length is given by 


(ds)? = =, da;? + = da? a dz? 
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1 (2 a ( 
h? oa; da, 


Reissner’s Equations [I] to [IV], as given in reference (2), 
upon transformation to curvilinear cylindrical co-ordinates, read 


as follows 
ra) V; re) 
hihe | — { — — 
‘ [2(z ) +2 ( 
h? ov; 1 
wee FS oe: 
we — 8a (2 


O*w 
wd old nie Sone 
p{{as2 


O*w 
2——_ +h 
+ »| das? + 


«)] 
)}+ 


re) 
+ AyhaV2 — 101 — »)? 


0a, 


ofl vh? 
uF) sak) }+ ata 


2 re) ow hi? o ow 
-—p {fre + he Ma ess _ Me oe 


Oa dar he Da, Jay, 
O*w oh; 
+ v| h? —— +h 
E oa,? 


Ow he Oh, Ow 
1 hy Oa 2 Tt 

he | he O 5 hy 2 n 

10 ki da, eM) + kites (heV o| 


* da, da; 
yin « 


Oh, Ow 


y Oh, Ow 
Oa 00; 


O*w 
t hs : Oa; OMe 





Fie. 1) Exvuiptic Co-Orpinate System 


where M,, Mz, M.. denote the stress couples, V; and V2 are the 
shear-stress resultants, and p is the surface load at z = h/2. 
The elliptic co-ordinates shown in Fig. 1 are defined by 
z+ iy =ccoshp; p=i+in (i = V—1) 
Hence 


z = ccosh £ cos 9, y = c sinh £ sin 


*In Equations [8] to [11] subscripts 1 and 2 refer to directions a 
and a, respectively. 


and 
57. 
h* = h,? 
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= J? = 3 (cosh 2 — cos 27) 


In accordance with the Transformations [12] and [13], and in 
the absence of the surface load p, Equations [8] to [11] in elliptic 


co-ordinates reduce in order to 
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Following Reissner, introduction of a stress function x into 


Equation [14] yields 
1 ox 


yee, vie 
Sa ” 


1 ox 


Tue . [18] 


Substituting these results into Equations [15], [16], [17], we 


obtain 
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GENERAL SOLUTION IN Euurpric Co-OrpINATES 
Writing Equation [1] as 
D(V*w) = Ao + BoE + Con 
. as sin nn 
>} t Bue cos nN 


n=1 


[22] 


where the right-hand side is harmonic in elliptic co-ordinates, then 
its conjugate is 


¥ = Bon — Cok + > {Aen + Bae 


n=1 


cos n7 [23] 


—sin nn 


Integration of the differential Equation [22], suitable for our 
present purposes, results in 


Dw = E, + Fit + Agcosh 2E + cos 2n) 


# ‘ 08 1) 


=1 
sin(n — 1) 
cos (n — 1)y 


r- | 7 4 
af A,e~ (mn+IE 4 Bet | f (24) 


or 


sin (n + 1) 
cos(n + 1) 








A,e~ (n—1)€ 4. B,e®~ ve 


a=] 
where the barred constants are related to the unbarred constants 


as follows 


c ‘ ce 
a Oe B= — Bz 
“cer 16 


c 
— A, A, = 
16 0; 1 


c? 4 c 
= in ~~ 4h ti); oe =~. Bor _— Bus ; 
l6n (Ana i), B len (Bra 1) 


(n 22) 





E, = cE,, 


n 


F,, _ ors (n 2 0) 


Solution of the differential Equation [3] in elliptic co-ordinates 
may be written as follows’ 


vi = > G,, Fek,,(&, —gq)ce,(n, = -q) 


n=0 


+ 2: H,, Gek,(€, —q)se,(7, —g); q = 


n=l 


where ce, and se, are Mathieu functions of the first kind, and Fek, 
and Gek, are modified Mathieu functions of the second kind. The 
behavior of these functions is such that as y — 0, cen and sen, by 
virtue of their periodicity in 7, 27, reduce to cos ny and sin n7; 
while Fek, and Gek, become proportional to Bessel functions or 
modified Bessel functions (depending on whether q is positive or 
negative) as £ tends to infinity. Furthermore, for small values of 
£, the function Fek, remains finite, while Gek, becomes infinite. 


Piain BENDING AND PurE Twist OF AN INFINITE PLaTe WirH 
AN Exuiptic Hote 


Let us consider plain bending of an infinite plate with an elliptic 
hole. As will be seen later, the results for the case of pure twist 
may be deduced directly from those of plain bending. 

For the case of plain bending, the boundary conditions are 

M, = M,or0, M,, = 0, V, =Oatz = +... .[27a,b,c] 
M, = Oor Mo, M,, = 0, Vy =Oaty = +o [28a, b, c] 


7 Reference (19), chapter 9 and Appendix III. 


depending on whether the uniform stress couple M, at infinity is 
applied about the y or z-axis, respectively. Also 


M; = Me, = Ve = Oat & = £.. [29a, b, c] 


The Boundary Conditions [27] and [28] in elliptic co-ordinates 
may be written as 


1 
M; = 5 Mal + T' cos 2n) [30a] 


‘ 


I 
2 M, sin 2n. [305] 


Mey © 


[30c] 


where I’ = +1, depending on whether Mis applied about the y or 
z-axis, respectively. 

The conditions at infinity, as well as the existing solution of the 
classical theory (13), suggest the following form for Dw 


Dw = E, + Foé + Ag (cosh 2E + cos 2n) 
+ (E,e~7§ + Fye**) cos 2n 


e ° 
= Aile~** + cos 2n) [31] 


16 
Although by Equation [2], x is a linear combination of Equa- 
tions [23] and [26], in view of the boundary conditions at the hole 
(& = &), the form of y; given by Equation [26] is not suitable in 
the present problem. Instead, we write 


Gek2( é, q ) 
Geko £, q) 


x = C%(q) se(n, —q) + Ase~** sin 2. . [32] 
To determine the coefficient C‘(q), we proceed as follows: 


From the condition [V¢]e=g = 0, we have 


C® see'(n, 
C® sen, 


q) = 


2A. 2® cos 27 
q) = 


A,e~?® sin 27 [33] 


where prime denotes derivative, and £ refers to the boundary of 
the hole. By orthogonality property of se, and its derivative,* we 


have 

on - 2 
2) f, [se2’(n, —q)]*dn = —-2Aye™ 2h . se,'(n, —q) cos 2ndn 
Substituting 


~~ cal 
D> (1B ssa sin (2r + 2) 


r=0 


se(, —@) = 


into the last equation and making use of the first of Equations 
[33], there results 


4A, — ato 2), 
: 4Aze—* Bi, [34] 
> (2r + 2)? [B‘ 2,42]? 


r=0 


where Bs. are the Fourier coefficients in the expansion of 
se2(, —q) in sin (2r + 2). 

After some lengthy calculations, we obtain the following expres- 
sions® for the stress-couples and the shear resultant V, 


’ Reference (19), §2.18 and §2.19. 


Geks'(, —9) in Equations [35] is abbreviated as 
Geko(&. —q) 


Geks ‘ 


* The ratio Gek>. 





4 i—Zp 1 1—~p Substituting the foregoing expressions in the Boundary Con- 
— JiM A —-g~3t h 2 Lisidaae alll rer ° ° 
a = )42 oor 2° cosh 2§ + 2 sinh 2£ ditions [29] and [30], the following expressions for the constants 
in Equation [31] are obtained 
a qa — v)( E,e~2# + Fie?) 


__ Bht oe ( Geta) = 6 
be? a 


a (1 —v) F, sinh 2§ + Ao(l + v) roi zama) 
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+ 3 (1 — v) E,e~7€ (sinh 2 + 2 cosh 2£) A; = a [as ) Pee sinh 2& — — 





Apo sinh 26 | . [36¢] 
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+p semimajor and semiminor axes of the boundary — = §&)), re- 
spectively, we obtain from Equations [35] and [36] the following 
expressions for /, on the boundary of the hole 
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This expression has its greatest value at 7 = 7/2 when T' = 1. 
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Similarly, by Equations [35] and [36], 
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where kir = q’/*ef. 

With reference to Equations [38] and [42], we note that as 
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which has its maximum value at 7 = w/4, when" = 1. Thus 
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Having the results for the case of plain bending, the stress- 

concentration factor ky for the case of infinite piate with an 

elliptic hole subjected to uniform twisting couple J.» at infinity 

may be deduced as follows: Since the stresses and displacements 

in the state of pure twist may be expressed by suitable super- 

positior. of plain positive bending about the y-axis and a plain 
negative bending about the z-axis, it follows that 
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The maximum value of V ,(£)/(M./a) for the case of pure twist 
occurs also at 7 = 7/4 and is given by 





Gek,’ 
—4vV/2 i ci") 


1) EPP Gek;’ ms 
: (1+ (1 + B) (2 ali Gek, “)] 


So.uTion in Limiting Cases—NuMERICAL EXampLe 
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When a confocal ellipse of semimajor axis r tends to a circle 
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and K, is modified Bessel function of the second kind. Thus 


Expressions [38] and [42] for 8 = 1 reduce te 


E 4 —— 21 + Km) | 
(1 + »)Kx(u) + 2Ko(u) }’ 
mn Mi+v)Ki{u) 
(1 + v)Keo(u) + 2Kol(p) 


which are the same as those given previously by Reissner (2). 
Similarly, the Expressions [40] and [43] for the shear resultant 
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Lo F)]_ le 2] 
Ra ee. a Sake. 
M,/a 


1 
Mo/a 2 


10 


a2 (Kel) — Kalu)] 


"(1 + »)Kau) + 2Kau) 
Also, as a — 0, Equations [38] and [42] yield, respectively 
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which are identical with the predictions of the classical theory 
(13). 

As the recurrence relations for modified Mathieu functions of 
the second kind are not available in the literature, the results for 
small values of a/h, i.e., as a—> ©, may not be obtained from the 
form of Equations [38] and [42]. However, since for the case 
8 = 1, the stress-concentration factors in the limit of vanishing 
hole radius to plate thickness (a/h), as given in (2), were equal to 
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stress-concentration factors in plane stress, one would suspect 
that as a/h — 0, Equations [38] and [42] become (1 + 2/8) and 
(1 + 8)*/8, respectively. 

Figs. 2 and 3 show a plot of the stress concentration and 


M,/a 
cases, 8 = b/a is taken as */, and Poisson’s ratio is assumed to 
be */3. 


for both plain bending and pure twist. In both 
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Also indicated in Fig. 2 are the predictions of the classical 
theory. In computing the quantity 


Geks’(, — q) 
Geko( £0, —q) 


the series representation involving product of Bessel functions" 
was used, since this representation converges rapidly. It was ob- 
served by Reissner that for the case 8 = 1, the maximum shear re- 
sultant V, in pure twist is only twice as much as the corresponding 
quantity in plain bending. A glance at Fig. 3 reveals that for 8 
< 1, this deviation vetween the two increases further, as might be 
expected. It is also interesting to note that the values of the 
stress-concentration factors in Fig. 2 are smaller (for the range of 
a/h plotted) than the corresponding quantities for 8 = 1. 


CONCLUSION 


The solution given here is approximate in the sense that Equa- 
tions [33] are not exactly fulfilled, as may be seen from the series 
expansion of se:(7, —q). For an exact solution of the prob- 
lem, the function x, given by Equation [2], must include the en- 


1! Reference 19, §8.30. 


MARCH, 1955 


tire second sum in Equation [26], and this becomes progressively 
more important as the elliptic hole becomes more slender. 

Finally, it may be mentioned that the results given here can be 
used to obtain the solution of the corresponding stress-concentra- 
tion problem of an elliptic inclusion. 
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/ 
A Refinement of the Theory of Buckling of 
Rings Under Uniform Pressure 


By A. P. BORESI,' URBANA, ILL. 


A general! variational theory of elastic stability that was 
originated by E. Trefftz (1)? is applied to the problem of 
buckling of rings of rectangular cross section subjected to 
uniform external pressure. The theory is believed to be 
more rigorous than previous treatments of the problem, 
since it avoids conventional assumptions of curved-beam 
theory, such as the assumptions that plane sections re- 
main plane and that radial stresses vanish. The classical 
result of Levy (2) is confirmed for a ring of infinitesimal 
thickness. New results are obtained which show the 
effect of the finite thickness of a ring on the coefficients in 
the buckling formula. 


INTRODUCTION 


ECENT refinements in the theory of cylindrical shells that 
R were instituted by Epstein (3) and elaborated by Kennard 

(4) cast doubts on the validity of the usual assumption 
that normals to the middle surface of a shell remain straight and 
normal during deformation of the shell. These doubts are par- 
ticularly pertinent for buckling problems, since the solutions of 
these problems prove to be extremely sensitive to approximations. 

It is possible to free the theory of buckling from arbitrary 
physical assumptions, such as the assumptions that are com- 
monly used in the theories of beams, plates, and shells, for an exact 
analytical theory of elastic stability was developed by E. Trefftz 
(1) in 1933. Surprisingly, this theory has received very little 
attention. In 1943 C. Lanczos, being unaware of Trefftz’s work, 
developed the theory independently and applied it to the prob- 
lem of buckling of cylindrical shells under axial compression, but 
his work was not published. Recently, Langhaar (5), being 
motivated by Lanczos’ work, applied Trefftz’s theory to the 
problem of torsional-flexural buckling of columns. 

In the present paper Trefftz’s theory is applied to the prob- 
lem of buckling of rings of rectangular cross section under the 
action of uniform external pressure. Stevens (6) recently demon- 
strated that the buckling load of a ring is affected significantly if 
the external forces remain directed toward the original center of 
the ring instead of remaining normal to the surface of the ring 
when buckling occurs. Both types of loading (central loading 
and normal loading) are investigated in the present work. The 
results do not agree with Stevens’ value of the buckling pressure, 
for central loading, but the discrepancy has been traced to an 
unfortunate error in sign in Stevens’ analysis. 

The ring under consideration is referred to cylindrical co- 
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ordinates (r, 8, z). The plane-stress assumption (o, = T,, = T9, 
= 0) is used. Also, the radial and circumferential displacements 
(u, v) are assumed to be independent of z. Actually, neither of 
these assumptions is justified rigorously, unless y = 0. Slight de- 
partures from plane stress and slight anticlastic deformations of 
the curved surfaces (denoting dependence of the displacements on 
z) are known to occur in the bending of curved beams. For a wide 
ring, the anticlastic deformations probably are confined princi- 
pally to strips near the edges, and our assumptions may then be 
expected to be fulfilled approximately. For a narrow ring, the 
anticlastic deformations alleviate the effect of Poisson’s ratio, 
and the buckling pressure is determined approximately by the 
solution for the case »y = 0, irrespective of the value of y. Analo- 
gously, the flexural] stiffness of a flat plate that is subjected to 
cylindrical bending is increased by the factor 1/(1 — v*), whereas 
this factor does not appear in beam theory because of anticlastic 
deformations. 

The method that is employed in the present study establishes 
upper and lower bounds that bracket the coefficient K in the 
buckling formula (per = KEI/ro*) closely, and that actually 
coincide if the thickness of the ring approaches zero. Aside from 
the assumptions mentioned in the preceding paragraph, no ap- 
proximations are used to establish these bounds, other than the 
neglecting of second-degree terms in the initial radial displace- 
ment &£ (i.e., the displacement before buckling oecurs) in the ex- 
pressions for the strain components. Quadratic terms in £ pre- 
sumably are negligible since previous theories neglect even the 
variation of — through the thickness of the ring. Consequently, 
the results obtained are believed to be accurate for the case 
vy = 0. A positive value of Poisson’s ratio actually provides a 
slight stabilizing effect. The magnitude of this effect may be 
estimated on the basis of the preceding argument concerning the 
influence of v. 


Résumé or Trerrrz’s THEORY 


Although the general theory, upon which the analysis of this 
paper is based, was implied in the works of Lagrange (7), and 
later in the works of Poincaré (8), it was first developed with 
specific reference to elastic stability by E. Trefftz. A brief sum- 
mary of this theory is given here. 

A stationary conservative mechanical system is in stable equi- 
librium if, and only if, its total potential energy V has a relative 
minimum; hence AV > 0 for any small virtual displacement of 
the system that is consistent with the constraints. For an elas- 
tic system, V = U + Q, where U is the strain energy, and 0 is 
the potential energy of the external forces. Consequently, AV 
= AU + AQ Fora system with linear elasticity 


1 l 1 
U =$U 2U —~ 6° ‘U 
A +5, +38 +74 


where 6"U (the nth variation of U) is the volume integral of a 
homogeneous polynomial of nth degree in the components of the 
virtual displacement vector and its first derivatives. 

Similarly, for the change in potential energy of the external 


loads 


1 
AQ = 02 + 5, Pa + vr 





Accordingly, the virtual increment of total potential energy is 
AV = SU +824 OU +904... 


By the principle of virtual work, 5U + 62 = 0 for any equilib- 
rium configuration. Accordingly, if the virtual displacements 
are small, the sign of AV is controlled by the sign of 6#U + 62. 
Therefore equilibrium is stable if, and only if, ®U + 62 > 0 for 
all virtual displacements. Equilibrium becomes unstable if 
6*°U + 6°22 can take negative values for certain virtual displace- 
ments. In other words, buckling occurs when 6*U + 6?Q changes 
from positive definite character to indefinite character. Thus the 
question of stability resolves into a mathematical study of 6*?U + 
62. 

For a ring subjected to small external pressure p, 6?U + 6°22 
is positive definite, but for large p, 6°?U + 6*Q is indefinite. It is 
desired to find the pressure at which the change from positive 
definite character to indefinite character occurs. This pressure is 
the buckling pressure per. 

Unfortunately, there seems to be no exact way to treat this 
mathematical problem. However, an upper bound for the 
buckling pressure may be obtained by letting the virtual dis- 
placements be prescribed functions that are judged to conform 
closely to the actual deformations that occur at buckling. Fur- 
thermore, a lower bound for the buckling pressure is obtained, if 
we perform an exact mathematical analysis of the problem using 
a simplified approximation of 6*V obtained by discarding or re- 
ducing certain terms in 6?V that are essentially positive. 


Srconp VARIATION oF STRAIN ENERGY 


In an exact theory of buckling it is necessary to retain quad- 
ratic terms in the strain tensor. For rectangular co-ordinates the 
exact expression for the strain components are given by Love (9). 
However, in ring problems the use of polar co-ordinates is ad- 
vantageous. The exact expressions for the strain components in 
polar co-ordinates may be obtained from the equivalent expres- 
sions in rectangular co-ordinates by a tensor transformation. 
Thus the expressions for the strain components in polar co- 
ordinates are 


1 1 
= =~ a ae | 
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where (£, 7) are the displacement components in the r, 6 direc- 
tions, respectively, and the r, @ subscripts on £, 7 denote partial 
derivatives. 

Let (£, 7) be the displacement vector that defines the given 
equilibrium configuration. Let (u, v) be the incremental virtual 
displacement vector. Then the total displacement vector is 
(E + u, 7 + v), Fig. 1. Substituting the total displacement vec- 
tor (£ + u, 7 + v) into Equations [1], we obtain the following ex- 
pressions for the strain components (since n = 0, Ey = 0) 
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where Ae,, Aes, Ay,¢ are the incremental strains due to the virtua! 
displacement vector (u, v). 


It is convenient to write 


Ae, = be, + oe, 


Aeg = beg + = Be 


i 
Aye = Oyr8 + 2 6*7,0 


where de,, dg, 5y,¢ are linear forms in (u, v) and their derivatives. 
and 6%¢,, 5%, 5%y,9 are quadratic forms in the same variables. 
By Equations [2] 
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a -¢2 
= & + F g, 
de, = u,(1 + &.) 
6, = u,? + 9,2 
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5°, = 2u, ("* — 
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We assume that ¢, = T,, = To, = 0, and that the radial and cir- 
rumferential displacements are independent of z (see Introduc- 
tion). Then the strain energy of a ring of inner radius a, outer 
radius b, and width L is 

EL 
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where E and v are Young’s modulus and Poisson’s ratio, respec- 


tively. Substitution of «, + Ae,, €g + Aes, and y,9 + Avy, for 
€,, €9, and Y,¢ yields 
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Now, AU = 6U + (1/2!)69?U +. .., where 6U is the integral 
of a linear form in (u, v) and their derivatives, 6°U is the inte- 
gral of a quadratic form in (u, v) and their derivatives, and so on. 

Consequently 
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Substituting Equations [4] into Equation [5] and neglecting 
quadratic terms in £ and £/r as compared to unity, we get 


#U = asf fC hw 
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It is worth noting that if quadratic terms in Equations [2] 
are neglected, 6*U (Equation [6]) is always positive definite. 
Hence, if 6°Q2 = 0, 5*V = 68U >0. Accordingly, the phenomenon 
of buckling, in general, does not lie within the scope of linear 
theory of elasticity. 

The displacement component £ is obtained from the elastic 
theory of thick-walled cylinders (10). The radial displacement of 
a point at the distance r from the center of the ring is 
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E(b? — a?) 


Pe, P; are external and internal pressures, respectively. 
For p; = 0, let p, = p. Then 
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with k= -(a/b)?... 


Substitution of Equation [7] into Equation [6] gives (witha = 
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VARIATION OF PoTEeNTIAL ENERGY oF EXTERNAL 


PRESSURE 


SEconpD 


(a) Normally Directed Pressure. If the ring is loaded normally 
(e.g., by hydrostatic pressure), the virtual work of the external 
forces is AQ = pL AA, where AA is the change of the area en- 
closed by the outer circle r = b due to the virtual displacements 
(u, v). 

Since AQ = 62 + 1/2162) + and AA = 6A + 
1/2(6*A) + ...., the second variation of the potential energy 
of the external load is 6°22 = pL 68A. The term 6A is most 
conveniently determined with the aid of rectangular co-ordinates 
(z, y), Fig. 2. 

Y 








Fie. 2 Virtua, DispLaceMEeNTs (u, v) ATT = b 


In terms of the virtual displacements (u, v), the (z, y)-com- 
ponents of displacement are 


u’ = ucos 6 —vsin 6 


, 


v’ = usin 6 + v cos 6 


where (u, v) are evaluated for r = b. 

The original (z, y)-co-ordinates of the particle under considera- 
tion are z» = 6 cos 6, yw = b sin 0. After the virtual displace- 
ments (u, v), the particle is located at z = x» + u’, y = yo +0’ or 

z = bcos 6 + u cos 0 —v sin 6 
y = bsin 0 + usin 0 + v cos 8.... [10] 


Evaluation of the line integral $x dy around the ring yields 
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Substituting Equations [10] into Equation [11] and retaining 
only the quadratic terms in (u,v) and their derivatives, we obtain 


2 
562A -2f (u cos 6 —v sin 0 + ug sin 6 + v9 cos 8) 
(u cos 8 — v sin 0)d0 


Accordingly, for normally directed loading, the second variation 
of the potential energy of the external load is 


‘2n 
eQ = ap ff (u cos 06 — v sin 0 + ug sin 8 + ve cos 6) 
(u cos 6 — v sin @)d@. . . [12] 


where u and v have the values corresponding tor = b. 

(b) Centrally Directed Pressure. Conceivably, the mechanism 
of loading may be such that the loads are always directed toward 
the center of the ring (see Introduction for description of central 
loading). For this type loading, the second variation of the 
potential energy of the external load may be obtained from the 
work performed in moving the load from its origina] position to 
its position after virtual displacement (u, v). This work is equal 
to the change in potential energy of the external load. 

When the virtual displacements (u, v) are imposed, the radius 
b undergoes the change Ab. Hence the change in potential 
energy of the external load is 


AQ = pLb f ot Ab d0 


But (6 + Ab)? = (b + u)? + v*%. Solving for Ab and neglecting 
third-order terms in (u, v), we get 


Substitution of Equation [14] into Equation [13] yields 


1 2n L 2n 
ao = in+hoa= psf waa Hf vid0 
2! 0 2 Jo 


Therefore 


where v has the value corresponding to r = b. 
Seconp VARIATION oF ToTaL PoTenTIAL ENERGY 


The sum of the second variation of the strain energy and the 
second variation of the potential energy of the external loads is 
the second variation of the total potential energy. In general, 
then 5*°V = 6°U + 6*Q2, where 6°U is given by Equation [9] and 
6*Q is given by Equations [12] and [15] for normally and centrally 
directed pressures, respectively. The stability criterion, in all 
cases, is that 6°V be positive definite for all virtual displacements 
(u, v), excepting rigid-body displacements. 


DisPLACEMENT FUNCTIONS AND CORRESPONDING EXPRESSIONS 
For Seconp VARIATIONS 
The virtual displacement components (u, v) must have period 
2x in 6. Consequently, they may be represented by uniformly 
convergent Fourier series in 8, in which the coefficients are func- 
tions of r, i.e. 


1 — ; 
u =3ut >> (a, cos nO + ¢, sin nd) 


n=1 


1 - ; 
es dy + >> (b, sin nd — d, cos n8) 


n=1 
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To preclude a translation and a rotation of the ring, respec- 
tively, we set 
qQa=cCQ= 0 


Substitution of Equations [16] into Equations [9], [12], and 
[15] and integration with respect to @ yields the second variation 
of the potential energy in the form 


(17) 


ao 


eV =) (A, + B,). 


a=0 


[18] 


where A,, is an integral (with respect to r) of a quadratic form in 
(a,, 6,) and their first derivatives, and B,, is an integral (with 
respect to r) of a quadratic form in (c,, d,,) and their first deriva- 
tives. 

Since A, and B,, contain only terms of order n in (a,, b,, ¢,, d,), 
a necessary and sufficient condition that 6*V be positive definite 
is that each term in the series (Equation [18]) be positive definite. 
The terms of order 0 and | are found to be irrelevant since they 
are positive definite in the significant range of P. Forn > 1, the 
terms A, and B, are identical, except that the independent func- 
tions in A, are (a,, b,,), whereas the independent functions in B, 
are (c,, d,). Consequently, a necessary and sufficient condition 
that A, + B, be positive definite is that A, alone be positive 
definite. The fundamental mode of buckling corresponds to Ao. 
This is a mode in which the ring assumes a doubly symmetrical! 
oval form. In this case we obtain for the second variation of the 


strain energy (where a. = f(r), be = g(r) and all other coefficients 
are disregarded ) 


rEL ? 
er {1 —P(3 + v) 
1 


&U = 


P(3 — v1 +¥)]_., (?>- >) te 
arr e: Jon + . aP ) (g’) 


atl 2 
+ C3 _ 2”) (# ro ") + E — P(3 + v) 
r 


_~ 87 + 4 (! + ar + 21 — 2P) (2 ae 


r1 — v) 
a ah ap)(* tH) te dr. . [19] 


r 
Note that the coefficients are linear functions of P and rational 
functions of r. The integrand in Equation [19] is a quadratic 
form in f, g, f’, g’ that is positive definite for P < 0. 

Let f(b) = a, g(b) = B; then the second variation of the po- 
tential energy of the external loads (Equations [12] and [15]) is 
as follows: 

For normal loading 

&Q = rplia? + 4a8 + B)........ 

For central loading 

&Q = rpLp 


In all cases, the second variation of the potential energy is 


ay = 7EE wn pp) + 50 
1— vp? 


where 


> 2 

N= f [or + : (1—vXg’)? + - (1 — n(* + 
1 2 2 r 

+ (ED one (C2) — co (8) re 


[22] 
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ad) 
1 (3 — v\(1 ma) 
D-= < « ao . , . « , 
| 3+y¥ 1 — >) (f’)? + 2g’)? 
+2( (2/2 J +[a+e (3 —v)\(1 ad ead 
r?(1— pv) r 
+ 4yf’ (2+?) — a no’ (™ we a 
r 


= (kKEP)/(1 ) where k = 1 — (1/6?) 
after canceling the irrelevant term rEL/ 


.. [23] 


From Equation [8], p 
(witha = 1). Hence, 
(1 — v?), we obtain 


BV = N—PD + 


(1 + v)kP(a? + 4a@8 + 8?) normal ws 


(1 + »)kPB? central loading} ° "~ [24] 


The integral D is positive definite since the integrand is a posi- 
tive definite quadratic function of f, g, f’, g’. The integral N can- 
not take negative values since the minimum value of the inte- 
grand for arbitrary values of f, g, f’, g’ is zero. Hence there exists 
a constant P.r > 0, such that 6*V is positive definite for P < Per, 
and indefinite for P > Pa. For P = Per, 6*V is positive semi- 
definite; i.e., for certain nonzero functions (f, g), 6*V vanishes, 
but there are no functions (f, g) for which 6°V is negative. P., de- 


2kb? — P| (6 + 2y)kb? + 


af 


l 
p(s 5 oh SCRE 
(l—p 


(12 - 4y\(1 > v) 
—yp 


+ v) a (11 — 5v)(1 
" 2) | m- - F «a +v)m+ 1 —») 


(12— 4y)(1 
1—vp 


+ ?m |tas 
+ la 


b(1 -— v) 


—- 5»\(1 +») 
P| (3 rage TN (il - 5y\(1 +» k |e 


eV = 12hs* ss P| (6 + 2v)kb? + 


(3 — v1 

- 12h} 1 -P[¢ +yv) + — ( 
+ o¢m- 
‘a 6&1 —» 

28) 


where m = logeb. 
Equation [28] may be written in the form 


&V = a,,A? + 2a,AB + anB?* 


where a, is the coefficient of A* in Equation [28], and so on. By 
the theory of quadratic forms, 5*V is positive definite if, and only 
if 

ai a2! 


ay, > 0, i> 0 (30} 


\die ag 


The ring buckles if either of the conditions of Equation [30] is 
violated for any positive value of P. Ordinarily, a, is positive. 
Hence an upper bound P” of Per for normally directed pressure is 
the smallest root of the determinantal equation 


( (3 —v\1 + v) )] 
m {12h} 1 P({(3 +4 + =e 
(1—v)b 
|= 
5y (1 + ¥) 


a 


[31] 


Similarly, for centrally directed pressure, an upper bound P” is 


the smallest root of 


| 
| 2kb? — P| + 2y)kb? + 


8 + 6v — 2y? 


2n| 3 — p(s +24 (1 
termines the value per of the external pressure p (see Equation 
(8}). 

If f and g are linear combinations of specified functions, 6°V 
reduces to a quadratic form in the coefficients. An upper bound 
for Per is the value P” for which this quadratic form becomes in- 
definite. 

Approximations to (u, v) may be obtained with the aid of the 
assumption that the ring buckles without shear. By Equation 
{21 ] this condition is approximated by 


use 
v, + 


r 


Since u = f(r) cos 20, v = g(r) sin 20, Equation [25] becomes 


2f+q9 


r 


. [26] 


A simple solution of Equation [26] is 


f =B, g = Ar—2B.......... . [27] 


where A and B are constants. Adopting these functions for (f, g) 
we obtain an upper bound for Per. 

Substitution of Equation [27] into Equation [24] yields, for 
normally directed pressure 


(12 — 4yX(1 + ») 
(1 — pv) 


| o4m—Pl a + v)m + 


6y — 2y*\ || 
m | 2h res Ge) 

(1 — vb 9 
ete elt 


Upper Bounp ror Liuirine Case h — 0 


18(1 


The buckling formula for rings is usually written in the form 


Pe = KerEI /ro* 


where rp) = (a + b)/2,] = h3/12, andh = b—a. Ifa = 1, these 
equations yield 
a 3(b + 1)* Per 
Ke = 22 h : 


Consequently 


lim P../h? = const > 0 
h—0 


For h — 0, b — 1, Equation [34] reduces to 
Ker = 24 lim 
a0 
We obtain an upper bound for 


lim P.r/h? (hence for Ker) 
A—>0O 


by expanding Equations [31] and [32] in powers of h and deter- 
mining 
lim P/h? 
h—0O 
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Thus for normally directed pressure (vy = 0), the limiting cuse 
h — 0 yields an upper bound K” that coincides with the result of 
the classical theory K.c = 3.0. For v = 0.30, the limiting case 
h — 0 yields 
‘ 0 
K? =. — : en a) 
—yvp 
For centrally directed pressure (Equation [32]) and vy = 0, we 
obtain the upper bound 


ee OER dino d nde entiaios n0% int [37] 


For this case, Stevens (6) obtained K.r = 2.25; however, he 
would have obtained Ker = 4.5 except for an error in sign. 


Numericat Resutts ror Upper Bounp 


Equations [31], [32], and [34] provide upper bounds for Ker. 
In addition to the limiting case h — 0, these equations have been 
solved numerically for the values of P corresponding to h = 0.05 
and 0.10. Two values of vy were used; vy = Oandv = 0.30. The 
results of these computations are given in Tables 1 and 2. These 
data were used to plot the curves for the upper bound K” in Fig. 5. 


Lower Bounp For CRITICAL PRESSURE 


In Equation [23] let us replace 1/2 in the coefficient of (f’)* by 


VALUES OF P’/h? AND K*” FOR h/a = 0, 0.05, 0.10 
Normally Directed Pressure 
v P*/h? 


0.12504 
0. 0.09624 


0.1244 
0. 0.0956 


0.1237 
0.3 0.0950 


a These numbers arelim P/h?. 
h—>0 


TABLE 1 


" 


88 88 BS 


TABLE 2 VALUES OF P’/h? AND K” FOR h/a = 0 0.05, 0.10 
Centrally Directed Pressure, » = 0 
h/a P*/h? Kk’ 
0 0.18754 4.50 
0.05 0.1740 4.18 
‘ 0.10 0.1618 3.90 
@ This number is lim P/h?. 
h—>0 


1/b?, and let us replace 1/r? in the coefficient of (f + 2g)*/r? by 1. 
Thus the positive definite character of 5?V is weakened since we 
have reduced a positive term and increased a negative term. By 
performing an exact analysis with this ‘‘weakened”’ expression for 
6°V, we obtain a lower bound P’ for Per. 

Let the weakened expression for 6?U be J. Let r = é’, 
b =e”. Then 


J= f {a — sP)f? + (15"—2P) a+ 2nu(1 — 2P)f 
9 


+ (3 — 2vy — P(8 + #)]f? + 4n(1 — 2P)f/g — 2(1 — v) 


x apy +[2=" — Pe +40 fe—a—» 


X (1 — 2P)gg + [6 — 2v — P(8 + 40lto} ae 


where dots denote derivatives with respect to z, and 


(3 — v1 + v) 


s=3+y— GQ — vb 
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(3 — v1 + v) 


t=3+r+ 
1—vp 


There exists P’ < P.: such that J + 6° is positive definite for 
P < P’ and indefinite for P > P’. For P < P’, J + ®Q2> 0 for 
all nonzero functions (f, g). For P > P’, there exist functions 
(f, g) such that J + 6°2 <0. For P = P’, there exist nonzero 
functions (f, g) such that J + 6922 = 0, but there are no functions 
(f, g) such that J + 6°92 < 0. In other words, when P = P’, 
J + 6 attains the minimum value zero for certain nonzero 
functions (f, g). Hence there exist (f, g) + 0 such that J + 
62) = 0. Accordingly, the vanishing of the first variation of J + 
6*Q2 is a necessary condition for P = P’. Since it leads to a unique 
result, it is also sufficient, if a solution of the problem exists. 

If the functions (f, g) take variation (y, €), the first variation of 
J + #0 is 


HJ + HQ) = [(1—sP)2f + 21 — 2PVF + 2y)]ulo 
+ (1 —v — 4P)g — (1— v1 — 2P\2f + gle! 
+f {[—a—ernj + 2[3 — 2» — P(8 + t)If 
0 


— 21 + vl — 2P)g + 2[3 — v — P(4 + 20 | be 


—yp - 9—Yp 
|—-( ; 2 ex — P(2+ |e 
+21 + v1 — 2P)f + 2[3 —»— P(4 + 2014 cas 


21 + v)k P[(a + 28) + (2a + B)e} |” 
for normally directed pressure 

2(1 + v)kPBe |" 

for centrally directed pressure 


= 0.. [39] 


The integral term in Equation [39] must be identically zero for 
all variations pu, €; hence the coefficients of u, € must be identi- 
eally zero. This condition leads to the Euler equations 


(1 — sP)f— [3 — 2» — P(8 + df + (1 + v) 
(1 — 2P)g —[3 — v — P(4 + 2t)lg = 0 


C5" 2p) hee P(2 + 4t) 
2 . 2 oe 


— (1 + »X{1—2P)j — [8 —v — P(4 + 2t)]f = 0 


The terms outside the integral must be zero identically also. This 
condition leads to the natural boundary conditions. Hence the 
natural boundary conditions depend on the type of loading. For 
normally directed loading they are 


(1 — sP)f(0) + Wl — 2P)[f(0) + 2g(0)] = 0 
(1 — sP)f(m) + [Wl — 2P) + (1 + v)kP)[f(m) + 2g(m)] = 0 
(1 — » — 4P)g(0) — (1 — v1 — 2P) [2/(0) + 9(0)] = 0 
(1 — v — 4P)g(m) — [((1 — v1 — 2P) 
— 2k(1 + v)P)[2f(m) + g(m)} = 0. . fAl]} 


For centrally directed loading they are 


(1 — sP)f(0) + (1 — 2P)[f(O) + 29(0)] = 0 
(1 — sP)f(m) + (1 — 2P)[f(m) + 29(m)] = 0 
(1 — v — 4P)g(0) — (1 — v1 — 2P)[2f(0) + g(0)) = 0 
(1 — vy — 4P)g(m) — (1 — »)(1 — 2P)[2f(m) + g(m)] 
+ 21 + v)kPg(m) = 0.. [42] 
The general solution of the Euler equations (Equations [40]) is a 


sum of terms of the following type: f = Ae"*,g = Be"*. Substitu- 
tion of these expressions into the Euler equations yields 
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{(1 — sP)n? — [3 — 2» — P(8 + t)}} A + {(1 +P) 
x (1 — 2P)n— [3 — v — P(4 + 2t)]} B =0 


{(1 + v1 — 2P)n + [3 — v — P(4 + 2t)]} A 


1—yp 9—yp 
— {i — —2P jn? — — P(2 4t B=0 
1( r )n | 2 (2 + | 


Existence of a solution other than f = g = 0 requires that the 
determinant of the coefficients of the A and B vanish. Hence 


(1 —aP)(? = 4-77 2P)ns — te oud) me k = *(t +s) 


+ 8 — l6r- wt |p + (12 — 8vy — 4y*) + At +28) 


.. [43] 


9 9 
+ at Ph +2a—»)—[18 + Sea —» fp + 181P? = 0 


Denote the roots of Equation [44] by m(P), m(P), —m(P), 
and —n,(P). These roots are real in the significant range 0 < P 
< P". The general solution of the Euler equations now be- 


comes 
f Aye"!* + Age"* + Ag nye + Age "* 


g Bie"™* + Bie*™* + Bye~"* f. Bue~ ner 
where the B’s are defined in terms of the A’s (from Equations [43 }) 
by the equation 
(1 + v1 — 2P)n; + 3 — v — P(4 + 22) 
(1 — vy — 4P)n;?2? — [9 — v—2P(2 + 4t)] 

¢ = 1, 2,3, 4 


A,. . [46] 





B; =2 


The solution of the Euler equations must satisfy the natural 
boundary conditions (Equations [41] and [42]). Substitution of 
Equations [45] and [46] into Equations [41] or [42] gives a set 
of equations of the form 


For the existence of a solution other than the trivial solution 
f = g = O, the determinant of the coefficients of the A must be 
identically zero. Thus, in all cases, the characteristic equation for 
P is 


Daily = 0...... 


4 
j=1 


F(P) = |a;;| = 0 


This equation for P is highly transcendental, and it must be 
solved numerically. Fortunately, it happens that Equation [48] 
has only one real root. On the basis of the foregoing reasoning, 
this root is a lower bound P’, 


Lower Bounp For Lrmitine Case h > 0 


For v = 0, the function F (Equation [48]) has a simple pole at 
P = 0. This is eliminated by multiplying the first column of 
Equation [48] by P. The graph of the function PF has the 
general form shown in Fig. 3. We seek the intercept of the curve 
with the P-axis. As h — 0, the intercepts approach the origin 
and the asymptote approaches P = 1/6. However, P/h® ap- 
proaches a limit greater than zero. This limit may be obtained 
by expansion of PF in powers of h. The first step is to expand 
each of the terms a,; in powers of h and to write PF in the form 


PF = |A;; + PB,,;| =0.............. [49] 


Since P + 0 as h ~ 0, we may expand to first powers in P. Thus 


PF =|A,,| +P Wek B;; cof Aj; 


where cof A,;; denotes the cofactor of A,;; in the determinant 
|A,,|. Hence the zero of PF is given by 


[50] 





AsrmprTore 





Fie. 3 Genera Form or Function PF 
where A;; is the normalized cofactor of A,; in the determinant 
| 
|Aj;l. 
Further power-series expansion of Equation [50] and division 
by h? yields for the normally directed pressure 
lim P/h? = 1/8 


a—0O 


and for the centrally directed pressure 


lim P/h? = - 
i—0oO 16 


Hence, by Equation [35], for normally directed pressure 


lim K’ = 3.00 


a—0O 
and for centrally directed pressure 


lim K’ = 4.50 

h—0O 
The evaluation of the limiting case is much more involved for the 
lower bound than for the upper bound. 


NuMERICAL Resuvts ror Lower Bounp 


Calculations for the lower bound K’ for h/a = 0.10 and for 
vy = 0 and vy = 0.30 have been performed numerically. Since 
only the ratio h/a is significant, we set a = 1. The values of b, 
k, and m, corresponding to given values of h, are obtained from 
b=1+h,k = 1— 1/b*, m = log.d. 

Because of the sensitive nature of the characteristic determi- 
nant F (Equation [48]), the calculations for the lower bound P’ 
were carried out to ten significant figures (the capacity of the 
standard ten-place keyboard desk calculator). 

As the lower bound P’ is restricted to the range 0 < P’ < P’, 
it is necessary merely to calculate the value of F for several small 
positive values of P. Then, if a curve of F versus P is plotted, the 
value P = P’ for which F = 0 may be determined by graphical 
interpolation. For v = 0, F hasasimple pole at P = 0. Hence for 
this case, it is necessary to plot the modified characteristic de- 
terminant PF versus P to obtain, in a convenient manner, a 
sufficiently accurate value for P’. For the range of interest, the 
curve is nearly straight, and only a few points need be plotted 
(generally three points are adequate). 
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TABLE 3 VALUES OF F AND PF FOR P = 0, 0.001, 0.002 

CP = centrally directed pressure 
NP = normally directed pressure 

v» = 0 — r» = 0.3 

NP(PF X 10*) NP (F X 10% 

4.491 .042 

0.868 —0.289 

—2.730 —fh .080 





CP(PF X 104) 
4.491 
1.741 

—1.054 




















PFx10* (For »*0.0) 
Fx1O (For v=0.3) 


P*0.000940 


2 
a 
| P*0.001610 P 


™“T(v=0) 











LP 
@=0.3) 














-6 | | i | 


Fie. 4 Grapnicat INTERPOLATION FoR LowEeR Bounp P’ 
(Normal pressure = NP; central pressure = CP; A/a = 0.10.) 





The results of the computations are given in Table 3 and the 
data are plotted in Fig. 4. The values P = P’ for which P (or 
PF) = 0 were read directly from these graphs. The values of P’ 
are correct seemingly to four significant figures (from a more ex- 
panded scale than that of Fig. 4). The values P’ were substi- 
tuted into Equation [34]. Thus lower bounds K’ for the buckling 
pressures were obtained. These lower bounds were used to plot 
the K’-curves in Fig. 5. The data for K’ are summarized in 
Tables 4 and 5. 


TABLE 4 VALUES OF P’/h? AND K’ FOR h/a = 0, 0.10 
Normally Directed Pressure 
A/a Pe P’/h? K’ 
0 0.1250¢ 3.00 
3 0.09614 3.29 
95 


0.10 0.1225 2. 
a0) he 0.3 0.0940 


a These numbers are lim P’/h?. 
h—-0 


TABLE 5 VALUES OF P’/h* and K’ for h/a = 0, 0.10 
Centrally Directed Pressure 

»>=0 

h/a P’/h? 

0 0.18754 

ght ie 0.10 0.1610 

@ This number is lim P’/A*, 
h—0 


CONCLUSIONS 


The computed upper and lower bounds K” and K’ of Ker are 
given as functions of h/a and v by graphs in Fig. 5 for normally 
and centrally directed pressures applied at the outside of the 
ring. (Ke is defined by the equation per = KorEI/ro®, where I is 
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0.10 
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the moment of inertia of the cross section, and rp is the radius of 
the centroidal axis.) These graphs are an extension of the older 
theories which merely give the value of Ke, for h/a = 0. 

For normally directed pressure and vy = 0, in the limiting case 
h — 0, the results of this theory coincide with the results derived 
by Levy in 1884 (K.r = 3). For v = 0.3, the limiting case h + 0 
yields Ker = 3/(1 -—— v*) = 3.296.... For v = 0.3 and all other 
values of A that were examined, one obtains K., approximately by 
multiplying the value of Ker for v = 0 by the ratio 1/(1 — v*). 
However, because of the assumptions mentioned in the introduc- 
tion, the effects of v have not been determined rigorously. 

The results for centrally directed pressure have not been ob- 
tained previously and, in the limiting case h ~ 0 (v = 0), Ker = 
4.5. This result, as well as the curves, Fig. 5, are believed to be 
new. 
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Gravitational Stresses in a Circular Ring 


Resting on Concentrated Support 


By YI-YUAN YU,' SYRACUSE, N. Y. 


Muschelisvili’s complex variable method in two-dimen- 
sional elasticity has been extended by the present author 
to solve a few gravitational stress problems. A further 
problem of a heavy circular ring resting on a concentrated 
support is solved by the same method in the present paper. 
The two analytic functions which constitute the solution 
of the problem are determined. A numerical example is 
given for a ring the radii of which are in the ratio of 1 to 2. 


INTRODUCTION 


USCHELISVILI’S complex variable method in two- 
MV simensions elasticity (1, 2)* has been extended by the 

present author (3, 4) to solve a few gravitational stress 
problems. A further problem of a heavy circular ring resting on a 
concentrated support will besolved by the same method in the pres- 
ent paper. Since the problem will be considered on the basis of the 
linear theory of elasticity, it actually represents the problem of a 
ring resting on a horizontal plane.* The extension of the problem 
into that of a heavy ring supported by any number of con- 
centrated forces also can be carried out easily. 


METHOD 


For details of the method the reader may refer to the two 
previous papers (3, 4). Only the final results will be repeated 
here. 

The boundary equation for the first fundamental boundary- 
value problem in two-dimensional elasticity involving body 
forces has the form 


gi(z) + 2G1'(2) + Pil@) = i f(r, + it, ds — SVilz)dz.. [1] 


which holds true along the boundary C of a body in the complex 
plane of z = z + ty. In the equation ¢,(z) and ¥;(z) are the two 
analytic functions for the particular state of stress, 7, and r, are 
the z and y-components of the surface force on the boundary, 
and V, is the body-force potential. For body forces due to gravity 
acting in the negative y-direction we have 


! Associate Professor of Mechanical Engineering, Syracuse Uni- 
versity; formerly Assistant Professor, Department of Applied Me- 
chanics, Washington University, St. Louis, Mo. Assoc. Mem. ASME. 

? Numbers in parentheses refer to Bibliography at end of paper. 

*A Summary of the present paper will appear in the Proceedings 
of the Eighth International Congress on Theoretical and Applied 
Mechanics under the title, ‘Gravitational Stresses in a Circular Ring 
Resting on a Horizontal Plane.” 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y.. November 28—-December 
3, 1954, of Tue American Society or MecHanicaL EnGIneers. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. : 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, November 12, 1952. Paper No. 54—A-7. 


- 
Vi = wy = — - tw(z — 2) 
2 
for which the equivalent surface force is a normal hydrostatic 
pressure equal to V, and has z and y-components equal to 


dy dz 
} be y 
af and V; de 


respectively. The specific weight of the material of the body is 
denoted by w and the length along the boundary by s. 

When the given region in the z-plane is mapped into the {- 
plane and the boundary C onto y by means of the mapping func- 
tion 


z = w(t) 
the boundary Equation [1] is transformed into 


ef) + SY O'S) + WS) = fi + th (on 7) (2) 
w'(f) 
in which g({) and ¥({) are the transformed forms of ¢,(z) and 
¥i(z), and fi; + if. represents the transformed expression of the 
right-hand side of Equation [1]. 

Normal stresses 7,,, Teg and shearing stress T,9 with reference 
to the polar co-ordinates (p, 8) may be computed by means of 
the following expressions 


Top + Toe = 21(E) + BH] + 2V(0) 


2g 


=. ((F) (0) +.0'(HW(D)) 
p*w'(C) 


Tee T pp + 21T 26 = 


in which 





g(t) 
w(t)’ 


¥'(S) 
w(t) 


and V(¢) is the transformed form of V;(z). 


Hf) = WS) = 


Z- plane $-piane 


Fie. 1 Rrne tn 2-PLane anv Its Mappine 1n {-PLANE 
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Heavy RinG Prosiem 


Let R and Rp» be the respective radii of the outer and inner 
boundaries C and C, of the concentric circular ring section in the 
z-plane, po being a coefficient smaller than unity. Co-ordinate 
axes are chosen as shown in Fig. 1. The only surface load on the 
ring is a concentrated force equal to the weight W of the ring 
acting in the positive y-direction at the point z = —iR. When 
the ring is mapped into the {-plane by means of the function 


z=) = 


the boundaries C and Cy are mapped respectively onto the unit 
circle y and another concentric circle yo having a radius equal to 
po. The point of application of the concentrated force W is 
mapped into the point f = —. 

Since surface forces r, and 7, on both boundaries are zero 
everywhere except at the supporting point, the function f; + if: 
becomes 


tw? 


S (¢ — Hat 


ht ith = —S Viele = FS (2 — Bz -; 


| wR? AS -1 o (on Yo) 
2 Po 2 og Yo 


Te: o? 
1 wes (2 — tog 2) 
i6 


in which we have written { = pe” and o = e”. 


ee 
(on y) 


The analytic functions g({) and ¥({) for the present problem 
have the following forms 


ot) = — tog (¢ + — eo 


pu + 
Wf) = _* log (¢ + i) +5 hie TNE 


- o+1 jy oe 5 + 


i 
‘=. 
each of which is composed of three parts. The first part, con- 
sisting of the term including W, accounts for the singularity due 
to the concentrated vertical force at £ = —i. When the ring is 
supported at more than one point, similar terms should be in- 
cluded for each of the additional concentrated forces (3). 

In the case of a multiply connected region, terms having 
logarithmic singularities also will be introduced into the analytic 
functions as a result of a nonvanishing resultant surface force on 
one of the inner boundaries. Although there is no actual surface 
load on the inner boundary C, of the ring in the present case, the 
gravitational body force causes an equivalent surface load which 
has a vertical resultant equal to 


Wo = wrR*py? 


in which +R*p, is evidently equal to the area of the inner circle 
bounded by Cy. This equivalence, between gravitational body 
forces and surface forces, was observed first by Biot (5). The 
equivalent force also may be derived by means of the following 
expression (1) 
X +iY =—iff, + ip|4 

in which X and Y are the components of the unbalanced re- 
sultant force, and the bracket denotes the increase in the value of 
fi: + tf: when the boundary is described from any point A on it 
back to A in the positive sense; namely, keeping the body to the 


* Reference (2), p. 255. 
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left. Now the body force has contributed to fi; + tf2 on Cy an 


amount equal to, according to Equation [5] 


l 2 
F iwh? po? (< — log «) 


A 
l 2 
X + iY =—+| — wR’, ( Re ws log “) = wrR*py* 
2 2 A 


therefore 


= Wo 


Terms involving this quantity are thus introduced into the func- 
tions as given in Equations [6]. The constant x in these terms is 
a function of Poisson’s ratio v and, in the case of plane strain 


= 3— 4y 


The third and last part of each function consists of the last 
term in each expression and represents the part of the function 
which is analytic in the entire region. Because the region is ring- 
shaped, this part is in the form of Laurent’s series which contains 
both positive and negative powers of [; thus, we may write 


eS) = Dias, Wid) = ors 


The constant coefficients a, and b,, which are in general complex, 
remain to be determined. 


DETERMINATION OF COEFFICIENTS 


The coefficients a, and b, will be determined by means of the 


mg 
+ 9%) 


boundary Equation [2]. With the mapping function w({) given 
in Equation [4], and the two forms of the function fi + if: in 
Equation [5], we may write the boundary equations for the 
boundaries ‘yo and y as follows 


1. 
e( por) + poo h'(pot) + Wort) = 5 wh*p* 


2 
(< — log “) (on Yo) 


elo) + 08) + Ue) = + iwR? 


(= — log r) (on y) 


Substituting Equations [6] and [7] into [8] and reducing yields 


— 





> a,pota* + > ka,poto —* +2 > bypota * 


’ 25,2 —] 
“s aa ar alee [> = (ipsto* + >: (—ips)to-* 


+ > we> * > (inpeie + | 
0 0 
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i) « @ 


: 2p a,o* + DD kao**? + ba-* 


| , Wels a eae | 
4nr 


Am(x + 1) 2r 
We equate the coefficients of the different powers of ¢ on both 
sides of the first equation 


W 
(a; + dh)po? + 6-1» = —— (foro) 


iwR*(x — 1 iw 
a2po* + b» = [one + | pot (for o*) 
a,po** — (k — 2)G—a-2) Po® + b-» 


Ww 


al W a*** [po — (hk — 1)* pot + K(k - 


. Qn k t 
k (i)Fpo* (for ot, k 53) ™ 


W 
G-2Po~** + (kK + 2)dere po? + by 


a (: mm re 
an \é on 


(i 4p," 


Similarly, from the second equation 


d-%2) = 


(for o*,k 1) 


W 
a +4 + 6-; =— =" [9] 
2r 


iwh*po? x — 1 
4 k+1 
a, — (k — 2)d-a-s) + b-, = 0 (for o*, k F 3) 


a2:+b-2= (for o*) [10] 


[11] 
a, + (k + 2)dee +b, = 0 (foro*,k 5 1) [12] 
Coefficients b, may be eliminated from these two sets of equations; 
thus 


Ww 
(a: + &i)(1 — po*?) = — (1 — 2pp?). ot Oe 
2a 


P iwR*(x — 1) iw 
1 — p,‘) = 2(1 — p? ~(] 
a,( Po*) Ax +1) po® ( po?) + 7 ( 
a,(1 — po*) — (k — 2)@~ca+2)(1 — po?) 
ral 
Oe 


— po*). . [14] 


2k 
(ier -s (k ©3).........[28] 


a—,(1 — po~™*) + (& + 2)de+2(1 — po?) 


W 1 
a yeti f - ae k = 
on (—} (14 n*) (k 5 1) 
Replacing k by (k — 2) in the last equation and formulating the 
conjugate of the result, we have 


G— 2) (1 — po~****) + ka,(1 — po*) 


V wae 
- © cpm ($=) ase (16) 


us k—2 
With Equations [13] to [16] we are now in a position to determine 
the coefficients a,. 
Since stresses are prescribed at the boundary in the present 
problem, ¢°({) is determined to within an expression (1) 


[C1 — pol — pom***) + kk - 


Qn k — 2[(1 — pol — po-****) + K(k — 2)(1 


a + iB, + iit 


a, Bo, and B; being real constants; thus we may choose a and 
the imaginary part of a; to be zero. The real part of a, is de- 
termined by Equation [13], from which we obtain 
W 1—2p,? 
aq = reUN ‘ 
2e 2(1 — po’) 


Equation [14] gives a2 directly 


W i k—1 Po" 
a = 1 4 
2x 2 K+1 1— po 
The rest of the coefficients ay, a, . . 


in pairs by solving Equations [15] and [16] simultaneously; the 
results are 


., @1, @—2,... may be obtained 


3 )po? — k (k — 1)) 


2)(1 — po*)*] 


— po)] | 


Once a, is known, b, may be computed easily by means o 
Equations [9] to [12]. The first two of these equations yields 
W 3 
Ey | 
$e aa (20) 
iW (x—1) ___po® 
2m (x +1) 2(1—po') 


b. = 


Equations [11] and [12] give the rest of the coefficients b, in 
terms of a, as follows 


b , = —d, + (k- 


~i-t 


2 )a—4-2) (kS 3) ..[21) 
— (k + 2)agrs (k 1) 


bh =- 


Coefficient bp may be taken to be zero, for Y°( ¢) is determined to 
within an arbitrary constant (1), 

Hence we have determined all the coefficients in the two series 
in Equations [7]. Substituting the results into Equations [6] 
yields the two analytic functions g({) and ¥( ¢) which determine 
completely the state of stress for the present problem. 


NuMERICAL EXAMPLE 
We now consider an example in which pp» is equal to [/2. 
Poisson’s ratio v is taken to be 0.15 (for instance, that of eon- 
crete), and therefore 


k = 3— 4y = 2.40 


The coefficients a, and b, are computed in terms of the weight 
W of the ring by means of Equations [17] to [21]. The results 
are listed in Table 1. Although the coefficients themselves con- 
verge rather rapidly, the numerical values of the terms in the two 
series do not converge as fast (each term being a product of the 
coefficient and some power of £). 

To compute the stress components, we first substitute a, and 
b, into Equations [7], insert the resulting series into Equations 
[6], and finally make use of Equations [3]. General expressions 
for the stress components were obtained for the present example. 
By means of these expressions stresses were computed along five 
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VALUES OF COEFFICIENTS a, AND hy 


Qe 
W 2k 


1.3704 
—0. 119541 
—0.019868 

0.004141 

0.0°947 
— 0.072251 
—0.04546 

0.041338 

0.05328 
—0.@811¢ 
— 0.09200 

0.0°497% 

0.071232 
— 0.083061 
—0.0°760 

0.0°1888% 

0.01471 
—0.0 117% 


TABLE 1 


2r 
W + 


0.3333 
—0.01373: 
0.3210 


CBN Rwroe * 


sections across the ring, namely, at 0 = 0°, +45°, and +90°, re- 
spectively. Results are tabulated in Table 2 and plotted as shown 
in Fig. 2. 
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Harmonic Oscillations of Nonlinear 
Two-Degree-of-Freedom Systems 


By T. C. HUANG,* CHICAGO, ILL. 


In this paper an investigation is made of equations 
governing the oscillations of a nonlinear system in two de- 
grees of freedom. Analyses of harmonic oscillations are 
illustrated for the cases of (1) the forced oscillations with 
nonlinear restoring force, damping neglected; (2) the free 
oscillations with nonlinear restoring force, damping 
neglected; and (3) the forced oscillations with nonlinear 
restoring force, small viscous damping considered. Am- 
plitudes of oscillations and frequency equations are derived 
based on the mathematically justified perturbation 
method. Response curves are then plotted. 


INTRODUCTION 


HE purpose of this paper is to present a simple method of 
(eo to treat some simultaneous differential equations 

of second order which govern the oscillations of a nonlinear 
system in two degrees of freedom. For example, such a system 
can be used to represent a rubber-ring torsional vibration 
damper. The author treats three forms of such simultaneous 
equations which correspond to those different cases to be pre- 
sented. In each case there will be an arbitrary small nonlinear 
term. 

The procedure used in this investigation is referred to as “‘per- 
turbation method.” For a single-degree-of-freedom system, the 
procedure of this method has been well described.* Mathe- 
matical justification of this method or of the existence of the 
perturbation series, in general, is well established for systems with 
one degree* and two degrees® of freedom. It follows that the 
periodic solutions of these equations with frequency equal to that 
of the driving force are known to exist. 

In the investigation of problems of nonlinear oscillations, we are 
generally interested in the periodic solutions. The principle of 
superposition which is applicable to linear system cannot be ap- 
plied. Besides, subharmonics* no longer can be neglected. 


1 Based on part of a thesis submitted to the University of Illinois in 
June, 1952, in partial fulfillment of the requirement for the degree of 
Doctor of Philosophy. 

? Formerly University Fellow, University of Illinois, Urbana, II1.; 
now with International Harvester Company, Manufacturing Research 
Department, Chicago, IIl. 

3 ‘Vibration Problems in Engineering,’’ by 8. Timoshenko, D. Van 
Nostrand Company, Inc., New York, N. Y., 1937, sections 25 and 26. 

4‘*Nonlinear Vibrations,’’ by J. J. Stoker, Interscience Publishers, 
Inc., New York, N. Y., 1950, Appendix 1. 

5 ‘Nonlinear Mechanics,” by N. Minorsky, Edwards Brothers, Inc., 
Ann Arbor, Mich., 1947, section 47. 

6 “Subharmonic Oscillations in Nonlinear Systems of Two Degrees 
of Freedom,” by T. C. Huang, Proceedings of the Second U. 8. 
National Congress of Applied Mechanics, 1954 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Taz American Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 31, 1953. Paper No. 54—A-19. 


DEVELOPMENT OF SOLUTIONS 


Periodic solutions are known to exist for differential equations 
governing oscillations of a system in two degrees of freedom 
having small nonlinear terms. In the development of such 
periodic solutions for some special cases of these equations, the 
perturbation method will be used. Solutions of the problem are 
then successive approximations in nature. 

The direct use of the perturbation series in obtaining the solu- 
tions has the difficulty of secular terms, i.e., terms in which the 
time ¢ appears explicitly in the expression. Obviously, the ex- 
istence of these terms, which tend to grow indefinitely ast > &, 
destroys the periodicity one is seeking. This difficulty can be 
avoided by a change from the old period to the new, or corrected 
ones. Such modification of the period will be illustrated in the 
next section. 

In the cases of forced oscillations, it is convenient to assume 
that the amplitude of the applied force is also small in the order 
of the small nonlinear term. This means that our development is 
one in the neighborhood of a linear free oscillation. 

Further details of development will be explained briefly in the 
first case of the following three examples in the analyses of har- 
monic oscillations. Any difference arising due to smal! viscous 
damping will be mentioned in the third case. 


EXAMPLES IN ANALYSIS OF HARMONIC OSCILLATIONS 


Case 1 Forced Oscillations With Nonlinear Restoring Force, 
Damping Neglected. The system in this case is shown in Fig. 1. 


























Fie, 1 


It is assumed that the spring constant k is nonlinear such that the 
two equations of equilibrium take the form 
, ..- (1) 


Before applying the perturbation method, let a new independent 
variable r replace ¢ through the relation r = wt. Equations [1] 
become 


me + k(x — y) + @(z — y)*® = Fo cos wi 
mij — ki(z — y) — e(z — y)* + key = 0 


where k =k(k,€), lel<k >0O, and Fy = oF 


w*maz” + k(x — y) + ez — y)® = Fy cost ia 
w*my” —k(z—y)—ee—y +hky=0) 


The dot or prime on a quantity means differentiation with respect 
to t or r, respectively. 
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108 


Let the perturbation series be as follows 


r= % + ex, + x, + 
Y= Yo t+ ey: + eye + 
W = We + a + Ww: + 
or w? = Wo? + €2wour + €* (wi? + Zarowe) +.... 


where € = €/m, and |e 1. Substituting these series into 
Equations [2] and equating terms containing the same power of 
¢ from the resulting equations, the following sets of recurrence re- 
lationships are obtained 


k 
Wo2xo” + — (t0— yo) = 0 
m 
k k 
wo*yo” — — (to — yo) + — wo = 0 | 
me me 


k 
wo"x” + = (21 — m1) = —2Zeoounate” — (x0 — yo)? 
1 


+ F cost 


k k 
wry” —— (21 — 1) + yy = —2wounryo” 
me m2 





+ — (te — yo) 
me 


2(r) and y(r) are required to satisfy the following two sets of con- 
ditions, respectively 
(a) (7 + 2m) = x(r); zo(0) = A, 2'(0) = 0; 


z(0) = 0, z,/(0) = 0 (6) 
(b) u(r + 2e) = y(7); yo(O) = B, ye'(O) = 0; 


y(0) = 0, y;"(0) = 0 } 


Let the solutions of the first recurrence Relationship [4] be as 
follows 


Zo = Ap; COS (WaT — Yi) + Aoz COS (WasT — ¥2) 


yo = By cos (Wat — V1) + Boz cos (Wat — Y2) 


ohwee ‘" (® +h *) 
wWo* (2 ms m 
* [; (G++ + —) ~H al 
4 me m mms 


where w, is defined as a dimensionless angular frequency. 
ditions [6] require 





Con- 


w,(7 + 27) = wT + 2 


hence 


It follows that 
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k k k k 2 
at oe (e+ a +4) +(! (A+ + *) 
2 me m, 4 my m 
kike 1/2 
m me 


Equation [11] is also the square of the two natural frequencies of 
the system if the small nonlinearity is neglected. It explains 
why w, = 1 is chosen in Equation [9], because cos w,(7r + 27) 
= cos (w,7 + 27) holds whenever w, is equal to any integer. 

In solving the second recurrence relationship, substitute Equa- 
tions [10] and their. second derivatives with respect to r into 
Equations [5]. This yields 


k 3 
Wor,” + =". (1 —%") = Ez —- (A —B) 
my, 4 
1 
+ r| cos T — 4 (A — B)® cos 3r 


k k 3 
Wo*y” — = (m1 — ys) + = "= | aaa + — 
2 2 


4 m2 


| 
| 
bt 
| 
| 


1 
(A — ay | cos T + - —_ (A — B)* cos 3r 
4 me 


The periodicity conditions for z,; and y; require that the co- 
efficients of cos rt be zero, since otherwise the secular term is 
bound to appear in the solution. Hence 


3 
2wiv1A —lA —B)+F =0 


3 m 


2wuiB + - —(A—B)} = 
4 me 


This gives the value of 2w.w, and the frequency equation is 


3 m F 
2 = 2 =~ Pree 1 onus —_— 
w Wy? + € (+ ae B) € “ 


Equations [13] constitute two conditions on a, A, and B. One 
condition is used in the form for the value of 2wow,; the other con- 
dition implies that in our initial conditions, A can be arbitrarily 
prescribed, while B has its value determined by A. After equat- 
ing the coefficients of cos r to zero in Equations [12], the solu- 
tions that satisfy Conditions [6] are 

Zi = Q(kem: — 9wo2mm:2)(A — B)cos r — cos 37) (15) 

Y1 = Q9a"2m,2(A — B)(cos r — cos 3r) Pa 


where 
1/Q = 4[(k, — Dao": )(ki + ke — 9eo?m2) — ky?) 


The complete solutions up to the first order of € after changing to 
the original variable finally take the form 


z = A cos wt + eQ(kem, — 9ao*mm:z) 
(A — B)cos wt — cos 3wt) +... 


y = B cos wt + eQ9u*m%A — B)* 
(cos wt — cos 3wt) +... 


[16] 


The method of procedure from this point on should be clear. 

Case 2 Free Oscillations With Nonlinear Restoring Force, 
Damping Neglected. This is a special case of the previous case 
with F = 0. The equations of motion are as follows 





HUANG—HARMONIC OSCILLATIONS, 


mé + k(x —y) + o(2 — y)*? = 0 
mij — ki(z — y) — (xz — y)? + ky = 0 J 


in which the same nonlinearity is assumed as that in the first 
case. The frequency equation up to the first order of € is 


3 
w? = uw? + €- (1 + ™) (4 —B) 
4 me 


Solutions of z and y take the same form as Equations [16], but 
the results will be different from the case of forced oscillation. 
This is because w in these two cases is different due to the de- 
pendence of w on F. 

Case 3 Forced Oscillation With Nonlinear Restoring Force, 
Small Viscous Damping Considered. This case is shown in Fig. 2. 


opto 


























Fia. 2 
With the same small nonlinear restoring force as that assumed in 
the first case, the equations of equilibrium are 


me + Colt — y) + k(x — y) + E(x —y)? 
= F, cos (wt + 4) . [19] 
mai) — colt — y) — k(x — y) — (xz — yy)? + key = 0 


where 6 is the phase difference between driving force and z, and 
Co = €¢. Proceeding in the same manner as in the first case, i.e., 


S 
a 
>. 


9 
be 


/A-B1, INCH 
9 
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introducing a new variable, applying the perturbation series, the 


| 


following recurrence relationships are obtained 


k 
we*e” + — (to — yo) = 0 
my 


to yo) + 


k 
Wo yo” es : Yo = 0 
me me 
” ky 
W721" + (x; — 1) 
m 


—= Zw To” — (Lo — Yo 


= — CWo( to’ — yo ) 
)3 + F cos (r + 8) 


” 1 ke mi, ; ’ (21) 
a —— (3 — Hh) + "= Cwo\Zo — Yo) 
me me me 


i 
ei - my a : | 
— Wwowiyo” + (xo — yo)* | 
me J 


It should be mentioned that the small damping term here is 
treated as a part of forcing function. Conditions to be satisfied by 
2;, yx, and w; are as follows 


x(0) = A, 
z,(0) = 0, 


y(0) = Beosv 
y(0) = 0, 


xo'(0) = 
z,'((0) =0 


(a) z(7r + 29) = 2,(7); 


. [22] 
(b) y(t + 29) = y,(7); 


yo'(0) = B sin V; y;(0) =0 ) 


These conditions are prescribed with the introducing of a phase 
difference v between x(r) and y(r) as required by the presence of 
damping. The solutions of the first recurrence relationship are 


% = A cost 
yo = B cos (rt — v) 
which satisfy the Conditions [22]. 
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Equations [23] and their first and second derivatives are then 
substituted in the second recurrence relationship. As the 
periodic conditions for z; and y; require that the coefficients of 
sin T and cos T be zero, four equations are obtained in this case. 
From these equations we have the value of 2wow, and the fre- 
quency equation is 
w? = Wo? a € (1 oa mG Dp? s |B sine » — SE Sn”). 

me 4 4 D 


where 
D= A-—Bcosp 


If there is no damping c = 0, then 6 = v = 0, and Equation [24] 
reduces to Equation [14]. In addition to 2w a, the other three 
quantities which will be determined from these four equations are 
B,6,andyv. It follows that in the initial Conditions [22] only A is 
prescribed arbitrarily, while other quantities are determined from 
it. From equatione of second recurrence relationship with 
vanishing coefficients of sin rT and cos r the solutions z, and y; that 
satisfy Conditions [22] are obtained. The complete solutions 
with original variable up +o the first order of ¢€ finally take the 
following form 


z= A coswt + €Q( kom, om 99? Mz ) 
[Ri(cos 3wt — cos wt) — R, sin 3wt] +... | 


y = B cos (wt —— v) + €Q9u*m;? 
[R; (cos 3wt — cos wi) — Re sin 3wt] + . 


where 


42/1, INCH 
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R, = —D* + 3B2D sin? v 
R, = 3BD* sin v — B* sin’ v 
Response Curves 
In order to plot the response curves, frequency Equations [14] 


and [24] are rewritten as follows 


3 
wn ee 


e F 


ma 


(1 +7) (A — B}?— 
me 


e 1 


e ma \ 3 ons + Bt sin? yp) ——*- 2 
@ = wo + (1+™)2o + B? sin? v) ai 


2 D 


| F coe +(1 +) can sin r]...-127 
me 


Equation [26] is plotted in Fig. 3 for a system with m, = 8 lb- 
sec?/in., me = 24 lb-sec*/in., k; = 1200 Ib/in., k2 = 1800 lb/in., and 
¢ = 0.1. In the figure, response curves are plotted corresponding 
to F = 0, F; = 0.07 lb, and F; = 0.10 Ib. Equation [18] is a 
special case of Equation [26] with F = 0. 

Fig. 4 is plotted for Equation [27] with the same system having 
an additional small viscous damping for which c = 0.01 Ib-sec/in. 
Response curves for F; = 0.07 lb, F: = 0.085 lb, and F; = 0.10 Ib 
are shown in the figure. Both figures have been plotted with 
hard and soft spring characteristics, i.e., « > 0 and e < 0. 


ACKNOWLEDGMENT 
This paper is based on a part of author’s thesis written under the 
supervision of Dr. N. O. Myklestad, formerly Professor of Theo- 
retical and Applied Mechanics, University of Illinois. The 
author is heartily grateful to his valuable guidance. The author’s 
thanks also are tendered to Prof. H. J. Schrader for his kind en- 
couragement. 





7 i i . 
7066 7068 7070 70°72 


7o7¢ 
W, RAD. / SHC. 


7076 


(a) €>°O 


gj 





AA 
wv 


“Ta 998 %5.000 





Ee + + + + + 
os 7°68 Foe7o FO72 F074 7076 
® RAD./ SEC. 


(6) E<O 
Fic. 4 Response Curves Wuen Smart Viscous Dampine Is Present; Case 3 





Cylindrical Shells: 


Energy, Equilibrium, 


Addenda, and Erratum 


By E. H. KENNARD,' WASHINGTON, D. C. 


The strain energy in a homogeneous cylindrical shell of 
uniform thickness is calculated from equations obtained 
by Epstein’s method. The indeterminateness of the 
equations of equilibrium is further discussed and simpli- 
fied forms of these equations and of the expressions for the 
stress resultants are given. Addenda and an erratum toa 
prior paper are included. 


for a cylindrical shell were rederived and discussed. This 
paper will be referred to as reference 2 and, to save space, 
will be assumed to be available to the reader. In this paper 
the corresponding expression for strain energy in the shell will be 
given and the equations of equilibrium will be discussed further. 


V* a recent paper? the equations of motion given by Epstein 


Tue Srrain ENercy 

In deriving the equations of motion in reference 2 for a homo- 
geneous cylindrical shell of uniform thickness h and median ra- 
dius R, the co-ordinates used were z parallel to the axis, s = Rd, 
where @ is the azimuth angle about the axis, and r, the distance 
from the axis; the corresponding components of displacement of 
any point of the median surface are u, v, w, with w taken positive 
outward. General expressions were obtained for the displace- 
ment of any point in the shell, from which expressions are easily 
derived for the six components of strain €,, €,, €,, Yer: Yerr Ye. and 
for the corresponding six stresses 01, G2, 03, 71, Tz, T3. The strain 
energy U per unit area of the median surface can then be found 
by substituting in the usual formula 


1 R+h/2 
U = - (€,01 + €,02 + €,0% 
R 


: —h/2 


Evaluation of the integral is laborious if all terms arising di- 
rectly from applied load on the faces of the shell are included. 
However, these terms are of very unequal interest. Let 7:* and 
T:* denote applied shearing stresses in the z and s-directions, 
and o;+ the normal stress on the outer surface of the shell and 
T,~, T2~, O:~ corresponding quantities on the inner surface, and 
for convenience write 


P, = 1+ — 117, P2 = T2+ — 727, Ps = 03+ — O37 


1 1 
S) = 5 (nit + 17, Se = 5 (at + He = 5 (Oat + OV") 

1 Physicist, David Taylor Model Basin. 

2‘*The New Approach to Shell Theory: Circular Cylinders,’’ by 
E. H. Kennard, Journat or AppLiep Mecuanics, Trans. ASME, 
vol. 75, 1953, pp. 33-40. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Te American Society oF MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 14,1953. Paper No. 54—A-10. 


(In reference 2, Z:, Zz, Zs were written for P:/h, P2/h, Ps/h). 
Thus, for uniform pressure p, ¢;+ = o;~ = S; = —p. Now, 
indirectly through the influence of boundary conditions, the net 
loads Pi, P:, Ps usually evoke, in thin curved shells, elastic 
stresses greatly exceeding the direct load terms S,, S3, S:; and 
loading in shear is rare in practice. Hence the work was short- 
ened by omitting all terms containing h? or h* and also either S; 
or S; or their derivatives. Therefore the h* or h* terms in the 
formulas may not be sufficiently accurate for flat plates with 
shearing loads on their faces. 

Evaluation of the integral for U then gives, as far as terms of 
order h* but with omission of h*S, or h3S; or a derivative of these 
quantities, for the shell either at rest or in motion 


U =U. +U,.. 


l 
U,, = hE, E (1 — v*) u,? 


+3 (mu mom 
= v, 
R 


: 1 
) + 4 (1 — v) (u, + ra | 


Bh 


+ 


| s + S.2 + ; a1 — 25 [la] 


l 


U, = "1 WE, Ja! + w,,? + 2vw,,w,, + 2(1 — v)w,,? 


2 
+ Ov(uizes + Ver.) (Up + Ww, + PWR) 
+ Ov(u,,, + Vas) (Vu, + v, + wR) 

+ Ow,,[—(2 — 3v — 3v*)u, R=! — v(1 — 5) vo, Ro 

+ v(1 + 3v)wR-*] + Ow,,[2v(1 + v)u,R- 
+ 4w,R- + 2(1 + v)wR) 
+ (vu, + wv, + wR") [(1 + v) (vu, + wR) 
+ 2.) R-* + W(uige, + Yee) (U, + U2) 
+ w,,u,R-' — (3 — 4v)w,v,R™ 


] 
+ 2 (1 — v) (ufZR-* + 3v,27R-*) : 
of. ~ h®{62(1 — 2v) (vu, + v, + wR-')Ps(AR) 
+ 69(1 — 2v) [Qv(uzre + Uses + Ysee + Yess) + 2¥*w,, 
+ 2vw,,R-! + (2 — 5v) (vu, + vo, + wR)R-*)8; 
+ 20(u, + w, + vwR™)Pizh™ 
+ 20(vu, + v, + wR )P2,h™ + (u, + v,) (Pu + Prsdh™ 
— 0(1 — 2v) [O(u, + mw, + vwR™) Siz 
+ O(vu, + v, + wR-)Ss,, + (u, + 0,)Saze) | 
+ x OME,” 4 1a 4 2P,2 + O(1 — 2v)Px)h 
63(3 4v) (1 — 2v)*S,*R™ 
+ 26(1 — 2v) [(OPiz + OP2, + 2P:R-)h- 


fe el 
+ 0%4(Srex + Sta)]S: — 26%(1 — 29)*SipB,-" sit. [1b] 
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Here EZ is Young’s modulus, v is the Poisson ratio, p the density 
of the material, ¢ the time, and @ = 1/(1 — v), E, = E/(1 — v*). 
All quantities refer to the middle surface. 

The membrane energy U» and the first four terms of the bend- 
ing energy U, agree with expressions found by all other authors. 
Thereafter, however, the discrepancy in U>» is so large that detailed 
comparison is rather pointless. The differences undoubtedly 
are due in large part to the conventional neglect of the bending 
of normals to the middle surface and of the Peisson contraction 
of these normals. 


APPROXIMATE EXPRESSION FoR U 


The expression given in Equation [1] for the strain energy U 
appears to be correct in so far as terms of order h’, except for the 
omission here of terms in U, containing S; or S:. It is hard to 
imagine, however, that so lengthy an expression will ever be used 
in practical applications. Fortunately, in particular cases many 
terms can be shown to be negligibly small, the choice of terms 
varying from one case to another. It also is possible, in fact, to 
derive in the following way a simplified expression for U, that 
represents an approximation valid for all cases; this expression 
may be useful as a starting point for further reduction in special 
cases. 

Any term in U, that is always sufficiently small in comparison 
with the whole of U,, certainly can be dropped. An example is 
the term containing u,*R~* which is only (v*/[12(1 — v)*}) 
(h?R-*) as large as the first term containing u,? in U,,, and the 
latter term cannot exceed U,, itself since the remaining terms in 
U,, are necessarily positive. Hence, provided hR- is small 
enough, the term in question can be dropped from U,. 

For other terms the reasoning has to be more indirect. If a 
term (vu, + v, + wR-')*R~* occurred in the first { } in U,, it 
would contribute only (1/12) (h?/R*) as much as the similar 
termin U,,. Now 


(v, + wR)? ne [(vu, + Yy + wR") aie | vu,)? 
S 2(vu, + v, + wR)? + 2y*u,? 


Hence the contribution of a term (v, + wR~)*R- in the first 
{ } in U, could not exceed U,,h?R~?[(2/12) + 2v2/[12(1 — v?)]} 
or, at the worst, since »y < 0.5, (1/4) (h*R~*)U,,. Again, |u,(v, 
+ w/R)| = [u,*(v, + wR~)?]'/* 80 that a term u,(v, + wR-)R-? 
could not contribute numerically more than 0.2 h?R-?U,,. 

Extending such reasoning to include (u, + v,)*, it is easily seen 
that any one of the following six quantities, if occurring divided 
by R? in the proper { } in U,, would contribute to U numerically 
less than (U,,/3)h*R~* 


(vy, + wR-")*, (u, + ,)*, u(v, + wR) 
u,(u, + 0,), (v, + wR) (u, + »,), 
S;’, u,S:, (v, +- wR~)Ss, 


Furthermore, instead of h?R~*, one of the operators h?0*/dz?, 
h*0*/ds*, or h*0*2/0x20s may occur in such comparisons; for, in a 
valid thin-shell theory these operators must have, in general, a 
heavily diminishing effect, in order to justify omitting terms of 
higher order in h (see reference 2). Thus h*u,,,u, is at most 
points small relative to u,u, or u,*, just as h*u,*R~* is. In gen- 
eral, a quantity formed by imposing one of the three operators 
upon one factor of any one of the six quantities just listed, when 
occurring in a { } in U,, will make a contribution to U much 
smaller than U,,. Further examples are the products u,,,(v, + 
wR), Uzes(U, + 0). 

Using these results, certain terms in U, can be dropped; they 
contain additional coefficients such as #y but these are all of 
moderate magnitude relative to unity. 


u,’, 


(u, + v,)Ss 
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It is also permissible to multiply one of the negligible quanti- 
ties by an arbitrary number of moderate size and then to add or 
subtract it from the quantity in a { } in U,; in this way further 
simplifications can be effected. For example, the term @vv,,,u, 
can be eliminated from the first { } by subtracting @vu,(v,,, + 
w,,R~"), with « concomitant change in the coefficient of w,,u,R~, 
from —0(2 — 3v — 3v*) to —0(2 — 2v — 3%). The error 
thereby introduced into U will equal at most a minute fraction 
of U,,. 

By means of this latter device, the expression for U, can be 
simplified into many alternative approximate forms, between 
which free choice may be made. The following form has certain 
attractive features 


1 
U,= 24 WE, {0 + w,,* + 2rw,,w,, + 2(1 — v)w,,? 


+ Ow, [—(2 — 2 — 3v*)u,R— —_ vl = 4v)v,R— 
+ v(1 + 2v)wR-*] + Ow,, [v(2 + v)u,R- + 3m,R™ 


+ (2+ v)wR)] — ; Ow 2R-* + ; 0(2 + v)w*R-* 


— Ov(2 + v)u»,R-* + (1 — v) eau — 3v,R-") 


1 3 1 
= 42R-2 + = » 2R-2 im om 
+ 5 uth + 5 7h |b + de oa 2v) (vu, 


+ v, + wR)P;(AR)— + 20(u, + mw, + vpwR™)Pih™ 
+ 26(vu, + v, + wR™)P2h- + (u, + v;) (Pr. + Piz)h™ 
—26v(1 — 2v)w,,S;:R-} 


+ Oh8E,~} {er + 2P,? + 61 <9 2v)P3*|h~* 
+ 20(1 — 2v) (6Piz + OPx, + 2P;R—™)Ssh™ 
p 
—26%(1 — 29)*8. 5 sib [2] 


Here, as before, terms containing S; or S; are missing. 

Near special points on the shell the simplification, of course, 
may not be fully justified, just as h*u,,,u, cannot be small rela- 
tive to u,? where u, = 0. The effect of such points on the in- 
tegral for the total strain energy, however, should be very small. 

In particular cases, additional terms may be dropped. For 
example, the only reason that the three terms of (u, + v,)* or 
u,? + 2u, + v,? cannot be treated separately lies in the possi- 
bility that u, = 0, u, = —2,, », + wR = 0, so that U,, = 0. 
In this case 2u,v, cancels the sum, u,? + v,?; and comparison of 
another term with u,? or v,? would imply nothing as to its magni- 
tude relative to U,,. If, however, it is clear in a given case that 
the ratio 2uy,/(u,? + v,*) is everywhere much less than —1, or 
approaches —1 only near a few points, then the terms in U, con- 
taining either u,*? or v,? can be dropped. Similarly, if 2v,0R-*/ 
(v,2 + w*R-*) is generally much less than —1, terms in v,?, w*R~*, 
or v,wR~! may be dropped from U,. If all such terms are 
dropped, there remain in U, only the usual terms for a plate and 
additional terms containing the first power of w,,, w,,, OF t,,. 

It may be remarked that, if w is taken positive toward the axis, 
then all terms that are linear in w or its derivatives are reversed 
in sign. 

Equations oF EquiLiBRruM 


Equations of equilibrium in terms of displacement can be 
found by setting i = § = i = O in the equations of motion. 
Complete expressions for these were not given in reference 2; 
they will be indicated in the Appendix to this paper. The equa- 
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tions of equilibrium obtained from the equations of motion com- 
plete through terms of order h* are 
Use + (1/2) (1 — v) u,, + (1/2) (1 + v)e,, + vw, R™ 
+ E,-\(Pi;h~ + S:R- + OvSs2) 
+ (1/24)0*h?[2v*(uzese + Users + Yssee + Yeeee) 
- 5v + v*)w,,,R + (1 — v + 4y? — 2y)w,,, R= 
p(2 — 9v + 6y*)u,,R-* + (1 — v)*u,,R- 
—(2 — 7v + 5y? — v*)v,,R-? — (2 — Ov + 6v*)w,R-*] 
+ (1/24)0*%h?2,—[(2 — 3v*)Pse(hR) = 
+ 0(2 — 13v + 24y? — 12y*)S;,R- 
+ (2—v + v*)Pissh™ + (1 — v)*Preh™ 
+ (1 + v)Pozh-' + 2(3 — 5v + v*)SizeR™ 
— 2(1 — v)*S,,,R-! + (3 — 13v + 10v*)S2,,R-' 
— 0(1 — 3v + 3v? — 3v*) (Ssezz + Sazes)} = 0. . [Ba] 
v,, + (1/2) (1 — v)v,, + (1/2) (1 + v)u,, + wR 
+ E,-\(Pah™ + 28,R- + OvS8s) 
+ (1/24)O*h?[2y*(usecs + Users + Vezee + Vease) 
— (3 — Ov + 6y? — 2v*)w,,,R + v(3 — v)w,,,R™ 
— (3 + vy — 17v? + 12r')u,,R- 
— (10 — 23v + 12p%)v,,.R-* — (10 — 26v + 15y*)w,R-4] 
+ (1/24)@*%h?#,—'[—12(1 — v)*S,R-* 
+ (5 — 7v + v*)Ps,.(hR)— 
+ 0(4 — 28v + 49v? — 24y)S,,R-? + (1 + v)Piz 
+ (1 — v)*Pozsh™! + (2 —v + v*)Pogh™ 
+ 2(3 — 6v + 2v*)S,,,R-' + 5(1 — v)*S22R™ 
+ 3(1 — v) (2 — 5y)S2,,h— 
—6(1 — 3v7 + 3v? — 3y*) (Sszze + Stese)] = 0. . [30] 


— (2 


vu,R— + v,R- + wk? — E, 
[Psh— + 011 — 2v)S;sR— + Siz + Sas] 
+ (1/24) 6*h*[2(1 — v)*(wrese + 2Weese + Ween) 
+ 3v2u,,,R-! + (4 — dv + v? + 3y*)u,,,R- 
+ (2 — 7v + 1ly? — 3y*)v,,,R- + (6 — 12v + 9v*)v,,, R= 
+ (2 — 2v + v2? + 2v*)\w,,R-* + (10 — 17v + 10r")w,,R- 
+ 2(1 v) (1 + 3v) (Pu, R=? + wR‘) + 5v(1 — vo, R=] 
+ (1/24)@h?E,—[(1 — v)Ps(hR*)—! — 2(1 + v — 6y*)S,;R-* 
— (4 — 10v + 3y")Pis(hR)—! + v(2 + v)P2(hR)— 
+ (1 — v) (2 — 7v)Si,R- + 3(2 — 9v + 8v)S2,,R- 
(1 — v) (2 — v) (Paez + Paa)h 
- 6(2 — 6yv + 6y* — 5v*)S;,,R™ 
— 6(5 — 22yv + 29»? — 15v*)S;,,R-! 
—3(1 — v) (2 — v) (Steze + Sizes + Sozze + Soeee)] = 0. . [3c] 


INDETERMINATENESS OF EQUILIBRIUM EQuATIONS 


It is a remarkable fact that an application of the usual varia- 
tional method to the strain-energy U yields equations of equilib- 
rium in terras of displacement whose h* terms are not the same 
as those in Equations [3 a, b,c]. Furthermore, if the complete 
expressions for the resultant stress forces and couples are substi- 
tuted into the usual dynamical conditions for equilibrium, the 


result is still a different set of h? terms. The possibility of such 
discrepancies appears to arise from an actual indeterminateness 
in the form of the equations of equilibrium when these are carried 
out through a certain order of powers of h. 

The indeterminateness is due to the fact that each of the equa- 
tions is of the form M + h?N = 0, so that the membrane part 
M, inclusive of load terms, is actually itself of order h*. If, now, 
bM is added to N, where b is any number, the result is M + 
h?(N + bM) or M + h?N —Ah‘bdN. Terms of order h‘, however, 
were dropped in deriving the equations; hence for consistency, 
provided 6} is not numerically large relative to unity, the new 
term —bA‘N reasonably may be ignored. In this way N may be 
changed extensively inform. Furthermore, any derivative of M 
may be used instead of M; or any combination of the M’s occur- 
ring in the three equations may be used. As was stated in reference 
2, the procedure can be justified on the basis of the “‘thin-shell 
assumptions,” provided that the quantity added to N is not 
multiplied by a positive power of the radius R. Multiplication 
by R may introduce the operator RO/dzr or RO/ds, whose effect 
on the magnitude of the quantity operated upon is unknown. 

By such maneuvers it is found to be possible (at least if P = 
S = 0 and presumably in general) to convert any one of the three 
forms of the h*? terms just mentioned into either of the other two, 
thus establishing the consistency of the three forms. It seems 
to be impossible to say which of these forms will give a result ap- 
proximating most closely the unknown result that would be ob- 
tained from an exact application of three-dimensional analysis. 

The h? terms also can be thrown by the same procedure into 
many other alternative forms. The solutions of a given problem 
obtained with use of these various forms will all differ only by 
terms of order h‘. Now a little reflection shows that, if equations 
already contain an unknown error and changes are made in them 
by which a second error is introduced that is larger than the first 
but of unknown sign, then the expectation of error is thereby in- 
creased. Nevertheless, it seems reasonable to expect that mod- 
erate arbitrary simplifications of the equations of equilibrium 
may be made by the procedure just outlined without increasing 
the error seriously, and with the possibility that it is decreased. 

In addition to the parts of the left-hand members of Equations 
[3 a, b, c] that do not contain h*, the following four expressions 
are especially useful for modifying the equations; they represent 
linear combinations of the parts just mentioned or of their de- 
rivatives, and are likewise of order h* (and actually equal to zero 
in membrane theory), as are also their further derivatives 


(1): (u,, + ves)R7! + 202, [P2(hR)— + 2S,R-* 

+ Pr + SiR + Size + Sass] 
~ Px) (AR)! + (Siz 
Ss.) R™ 


- Sizes 


R- + £0£,-((Pis - 2S.,)R™ 
+ (vPsez — Pau)h™ + (2vSsz2 
+ w(Sizez + Srzz) - 
2 Ugeht? + w,,R-* — £02, [rv (Piz — Po.) (AR) 
+ v(Siz — 2S2,)R-* + (Paez — vPsu)h= 
+ (1 — »)Siz2R~' — vS;,,R~ 


+ | + Sozzs -s VSi200 — VS2ces] 


> u 


222 


Sages! 


+ Uges }- Ures 7 Vers > Voss os (vw,, + w,,)R~ 
+ E,-[(Piz + Po jh + (Siz + 282,)R™ 
+ Ov(Sses + Siss)] 


Here & = 1/(1 + »). 


As an example of the procedure, the quantities u,,R~* and 
w,R-* may be removed simultaneously from Equation [3a] by 


. 
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adding inside the bracket the following expression, obtained 
by differentiating the first part of Equation [3c] and multiply- 
ing by (2 — 9v + 6y*)R™ 
(2 -— 9v + 6v) {vu,, + v,, + w,R™ 
—E,-'[Pi,h— + O11 — 2v)S,,R™ 
+Si22 + Sozs] }|R-" 


The coefficient of v,,R~* is thereby changed from —(2 — 7v + 
5v? — y®) to —v (1 — v) (2 + v) and the coefficients of P3,, S;z, 


Sizer, and S2,, also are changed. 
SrmmpuiFriep EquiLipriuM EQuaATIONS 


Among the many possible modified forms of the equations of 
equilibrium that can be obtained in the manner just described, 
the following equations are attractively simple in the load-free 
terms 


uz, + (1/2) (1 — v)u,, + (1/2) (1 + v)e,, + vw, R™ 
+ E,-'\(P\h- + S,:R- + OvS;,) 
+ (1/24)0h?(—(2 — 3v — 2v*)w,,,R~! + (1 + 2v*)w,,,R- 
+ (1 — v)u,,R-* — v(2 + v)v,,R-*] 
+ (1/24)0h*E,-'[9vP3,(hR)™ 
+ (2 + v)Pizch™ + (1 — v)Piho' + (1 + 27)Po2h™ 
+ 0(4 — »v — 6r")S,,,R~' — 2(1 — v)S,,,.R- 
+ 0(1 — 4v)Se2.R~' — (1 — v) (Ssazz + Sizue)] = 0. . [4a] 
v4, + (1/2) (1 — vez, + (1/2) (1 + vu, + wR” 
+ E,-“(Ph~ + 28,R-* + OvS;,) 
+ (1/24)0h?{—3(1 — 2v)w,,,R-' + 3rw,,,R™ 
—3(1 — v)* u,,R~* — 3w,,R-*] 
+ (1/24)0h*E,~'(—12(1 — v)S.R-* — (5 — 14v)P;,(hR)— 
— 6(1 — v)S,,R-* + (1 + 2r)Pih-! + (1 — v)Prech™ 
+ (2 + v)Poh-! — 6(4 — 14v + 13y)S,,,R- 
+ 5(1 — v)S2.2.R-' — 0(4 — 5v + 4y*)S2,,R-! 
— (1 — v) (Sseze + Ssees)] = 0. . [40] 


vu,R-! + v,R- + wR-* — E,—[Psh-! + 0(1 — 2v)S,R-! 
+ Siz + Se) + (1/24)0h7(2(1 
+ Wye) — (4 — 2v + v*)v,,,R-' + (4 — v)w,,R-* 
— (2 + vo, R-*) + (1/24) 0h°E, (301 + 2v)P3(AR*) 
—t0(4 — Sy — 4v* + 5y®)P,,(AR)— 
—t0(8 — 6v — Sy? + 9v*)P2,(hR)— 


—— v) (Weses +2 Wezes 


+ £0(4 +v— 7p? — v)S,,R —2 
—t0(8 + 7v — 5y* + 2v*)S,,R-* 
+ £0v(1 + 3v — v*)Psech™! — £0(4 + v — 4y* + 2v')P;,,h- 
+ 3£v*S;,,R-! — £0(7 — 4v — 7v* + 7v*)S;,,R- 
ver £0(4 7 3v ye qv? + 3v*) (Sizes + Sozzs) 
— £0(8 — v — By? + 4y*) (Sizes + Sooe)] = 0. . [4c] 
The distinction should be noted carefully that, whereas Equa- 
tions [4 a, b, c] for equilibrium stand on about the same footing in 
regard to accuracy as do Equations [3 a, b, c], Equation [2] for 
the energy represents an approximation that is presumably less 


accurate than Equation [1b]. This approximate expression for 
the energy would lead in turn, by the variational method, to a set 
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of approximate equations of equilibrium, but these appear to be of 
no interest. It also may be remarked that, in contrast to the 
equilibrium equations, the equations of motion appear to be de- 
terminate. The only way to simplify them is by some procedure 
of approximation, of which a bold example was given at the end 
of reference 2. 

From the practical standpoint, Equations [4 a, b,c] are 
still fantastically complicated. Fortunately, most of the load 
terms usually will be either zero or negligible. Furthermore, all 
of the displacement terms except those containing fourth deriva- 
tives of w are necessarily small relative to one of the membrane 
terms in the same equation, in the sense specified by the thin- 
shell assumptions of reference 2. In _ practice, therefore, 
sufficient accuracy often will be achieved by the common device 
of simply dropping these small terms, the u and v-equations 
being thereby reduced to the membrane terms alone. In 
special cases even the remaining three h? terms in the w-equation 
also will be small. If, however, the displacement approximates 
the purely transverse type to be discussed presently, terms must 
be dropped with caution. Many of the load terms, if not zero 
in a given case, can be dropped systematically for similar reasons; 
otherwise it is necessary to show that in the particular case at 
hand they are unimportant. Two cases merit special discussion. 

Azisymmetric Nontorsional Case. v = 0, all s-derivatives zero, 
P, = S;=0. For this case, Equations [4a, c] reduce to 
u,, + vw,R- + E,-"(PiA— + S,R- + OvS;2) 

— (1/24)6h?{ (2 — 3v — 2p*)w,,,R- 
-E,—(9vP3,(RR)—! + (2 + v)Piszch™ 
6v?)S,22R7! (1 V)Ssz2z|| = 0 


+ #4 v [5a] 


' + wR-? — E,-'[Psh— + 0(1 — 2v)S,R— + Siz] 

eee + (1/24)0W72E,—[3(1 + 2v)Ps(AR2)— 
—£0(4 — Sv — 4v? + 5y*)P,,(hR) > 

+ £0(4 + v — 7v* — v)S,,.R-* + EOr(1 + 3y — v*)Psh™ 


+ 3&v*S;,.R~' — £0(4 — 3» — 7v? + 3y*)Si222) = 0. . [5d] 


vu,R 


+ (! 2) h2w 


In this particular case, further simplification is possible, as was 
shown for the displacement terms only in reference 2. The 
equations can be solved for u,, and w,/R, after differentiating the 
second. The expression thus found for w,/R is then of order h? 
and, differentiated twice more, may be substituted for w,,,/R, 
terms in A‘ being dropped. Multiplication by R is involved in 
solving for w,/R, but all h‘ terms introduced by the substitution 
for w,,,/R are easily seen to be of order h?0*/dz? relative to h? 


terms. The result is the following pair of equations 


(1 — v*)u,, + 
E,-\(P\h~ + S:R- + vRP;,h~! + 2vSiz + vRSizz) 
— (1/24)h* {2vRw,,,., — E,~[6vP:.(hR)~ 
+ (2 + 5v)Pisch™! + (4 + v)Siz2R~! — (2 — »)RPizzzh™ 
—3(1 — v)Ssrez -— 0(2 — Tv + 3v*)RSiezzz]} = 0. . [6a] 


(1 —u,8=* — 
E,-[vP\h-! + vS,R-' + RPyh~' + (1 — v)Sxz 
+ RSi22] + (1/24)h?{2Rw,,... + E,-'[301 + 3v)P3.(AR)™ 
— 0(4 — 6v — v)Pi,,h-' + 0(4 -- 38v — 4y*)S,22R™ 
+ 30VRPssech™ + 3vSs222 — O(4 — 5v)RSiz2z2]} = 0. . (6b) 


Most of the load terms in these equations are of course uninter- 
esting. The solution will contain additive constants in w and u; 
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that must be chosen to fit Equation [5b] and the boundary condi- 
tions. The equations agree with the results given in Sec. 81 of 
Timoshenko’s “Theory of Plates and Shells” except for small 
corrections included here in the load terms. 

Purely Transverse Case. u = 0, all z-derivatives zero, P; = 
S, = 0. In this case dropping further terms is dangerous be- 
cause the membrane displacement parts of the equutions are not 
independent; it is possible, in fact, to eliminate these terms en- 
tirely. At the same time, in the h* bracket of the w equation, 
let —v;/R* be replaced by w/R* by the usual process of modi- 
fication. This could have been done equaily well in the original 
process of simplification. 

The result is a differential equation for w alone 
Wessse T 2Weszht * + w,R~‘ 

— 12(h?E;)— [P2(AR)— + 28:R-? + Ph + Si,R= 
+ Soe] + (1/2)0F,-*[12(1 — v)S.R-* 
+ 6(1 — v)P3.(hR*)—! + 2(2 — v)S;,R-* 
£6(10 — 5v — 10v? + 8v*)P2..(hR)~ 
— 6£0(1 + v — v*)S,,,i%~* 
— £0(4 + v — 4p? + 2y5)Prech™! 
— 3£0(2 — v — 2v? + 2v*)S;,,,R-! 
— £0(8 — v — 8v? + Av)Sores| = 0 
If P; = S; = 0, this equation can at once be integrated once, and 
for a shell unloaded on its faces it can be integrated completely. 
SIMPLIFIED Stress RESULTANTS 


Formulas were given in reference 2 for the ten resultant stress 
forces or moments, whose values may be needed at least at the 
boundaries of the shells. The complete load terms were not 
given, however, hence they will be cited in the Appendix. In the 
case of equilibrium, these expressions, being likewise accurate only 
through order h?, can be modified by the same procedure that has 
been described for the equations of equilibrium. The errors 
thus introduced are again of order h‘ and hence very unlikely to be 
important, with a possibility that the total error is decreased. 

One possible form of the expressions for the resultants that 
may be obtained in this manner, somewhat simpler in the dis- 
placement terms than the original, is the following; the notation 
is that of reference 2, and the shell is assumed to be in equilibrium 


N, = OvhS; + hE,(u, + wv, + vwR~) 
+ (1/24)0h®E,[—v(1 — v) (tages + ese) 
—(2 — 3v — 2y")w,,R™ 
+ v(1 + 2v)w,,R-! — v(2 + v)v,R-*] 
+ (1/24)0h?[9vPs(hR)—' + (2 + v)Pish™ + 3vP2h- 
+ 0(4 — v — 6r*)S,,R-' — Ov(2 + v)S,,R- 
— (1 — v)Ss2z — vSsee] . . [7a] 


N, = OvhS; + hE,(vu, + v, + wR") 
+ (1/24)0h°E,[—v(1 — v)(uzse + Vere) + (1 + 27)w,,R- 
+ (2 + v) (w,,R- — v,R-*)) 
+ (1/24)0h*[3(1 + 2v)P3(AR)— + 3yPi zh 
+ £(2 + 2v + v*)P2h-' + £6(2 + 3v — Gy? — 5v5)S,,.R- 
+ (2 + v)P2h- + 02 — 5v*)S,.R- 
— 0v(5 — 2v)S:,R-! — vSse2 — (1 — v)Sses] . . [70] 
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N,, = (1/2) (1 v)hE,(u, + vz) + (1/24)AF#,[v(u,,, + toes) 
(1 — 2v)w,,R-' + (1 — v) vo, R-] + (1/24)h*[P, A 
+ Pah + 382,R-! ~ 0(1 — 2v)Sres). . [7c] 


N,, = (1/2) (1 
+ w,,R™ + (1 


VRE (u, + vz) + (1/24)h°Z,[v(u,., + vere) 
v)u,R~-*] + (1/24)h*[Pi A + Poko 

—2S,,R-' + Sx2R-' — O(1 

- (1/12)h7E,[w,,. + Wr. + (1 — v)u,,R~ 

—w,,R~"] + (1/12)h*{2P,(AR)— — S,R- 

+ 0(2 — v)Siez + Sise + O822,) 


2v)Ss.) . . [7d] 


= AS, 


= AS; — (1/12)h*E,[w,,, + Was + w,R~? 
+ (1/2) (3 — v)u,,R-! + (1/2)0,,.R-) 
+ (1/12)h3[—6S.R-* — 3P; h-' — 0(2 — v)S,,R— 
0(2 — 3v)Siee + Sees — O(1 — 2v) Soe) 
(1/12)A3E,[w,, + vw,, — (1 — v*)u,R-! — wR 
+ (1/12)h3[yP;h~ + 2vS;R-' + 0(2 — v*)S,, 
+ Ov(2 


v)So,] 


(1/12)h°E (vw,, + w,, — 
+ (1/12)h3[—P;h-' — 


v,R-) 


(1 — 2v)Sie + OS20) 
(1/12)A3E, (1 - »,R-}) 


+ (1/12)A°(Si, + Sex). . [71 


-v) (w,, 


(1/12)A3E,(1 — v) [w,, + (1/2)u,R-! — (1/2)r,R-} 


+ (1/12)h(S,, + Sez) (7j 


When substituted in the usual conditions for equilibrium, these 
resultants do not quite produce the simplified Equations [4 a, b, 
c], but the differences can be shown in the usual way to be of 
order h*. There does not seem to be any objection in principle 
to the use of Equations [7a to j] to express boundary conditions 
in conjunction with the use of Equations [4 a, b, c], or, for that 
matter, with the original Equations [3 a, b, c}. 


Appendix 


Equations of motion complete through terms of order h® (in- 


cluding load terms omitted in reference 2)’ are as follows. Let 
[3a], [3b], [3c] denote the left-hand members of the equations of 
equilibrium, Equations [3 a, b, c], respectively. 
denoting as usual double differentiation with respect to the time 


Then, two dots 


pu = E,[3a] — (1/24)6*h*pE,— (2(1 — v) Ph 
+ 4(1 — »)8,R- — O11 — 2v) (1 

(1/24) 0*h?pE, (211 — v) Pho 
+ 10(1 — v)§,R-" — 011 — 2y) (1 


3v)S;,) . . [8a] 
= E,[3b} 
av)8,; j [8b] 
. 2v) Ph : 

3v) (8:, T S..) 


pid = —E,[3c] — (1/24)0*%pE,~[(1 


+ 6(2 — 9 + 10v)S,R-! + 2(2 [Se] 

Similarly, to make Equations [13a toj] of reference 2for the stress 
resultants complete through terms of order h* there must be 
added on the right side, in the equation representing the following 
quantity indicated in parentheses, respectively 


3 In the partial equivalent of [8b] in reference 2, the coefficients of 
Zs, and Sz, are slightly in error. 
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(N,): (1/24)0*h®[v(5 — 6v)P3(hR)— 
—Ov(4 — lly + 6y*)S;R-* + 2Pizh™ 
+ 2v(2 — v)P2h- + 2(2 — 2v — v*)S,,R™ 
—- 4v(1 — v)S.,2- — O11 — 3v + 2y* — 2p%)S;,, 
— Ov(1 — 3r)Sss. — 26v(1 — 2v)pE,-8;] 


(N,): (1/24)6*h?[(1 — 2y?)P,(AR)~ 
— 0(2 — v — 10r* + 8v*)S,R-? + 2n(2 — v)Pizh-! 
+ 2P2,h—-' — 2vS,,R-! — 2(1 + 3» — 4v%)S2,R- 
— Ov(1 — 3r)Ss22 — O(1 — 3v + 2y? — 2y)S;,, 
— 26r(1 — 2v)pE,—8,) 


(N,,): (1/24)h3[Pih-! + Posh + 3S822R-! — 0(1 — 2r)S;.5] 
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(N,,): (1/24)h?[Pih-! + Posh-! — 2S,,R- + S22R- 
— 0(1 — 2v)S3.,) 
(1/12)0h3(2(1 — v)P\(AR)~! — (1 — v)S,R-* + Ps,ho? 
+ O(1 — 2v)S;,.R- + (3 — v)Size + (1 — V)Sie 
+ 2Se. — 2pE,—8,] 
(Q,): (1/12)0h3{(1 — »)P2(hR)~! — 4(1 — v)S,R-* + Py,h- 
+ 60(2 — 7v + 4y*)S;,R-! + Siz. + (1 — v)Saze 
+ (3 — v)S2. — 2pE,— 8) 
(M,): (1/12)0h3[vPsh— + Ov(2 — 3v)S;R- + 2Si. + 2vSs,] 
(M,): (1/12)0h3[yP:h-! + 0(1 — 2v)S;R~! + 2vS,, + 2Sz,] 
(M,, and M,,): (1/12)h*(S;, + Szz) 


(Q,): 





Remarks on Donnell’s Equations 


By JOSEPH KEMPNER,?* BROOKLYN, N. Y. 


Flugge’s set of differential equations of equilibrium for 
circular cylindrical shells is expressed in a form analogous 
to the Donnell equations. The results of solutions of the 
two sets of equations for a simply supported cylinder under 
a centrally applied, uniformly distributed radial line load 
over a generator segment, as well as under sinusoidally 
applied line loads, are in very good agreement for the 
particular geometry investigated. 


cal shells have been known for the past 20 years.* Re- 

cently they have been used to calculate deflections and 
stresses caused by lateral loads.‘ It is interesting to note that for 
this purpose the equations can be derived by making suitable 
approximations to the strains asin Donnell’s report? without any 
additional order-of-magnitude arguments. If the membrane and 
bending and twisting strains in the cylinder are expressed in the 
same manner as in the usual plane-stress theories of infinitesimal 
stretching and bending of thin flat plates except for the circum- 
ferential membrane strain, and the latter is assumed to be 
represented by the relation 


Gp (O0/OD) 90. 5 nn oo ncinc anc cas Ll 


] Deceit equations for the analysis of circular cylindri- 


where v and w, respectively, are the ratios of the circumferential 
and inward radial displacements to the cylinder radius and ¢ is the 
circumferential angular co-ordinate, calculation of the total po- 
tential energy of the system and its variation with respect to v, w, 
and the nondimensional axial displacement u results in the 
following equations 


V‘w — (1 — v*)(1/Ek*)o, — (a*/D)q = 0 
(d0,/0xr) + (OT, ~/O¢) + (a/h)X 
(d7,~/dr) + (d0,/0¢) + (a/h)® 
In Equations [2] to [4] Z is Young’s modulus, v is Poisson’s ratio, 


1Submitted to the Knolls Atomic Power Laboratory, which is 
operated by the General Electric Company for the U. 8. Atomic 
Energy Commission, Contract No. W-31-109 Eng-52. 

? Assistant Professor of Aeronautical Engineering, Polytechnic In- 
stitute of Brooklyn. 

* “Stability of Thin Walled Tubes Under Torsion,”’ by L. H. Don- 
nell, NACA Technical Report No. 479, 1933. 

‘**Line Load Applied Along Generators of Thin-Walled Circular 
Cylindrical Shells of Finite Length,” by N. J. Hoff, J. Kempner, and 
F. V. Pohle, Quarterly of Applied Mathematics, vol. 11, January, 
1954, p. 411. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
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ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
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Nore: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received by ASME Applied Mechanics Division, 
March 9, 1954. Paper No. 54—A-28. 


a and h, respectively, are the cylinder radius and wall thickness, 
D = (1/12)Eh*/(1 — v*), k* = (1/12)(h/a)*, x is the distance 
measured in the axial direction along a generator divided by a, 
T,, Ty, and T,y, respectively, are the axial, circumferential, and 
shear membrane stresses, and g, X, and ®, respectively, are ap- 
plied surface loads in the inward radial, axial, and circumferential 
directions. The analysis does not include terms required for 
buckling problems.® 
When expressed in terms of displacements only, Equations 
[2] to [4] appear as 
Vw + (1/k*)(w — v — vu’) — (a*/D)q = 0..... . [5] 
u” + (1/2)(1 — vi + (1/2)(1 + v)v’ —vw' + (a*/D)k*X 
= 0. .[6) 
v + (1/2)(1 — vv” + (1/21 + vu’ — w + (a*/D)*@ 
= 0. .[7] 


in which a prime after a symbol indicates differentiation with re- 
spect to z and a dot over a symbol indicates differentiation with 
respect to g. After differentiation and elimination, these equa- 
tions can be written in the usual form of Donnell’s equations.* 


Viw + (1/k*)(1 — v*)w'Y — (a*/D) {Vg + X’ — vX’”’ 
— (2 +r)b"— 4} = 0............... 18} 
Vu = vw’! — w’ — (a*/D)k* {X” + [2/11 — »)] X 
~[(1 + v)/C1 — v)]@’}...... 19) 
Vy = (2+ vw + w + (a*/D)k*{ ((1 + v)/(1 — v)) X’ 
— (2/(1 — v)] &” — $} 


A more accurate set of differential equations, corresponding to 
Equations [5] to [7], is given by Fliigge’ and Biezeno and 
Grammel.* It is 


Vw + 20 + w + (1/23 —v)o” + u’” — (1/21 — vy’ 
+ (1/k?)(w —v— vu’) — (a*/D)q = 0 


u’’ + (1/21 — vi + (1/21 + v) 0’ — pw’ 


- (1/2)(1 — v)w’ + (1/21 — vi] + (a*/D)k*X 
= 0.. [12] 


+ k?[w’’’ - 


v + (1/21 — vw” + (1/21 + vu’ — w 
+ k*{(1/2(3 — v) * + (3/2) 1—v)v"] + (a?/D)k*® = 0. . [13] 


After differentiation and elimination, this set of equations can 
be expressed in a form analogous to the Donnell equations 


‘ It may be noted that the strain-displacement relations referred to 
can be obtained from those of Fligge* if A is considered to be very 
much smaller than a. 

6 “Statik und Dynamik der Schalen,”’ by W. Flagge, Julius Springer, 
Berlin, Germany, 1934, p. 115. 


7 [bid., p. 118. 
*“*Technische Dynamik,”’ by C. B. Biezeno and R. Grammel, 


Julius Springer, Berlin, Germany, 1939, p. 469. 
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Vw + 2r(1 + 3k?)wYl + (6 + 3k72 — v + y?)) wi¥ 
+ [2(4 — v) + (7 — 5y)k* + 3(1 — v)k4]w” 
+ 21 + k*)w + (1/k2)(1 + 3k2)(1 + hk? — y*)wi¥ 


+ [2 + (1/21 — M1 + k4 + BR)” + (1 + REDD 
+ k® {(2 — 3k*)w¥ili + (1/2)((11 — 3v) + 9(1 — vk} 6¥F 
+ [32 —v) — vaeepwiv + (1/2)[(7 — 3») + 3 — vk} 5" 
are (a*/D) {V*q + X’ — w(1 + 8k*)X” 


+ k(1 + Bk2)XY — ¥’ — (3/21 —v) 2k") — (2 + vO" 


(1 + kb + 2h iv + KD + (1/213 — vO} = 0 


Vu = (1 + 3k*)pw’’” — w’ + k*[w’ — (1 + 3k*)w 
+ (3/2)1 — v)k*w’’’] — (a*/D)k*{(1 + 3k2)X”’ 
+ [2/11 — ») |X — (1 + »)/(1 — v)) ®’} 
Vt = (2 + vw” + (1 + k*)w — 2k*{wi¥ 
+ [1 + (1/43 — v)k*}w"} + (a3/D)k*{ ((1 + v)/(1 — v)) XX’ 
— [2/(1 — v)]®” — (1 + k*)d} [16] 


. [15] 


where 


Vt! = V4 + BkD*/xt) + (k2/2)(4 + 3k*) (1 — v)(d*/dz%D¢*) 
+ k(0*/d¢*) 


These equations, which can be simplified somewhat if k?< 1, are 
just as exact as the original set given by Fligge from which they 
were derived. It is difficult to say how good an approximation to 
them the Donnell Equations [8] to [10] are. Obviously Equa- 
tions [8] to [10] are inaccurate when a circular cylinder deflects 
slightly into an elliptic shape. However, when there are many 
waves around the circumference, these equations should be satis- 
factory.* 

It appears that the equations are also useful in calculating de- 
fiections and stresses when the loads are applied to comparatively 
small regions of the shell. In such cases the deflections are local- 
ized and can be represented by series comprising many higher 
harmonics.‘ 

A particular problem has been worked out numerically to prove 
the adequacy of the Donnell equations by way of example. It 
consisted of a simply supported cylindcr, free from applied loads 
except for a centrally located, uniformly distributed inward-radial 
line load over a segment of the generator ¢ = 0. The Donnell 
Equations [8] to [10] as well as the “‘exact’’ Equations [14] to 
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[16] were solved by the method described by Hoff, Kempner, and 
Pohle.‘ 
NUMERICAL PROBLEM 


The line load was represented by the Fourier series 


(2P*/75) > (1/m) sin (mwb/L) cos (mmax/L) . . [17] 


m=1, 3,... 


in which 26 is the distance over which the load is distributed, L is 
the cylinder length, P* is the resultant load, and z is the non- 
dimensional axial co-ordinate measured from the mid-point of the 
generator g = 0. The defining parameters were chosen as 


h = 0.625 in., L = 140 in. 
y=0.3, 26 = 7 in. 


= 35 in., 
E = 30 X 10° psi, 


The deflection w, axial moment resultant M,, circumferential 
moment resultant M,, and membrane stresses ¢, and o, were 
computed at z = 0, ¢ = 0 from solutions of both the “exact’’ 
equations and the Donnell equations. The results are presented 
in Table 1. Also in Table 2 comparisons are presented of the 


COMPARISONS OF RESULTS OF SOLUTIONS OF 
CT’’ AND APPROXIMATE SHELL EQUATIONS 
(All quantities are computed at z = 0, ¢ = 0) 

From solution of From solution of 

“exact’’ Eq. Donnell Eq 
{14]-[16] [8}-[10] 

0.169 0.160 
0.107 0.106 
0.196 

—0.412 

—0.377 


TABLE 1 
“EXA 


(w/t > | eer a 
Ss ak abs 


TABLE 2 COMPARISONS OF FOURIER COMPONENTS OF DIS- 
PLACEMENT AND CIRCUMFERENTIAL MOMENT RESULTANT 
ATz=0,¢=0 
——_—(w,,/P*) X 106 M,,,/P* 
Eq. |14] to [16] Eq. [8] to [10] Eq. [14] to [16] Eq. [8] to [10 
0.112 0.104 0.0497 
0.0219 0.0214 
0.0107 0.0106 
0.00675 0.00669 
0.00473 0.00470 
0.00346 0.00345 


—————, 





0.0282 
0.0213 
0.0174 
0.0147 
0.0126 


first six Fourier components obtained from both sets of equations 
for the displacement and circumferential moment resultant at 

= 0, ¢ = 0. The results show that for short cylinders loaded 
over small regions of their surface the simple Donnell equations 
are quite adequate for the determination of the deflections and 
the stresses in the neighborhood of the loads. 





Temperature Distribution and Efficiency 


of a Heat Exchanger Using Square 
Fins on Round Tubes 


By H. ZABRONSKY,? NEW YORK, N. Y. 


Formulas are obtained for the temperature and fin effi- 
ciency of a heat exchanger consisting of round tubes with 
square fins. Curves are presented for the fin efficiency as 
a function of tube radius, all other parameters remaining 
fixed, and also for the temperature distribution in one par- 
ticular fin. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


a = side of a square fin, ft 
A = area of a square fin, sq ft 
b = fin half-thickness, ft 
c (h/bk)'/* 
D = plane region of single fin 
T = gradient of T 
film coefficient of heat transfer, Btu/hr sq ft deg F 
I,(z) = modified Bessel function of first kind and order n 
k = thermal conductivity, Btu/hr ft deg F 
K,(z) = modified Bessel function of second kind and order n 
p = tube radius, ft 
rate of heat flow through an element of fin 
polar co-ordinates 
arc length 
surface area 
temperature at the point (z, y) of fin 
constant temperature of tube walls 
a 
2 P 
rectangular co-ordinates 
oT 


oT 
Laplacian of 7 = — at 
oz? oy? 


grad 


fin efficiency 


derivative normal to curve 


INTRODUCTION 


This paper treats the problem of the transfer of heat between 
two fluids in a heat exchanger composed of round tubes with 
square fins. The fins are arranged as shown in Fig. 1. The fins 


1 This paper was written at K-25, Oak Ridge, Tenn.; work per- 
formed under Contract No. W-7405-eng-26, Report No. K-929, issu- 
ance date August 15, 1952; published by permission of the Atomic 
Energy Commission, Oak Ridge, Tenn. 

? Design Engineer, Ford Instrument Company, New York, N. Y. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., November 28—December 3, 
1954, of Toe American Society or MEcHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 9, 1953. Paper No. 54—A-12. 


























Fie. 1 Rounp Tuses Wits Square Fins 

shown in the figure are all from a single metallic sheet which is 
large compared to the diameter of a single tube. Advantage is 
taken of this fact by assuming that the fin sheet is infinite in ex- 
tent. This assumption affects the results very little and simpli- 
fies the problem mathematically. No assumptions regarding the 
relative size of a single fin and the tube diameter are made. 

The use of fins in heat exchangers increases the heat flow per 
unit of basic surface. The average surface temperature of the 
fins tends to approach the temperature of the surrounding fluid. 
Thus a temperature gradient exists in the fins and the heat flow 
is less than it would be if the fin temperature were constant 
throughout. The “fin efficiency” is defined to be the ratio of 
the amount of heat transferred to the amount of heat which would 
be transferred if the fin had a constant temperature throughout. 

Fin efficiencies have been determined for fins of various shapes* 
where the fin is symmetric with respect to the axis of the tube, but 
the case treated here apparently has not been treated heretofore. 


MATHEMATICAL TREATMENT—ASSUMPTIONS 


The mathematical analysis is based on the following assump- 
tions which are common to most previous investigations :* 

1 Steady state persists. 

2 Fin material is homogeneous and isotropic. 

3 There are no energy sources within the fin, the heat being 
supplied from within the tubes. 


* ‘Efficiency of Extended Surface,”” by K. A. Gardner, Trans 
ASME, vol. 67, 1945, pp. 621-631. 
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4 The heat-transfer coefficient is the same over all of the fin 
surfaces. 

5 The thermal conductivity of the fin material is a constant. 

6 The temperature of the surrounding fluid is constant and 
the temperature of the tube wall is constant. 

7 The fin thickness is so small compared to its height that 
temperature gradients, normal to the fin surface, may be neglected. 

8 The heat transfer through the outermost edge of the fin is 
negligible compared to that passing through the sides. 


DeriIvaTION oF Basic DirFERENTIAL EQUATION AND BOUNDARY 
ConDITIONS 


The basic differential equation results from a heat balance on 
an element of the fin normal to the direction of heat flow. Con- 
sider an area on the surface of the fin and corresponding to it a 
volume of thickness 2b. The heat flowing through this element 
of the fin, normal to the basic surface, is given by the Fourier equa- 
tion 

q=—k SS grad T dS = —2bk f grad T ds... . [1] 


where the integration in the second integral is to be taken along 
the boundary of the given area. The heat entering or leaving 
the sides is 
q=—2S S hTdz dy 
Employing the divergence theorem, Equation [1] may be written 
q = —2bk f S AT dz dy 


Equating [2] and [3], and noting that the equation is true for 
any ®rea on the fin, the equation 


h 
=—T= 
AT 7 


is obtained. 

It is assumed that the temperature is a constant 7’) on each tube 
wall. Furthermore, by symmetry, the following additional 
boundary conditions are obtained: 


ar 
or 


oT a 
nie SS =-, 0 
a Ps 


=Q; z=40Q, 


oT a 
—— = i = 0, =< 
dy > Y 2 
oT a a 
— =: =-, Os s- 
py ir oa 
Solution of the Equation. Owing to the fact that the same 
conditions hold for any square the solution of Equation [4] must 
be an even doubly periodic function which is constant on the 
circles 





(x — ma)* + (y — na)? = p’, (m = 0, + 1, 


3.3.3 fee Sie 2...) 


Even double periodicity is a condition of symmetry which auto- 
matically fulfills Equation [5]. 

If T(z, y) is the solution of the problem for AT’ = T, then 
T (cx, cy) is the solution of AT = c*T. In polar co-ordinates AT’ 
= T' becomes 
7 06107. OT 
ot ee On 
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Since 7 = 7% on the circle r = p, a solution of Equation [6], 
which is a function of r alone, is sought. Equation [6] then sim- 
plifies to 

aT 
dr? 


Kir) = a et? —1)—‘*dt(r >0)........ [9] 


I(r) is an entire function which behaves somewhat like e” as 
r tends to infinity. Ko(r), on the other hand, behaves like log 1/r 
near r = 0 and tends to zero very rapidly as r tends to infinity.‘ 


In fact 
K,(r) (z)" Ss. 
0 2 ° 


The expression on the right of Equation [10] is, moreover, an 
extremely accurate approximation to Ko(r) even for relatively 
“small” values of r.* 

The function 


T(z,y) = ; 7 Ko {e[(z — ma)? + (y — na)*]*/*}. . [11] 


is an even doubly periodic solution of AT’ = c*7’, which converges 
uniformly and absolutely in any closed region excluding the points 
(ma, na) and behaves like 


—In{e[(z — ma)* + (y — na)*]/*} 


in the neighborhood of the point (ma, na). Owing to the ex- 
tremely rapid convergence of K,(r) to the limit zero as r tends to 
infinity, T(z, y) is nearly constant on the circles 

(x — ma)* + (y — na)* = p* 


On the circle r = 0.075417, for instance, the values of T(z, y) 
for 6 = 90 deg and @ = 45 deg are 1.115 and 1.106, respectively. 
Therefore an accurate solution of the problem is given by the 
function T)7T(z, y)/M where M is the mean value of T(z, y) on 
the circle z? + y? = p*. The following addition theorem for 
Bessel functions is now used to find the mean value of T(z, y) 


Kw) = KdZ)Io(z) +2 >> Ky(Z)In(z) cos mp. . . [12} 


m=1 
w = (Z* + 22 — 2Z z cos u)'/* 
Kole[(2 — ma)* + (y — na)*]'/*} 


Kyl e[r? — 2ra(m* + n*)'/* cos(@ — p) 
; + aXm* + n9)]"4}..[13) 
where Y = are tan (n/m). Substituting 
Z = ac(m? + n°), 2 = cr, andu = @—y 


4“Theory of Bessel Functions,” by G. N. Watson, Cambridge, 
England, 1922, p. 202. 
5 Tbid., pp. 358-359. 





ZABRONSKY—TEMPERATURE DISTRIBUTION 


Equation [12] becomes 


Kole[r? — 2ra(m? + n*)'/* cos (0 — W) + a%m? + n*)]'/*}.. [14] 


= K,[ac(m? + n*)'/*)I (er) +2 > K, {ac(m*® + n*)'/*] Ifcr) 
t=1 


cos (8 — yp) 

Therefore the mean value of T(z, y) on the circle z* + y* = p*is 
Kocp) + Idep) >> 55’ Kolac(m® + n*)'/).... (15) 

The prime in the double summation indicates that the term for 


m =n = 0 is omitted. Therefore the temperature 7'(z, y), at 
any point of the fin is grven by the formula 


To » > Ko c[(z - 


- ma)? + (y — na)*]'/*} 


T(z, y) = ———..[16] 


Io( pe) >> by Ky [ac(m? + n?*)'/*] + Ko(pe) 


It should be emphasized that the transition from Equation 
[6] to Equation [7] is a simplification which results in a satisfac- 
tory approximation. Equation [11] does not exactly represent 
the boundary condition 7 = 7, onr = p. Equation [16] is a 
smoothing of Equation [11] which fulfills the foregoing boundary 
condition even more accurately. 

The fin efficiency may now be computed by evaluating the ex- 


pression 
¥ T( )dxd 
AT. Jp Z, y) dx dy 


where A is the area of a square fin and D represents the plane re- 
gion of a single fin, over which the integration is to be performed. 
The fin efficiency may be obtained directly, using Green’s for- 


mula and the addition Theorem [12] 
oT 
on on 


ff AT — T AV) dz dy = 
D 
.-(18] 


Let V = 1. Then, since AV = 0, 0V/dn = 0, AT = c*T, and 
37'/dn vanishes on the sides of the square, Equation [18] simpli- 


fies to 
off tena -— 
a >” 


(r=p) 


2 aT 
a dO 


Now, making use of Equation [14] 


f ” oKo 
0 or 


(r =p) 


{e[r? — 2ra(m*? + n*)'/* cos(@ — W) 
+ am? + n*)]'/*} dO 
= 24Ky [ac(m? + n*)'/*)Io’ (ep) 
Therefore the fin efficiency is given by the formula 
—2 
$i api 


Ky[ac(m? + n*)'/*] 
—  ...[20] 
Ky[ac(m? + n*)'/*] 


co'(ep) + Io’(ep) >> 


Kiep) + Indep) >> 





foo} 

pk 
—-@ 
i) 
py 
— @ 


AND EFFICIENCY OF 


A HEAT EXCHANGER 


Since 
T(z) = Ip'(z), Ki(x) = — 


the final answer may be written 


=" Tp T's 


I,(ep) * 


— @ 


K,(ep) - Ko[ac(m? + n*)'/*} 


t) 


Ko(cp) + Io(ep) > 


—@ es) 


@ 
p 
— @ 
@ 
» Dy Kylac(m? + n*)'/*] 

There is a surprising similarity between the formula just ob- 
tained and the fin efficiency of an equal-area circular ring for which 
the same boundary conditions obtain. In the latter case the solu- 
tion may be written in the form 


T = C I(er) + B Kifer)... ns cefeel 


Using the boundary conditions, two equations are obtained for 
the determination of the constants C and B 


CIj(cp) + B Kolep) = To 
C Iy'(caw~'/*) + B Ko'(car—'/*) 


an t f, . oe * 
where p and am™~ /*are the inner and outer radii, respectively, of 


the ring. Therefore 


7, T [Io(er)K,(cam —'/*) — Koler)Ii(cax~' *)) 


1 : i/ oeee 26 
I(ep)K,(car ~7t) — Ko(cp)I,(car~ /) 0) 


and the fin efficiency may be written 


2xP Ki(cp)Ii(car ~'4t) — I(ep)K(car —'/*) 


iy, +127 
c(1 — wp*)T>) Ke(ep)Ii(caw~/*) + In(ep)Ki(car ~'’*) [27] 


¢ = 


CONCLUSIONS 


In calculations based upon this type of fin-and-tube arrange- 
ment it is customary to assume that the efficiency is the same as 
that of a round fin of the same area. In Table 1 the efficiencies for 
the square fin and equal-area round fin are calculated in terms 
of the variable radius p, all other parameters remaining fixed. 
In a practical case, under consideration, the following values were 
used 

To 100 C 
a = 0.375 ft 
c = 7.44/ft 


TABLE1 COMPARISON BETWEEN FIN EFFICIENCY OF ROUND 
TUBES WITH SQUARE FINS AND WITH EQUAL-AREA ROUND 
FINS 


(a = 0.375 ft, ¢ = 7.44/ft) 

Fin efficiency Fin efficiency 

(square fin), (equal-area circular fin), 

Pp per cent per cent 

001875 17.4 
003750 
.005625 
007500 
009375 
018750 


Don 


coocoosoocoesceso 
: S Or or > G2 c0 to 
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Table 1 shows that this assumption is a good one even for a fairly 
wide range of values of p. 
Table 1 and Fig. 2 also show that the fin efficiency decreases 
very sharply as the tube radius decreases, as would be expected. 
Fig. 3 shows the temperature variation of a fin for p = 0.075417 
ft, where 7, a, c, have the same values as before. 


/ CONTOUR INTERVAL, 5°C 
TUBE RADIUS, 0 075417 FT 
SIDE OF FIN, 0.375 FT 


~~ TEMPERATURE, 100°C 
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Fie. 3 Lines or Constant TEMPERATURE FOR Rounp Tuses WITH 
Square Fins 





Approximate Stress Functions for 
Triangular Wedges 


By I. K. SILVERMAN,' DENVER, COLO. 


The variational method is used to determine expressions 
for approximate stress functions for determining the effect 
of a third boundary to an infinite triangular wedge. The 
approximate function is a solution of a Euler-Lagrange 
total differential equation of the variational calculus with 
the constants of integration determined from the con- 
dition of least work. The approximate function yields zero 
stresses on! t he sloping faces of the wedge but furnishes cor- 
rection stresses on the third boundary. 


INTRODUCTION 


HE state of stress in triangular-shaped bodies, Fig. 1, under 

the usual assumptions of elasticity has been determined for 

many cases of loading (1, 2, 3).2 The solutions are in the 
form of Airy stress functions which satisfy the boundary condi- 
tions on the two faces of the wedge. Solutions are exact when 
the bounding faces are of infinite extent. The stresses may be 
obtained within the wedge if the displacements and stresses on 
the third boundary are those given by the Airy functions for the 
infinite wedge. 

In practice this third-boundary condition is never met. In the 
case of a triangular dam the third boundary is furnished by an 
elastic foundation. Under the assumption of a rigid foundation 
the boundary conditions at the third face require zero displace- 
ments. It is thus seen that the solutions of the infinite wedge no 
longer hold throughout the body and especially so in the neigh- 
borhood of the third boundary. However, under the usual pro- 
portions for triangular dams, for example, Saint Venant’s principle 
may be invoked to apply the wedge solutions in those regions re- 
moved from the disturbing boundary. 


EIGENFUNCTIONS FOR TRIANGULAR WEDGES 


The existence of certain ‘“‘eigen’’ or ‘‘characteristic’’ functions 
which may be used to evaluate the disturbing effect of a third 
boundary was noted by J. H. Brahtz (4). These functions were 
derived by considerations of the complex variable and also may 
be derived by assuming functions of the form 


F = r**(@) 
The differential equation for f(@) is 


dt d? 
ul + 2(n? + 1) f 


1)?f = 0 
de d@? f 


+ (n? 


the solution of which is 


1 Engineer, U. S. Bureau of Reclamation. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., November 28—-December 3, 
1954, of Tue American Society or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until April 11, 1955, for publication at a later date. Discussion re- 
ceived after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be under- 
stood as individual expressions of their authors and not those of the 
Society. Manuscript received by ASME Applied Mechanics Divi- 
sion, July 31, 1953. Paper No. 54-—A-14. 
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Fig. 1 


f = r* [a cos (n — 1)0 + ce sin (n — 1)0 + co sin (n + 1)0 
+ «cos (n + 1)6]. . [3] 


The boundary conditions are formulated so that the function 
[1] gives zero loads on the boundaries @ = 0 and @ = 4, Fig. 1. 
A set of homogeneous equations (5) is obtained, the solution of 
which depends on the roots of an auxiliary equation 


n* sin? @ = sin? n@ .. [4] 
The final form of the function is given by 


F = > K,r"*'[n cos n@ sin 8 + m sin n@ sin 0 
n 
— sin n@ cos 6}... . [5] 


in which 


n? sin? @ = sin? nd... 


It is seen that an infinite number of “free” constants K,, are 
available to meet any number of conditions at the third boundary. 
Use of this function in the study of triangular dams resting on 
elastic foundations has been made (6). However, the numerical 
calculations associated with the roots of Equation [4] and the 
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extremely cumbersome expressions for stresses and displacements 
make Equation [5] an extremely tedious tool. Moreover, the 
determination of the free constants K,, involves the solution of 
sets of simultaneous equations, the number of which depends upon 
the number of elastic or stress conditions to be satisfied at the 
third boundary. The free constants also may be determined by 
application of the least-work principle or by the use of least 
squares. 


Tue Ritz Metuop 


The Ritz method for the approximate solution of problems of 
elasticity has been used to great advantage (7). Under this 
method functions are chosen which do not satisfy the funda- 
mental equation V‘F = 0 but which do satisfy the equations of 
equilibrium and the boundary conditions. In 1930 Jakobsen (8) 
proposed 2, solution for the stresses in a triangular gravity dam 
using the principle of least work in the manner proposed by Ritz. 
Jakobsen chose for his approximating function one containing two 
constants and which, added to the solution based on the infinite 
wedge, gave additional stresses of a parabolic variation. The two 
unknown constants were determined by use of the least-work 
principle. The choice of the function was such that it satisfied 
the equations of equilibrium and the boundary conditions on the 
sloping faces of the wedge but otherwise was undefined. The 
weakness of the Ritz solution, as applied by Jakobsen, resided in 
the fact that the choice of his function was arbitrary subject only 
to boundary and equilibrium conditions 


Tue VARIATIONAL MEeTHoD 


The variational method (9) provides a means for furnishing 
functions which, while not solutions of Y‘F = 0, are the solutions 
of a Euler-Lagrange equation of the variational calculus. The 
functions thus obtained furnish a self-equilibrating system of 
stresses which serve to correct the stresses obtained from the solu- 
tion for the infinite wedge by taking into account the presence of a 
rigid or elastic foundation at the third boundary. Thus the Airy 
function of the triangular wedge on a rigid or elastic foundation is 
written as 


@=F,+F = F, + g(z, y)f(y)............ [6] 


where F, is the solution for the infinite wedge satisfying V‘F, = 0; 

g(x, y) is a known function of (z, y); and f(y) is a function of y 

yet to be determined. The function g(z, y) is chosen so that the 

following boundary conditions are identically satisfied for all f(y): 
Along the vertical face (x = 0), Fig. 1 


o, = 0; rt = 0 for all values of y 


Along the sloping face 


o, = — tk; ko, = — 7 for all values of y 


where k = tan ¢. 


The principle of least work is utilized to determine the function 
f(y) through the minimization of the energy integral 


V sat - SS {be2* + yy? ali 279. 2Pyy + 2(1 4 Vey") dz dy 


The variation of the integral is 
1 
éV al E SS {b..5b.. + yy OPyy 5: i Vb 20byy 
— byybbes + 2(1 + ¥)b.,5b.,} dx dy... . [9] 
Integration by parts yields 
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+ > f "enltie — ¥.:)6b, — (byyy — PPexy dG 
+ 2(1 + r)b,,80,}¥.... [10) 
From Equation [6] 
bb = ol, Of; 56, = ge6f; 56, = 9,8f + 98(F’)... [11] 


The function g(z, y) which satisfies the boundary conditions [7] 
is taken as 


Ax Bz? 
g(z, y) = y + -y (H — y) 


2‘ ers x 
12H —y) 20(H — y)? 





a 


1 k 
A = —k(l 0.9k); B = k?{ — — 
(ql + (2 + ; 


It follows that 


Az? 
Qe = —- + Ba(H — y) 


z* z‘ 
* 3 —») * 4@r—y 
Bz? x x 
=~ 9 * ie — yy * 10g — »)* 
At the limit y:(y = H, z = 0) 
d@ = g(0, H)df = 0 
do, = 9,(0, H)of = 0 
5¢, = g,(0, H)8f + g(0, H)A(f’) = 0......... 
At the limit yo (y = 0, z = z) 
te = ote, on = (A 4 EE eg oF) any. 
ae 
4H? 
dg, = g,(x, 0)4f(0) + g(x, 0)4f’(0) 
2 ‘ 
o (- es oo + a) 5f(0) 


Az*  BHz* x‘ x , 
+ (4 + 9 +2 +55) 6f’(0).. 


Az? 3 
56, = 9,(z, O)4f = (4 + BHz + = + ) ar0.. 


At the limit 2o(z = 0, y = y) 
dp = g(0, y)df = 0................ 
bo, = g,(0, y)éf = 0........... 
dg, = 9, (0, y)df + 9(0, y)df’ = 0 
At the limit z[z = k(H — y), y] 
5d = g{k(H — y), yléf = 0 
dg, = g.lk(H — y), yléf = 0 
5¢, = 9, [k(H — y), yléf + glk(H — y), yléf’ = 0... 
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Using the values of the variations at the limits, Equation [10] 
becomes 


Zz vw 
was of ‘- V ‘hiddx dy 
EJn Jw 


1 Zi 
a E f dz (yy v,.)do, 


— (dyyy — Vbszy)5b + 21 + v) bs, 5. } yo- . - - [28] 


For the minimization of the energy integral, 5V = 0, and the 
following double and single integrals vanish independently 


fe  Viidde dy wee.. 
Ie Gay = Yb e0)8by ly dz = 0... 
fe [ (yyy r4% VPr2y OD } ye dz = 0.. 


fe (bn86. yo dz = 0.... 


(Sq, )ve (OP), and (5G,) yo 


are given by Equations [21], [19], and [20], respectively. 
Since V‘F, = 0 


Vd = Vg) = Val + 4Gyyy + Dery’ 
+ (69,, + 2g22)f" + 49,f'" + of"”.. 


Equation [29] becomes 


H k(H — y) 
ff, sav ff Vidole, y)dr = 0 
and because of the arbitrariness of the variation 6f it follows that 


k*p(H — yf’ + 4yrkH — yf” + vol — yf” 
+ 4¥.(H — y)f’ + 2vaf = 0. . [34] 


where the ¥-function of k is defined in the Appendix. Equation 
[34] is of the Euler-Cauchy type and its solution is 


yy) = a(H — y)" + o(H — y)" + o(H — y)" + a(H — y)" 
... [35] 

where r;, rs, rs, and 7, are the.roots of the auxiliary equation 
r* + ar* + ar? + ar +a, = 0.......... [36] 


where a, @2, a3, and a, are functions of the ¥(k) functions as de- 
fined in the Appendix. It follows that 


f0) = oH" + aH” + oH" + aH".... 
f'(0) as —c,7,H"™ — cr.H"™ —— e:r;H"™ ates cr". Dee 


Cres 
[38] 
#"(0) = an (rn one 1)H"™- oa Core (re — 1)H™ 


+ csrs(rs — 1)" + cai(rs — 1)H"*. . . . [39] 


f'"() = —ar(ri — 1)( — 2)" — care(r2 — 1)(r2 — 2)" 
— cars(rs — 1)(r: — 2)H"™* — eaia(ra — 1)(r4 — 2)... [40] 


Evaluation of the integrals [30], [31], and [32] is obtained by 
the use of [19], [20], [21], and the following expressions, evaluated 
fory = 0 
OF oF, 


oF, 
—* + (yf + 2g,f' + of"). [41] 


CO, = Pyy = dy? dy? = dy 


oF  d*F, 


* ar? + oe 


(Geyf + g2f').- 


+ Gyyyf + 30yyf’ + 39,f" + of’) [44] 


oF oF, oF, 


Przy nal + a (Gsayf a 9225") 


- => [45] 
Oz*0y oz*0y Oz*dy 


Substituting into Equations [30], [31], and [32], performing the 
integrations, considering the arbitrariness of the variations 5f(0) 
and 6f’(0), the following equations are obtained for the deter- 
mination of the constants f(0), f’(0), f*(0), and f’’’(0) 


(k*xs - - vk*X10)f(0) + k*Hx6f’(0) + ktH*y,f" (0) 


BS te '( oF, =F) (x, 0)d 
= - Vv a ( 
kH® Jo oy? or? /y =0 on 


(k*x12 — vk*Xr6)f(0) + kA X.af’(O) + k*HXKf"(0) 


1 kH | (2%: ) ( 0) ; 
7, : 
kH* Jo ay? ae 


vk*x20)f(0) + (k*xis vXi0)k*Hf'(0) 
+ k*H*y1of"(0) + k*Haf'’(0) 


"83 | (Fe ov) (x, O)d 
? » at 
kH* Jo dy3 drtdy/ <0 g\z az 
k*f(0) + k*Hxaf'(0) 


ine SLE (2%) (x, O)dz 
7 kH* Jo ordy Jy =0 ee Se 


The x-functions of k are given in the Appendix. The following 
steps are required for the determination of the approximate stress 


[46] 


(k*X17 


. [49] 


functions: 


1 Evaluation of the x-functions in the Appendix for various 
values of the argument k. The x-functions are functions of the 
top angle and are therefore independent of the external loads. 

2 Evaluation of the y-functions in the Appendix which are 
functions of k only so long as the F,-function satisfies V‘F, = 0. 
If F, is not a solution V‘F, = 0 the y-functions will depend 
upon the external loads which will appear in the evaluation of 
the Integral [29a]. 

3 Determination of the a, a2, a;, and a, functions in the 
Appendix. 

4 Solving of the roots rn, re, rs, and r, of Equation [36]. 

5 Simultaneous solution of Equations [46] to [49], inclusive, 
for the values of f(0), £’(0), f"(O0), and f’’’(0). 

6 Using the values of f(0), f’(0), and f’’’(0) thus determined, 
the values for c c, are obtained from the simultaneous solu- 
tions of Equations [37] to [40], inclusive. 

7 The total stresses are then defined by Equations [41], [42], 
and [43]. It is to be noted that the values of c .. . c, are not 
needed for the determination of the stresses along y = 0 since for 
y=0 


a) 
ge dy? Jy = 


+ [g,,(x, Of) + 29, (x, 0)F'(0) + g(x, 0)f"(0)] [50] 
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oF, 
%, = (= i + Gz2(z, 0)f(0) [51] 


-({ oF 

=—(—-) — 0) sO "(0)).. 

T (= = [gey(z, 0) £0) + g,(x, 0)f'(0)]. . [52] 

TRIANGULAR WepGE UNvDER Hyprostatic Loap 

The solution for the stresses in a triangular wedge subject to an 

external hydrostatic load was first solved by Lévy (2). It is of 

technical importance in the analysis of gravity dams. The Airy 
Function for the (z, y)-co-ordinate system of Fig. 1 is 


wx? 


wz? 
ae ag 33° °°" 


2K? (53) 


P, = 2 ay) + 3m) — 


where w = unit weight of the fluid. The right-hand sides of 
Equations [46] to [49], inclusive, are designated R,, R2, Ry, and 
R, and on performing the differentiations and integrations 

R, = wlk*X + (Xs — 2X9)) 

R, = wlk*xu + vO — 2xis)] 

R; —wxa[k? + v) 

Ry wx1 


2k + 3k 
% ot 720 


3.5k? + 5.4k* 

Xe we 
2k? + 3k* 
180 

35k? + 54k 
5040 


xu => 4x1 


Xs =— = — 5x 
For a top angle of 45 deg, k = 1, and the shape constants A, B, 
and x are the following 


1 
fame Gat 
30 


4.1867 


we+  & 


1634 
4,989,600 


4.1867, 
os 2016 ° 
344.2 


200.4 342 
4,989,600 


7 2.0933 
Xe 4,989,600’ 


Xr a= "2520 
13,985.5 


ts 158,823.05 
4,989,600’ 


16,237,000" — OX 


Xu = Xu = 


Xis = —2.5X10 


The load constants are 
ae = 89 
xi 144’ Xe 25,200 


The simultaneous solution of Equations [46], [47], and [49] 
yield the values of f(0) and f’(0) which are as follows 


175 — 3pr Xs 
. Xu ( 175 + Ms 
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and 


XB aes. 
f() aa ()H —; a 


Numerically, for y = 0 
f'(0) H = +0.08928w 
{O) = +3.3770w 


The simultaneous solution of Equations [46] to [49], inclusive, 
will furnish values for f(0), f’(0), f’(0), and f’’’(0) which in 
turn will serve to determine the constants ¢, ...c, of Equations 
[37] to [40]. Of more interest are the stresses at the base y = 0 
of a triangular wedge as a result of the imposing of boundary 
conditions [30], [31], and [32]. The o, and r stress for y = 0 
are obtained from Equations [42] and [43] and are expressed as 
follows 


z x 
o, = wH (1 om 2) + Hf(0) [2 +A (=) 











Gy Hydrastotic Loading) (V<o, K= d 


Fia. 2(a) 


Ley 'y S tress 





4 ee 
7 Hydrostatre Loading) (v=0, Ke /) 








Fie. 2(d) 








SOH = <a 


: ;( —— — + - 

Pe. TEAK, 7 : ‘ ” 
*) = (xs — 2 Xiz + YXe ‘) 
Xe Xe Xe 


Xu ( ag » Xs + PX10 
X2 
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root (ir) 4003 (i) +3 Ge)" (@)] 
~ rl) +3 Ca) + aCe) +4 Ge] 


. - [56] 


The resultant stresses ¢, and 7 for the case k = 1 and vy = 0 
are 


o, = wH (: 2 = 


z 
—1.9- 
[195 


) + 3.377 


+H) +5} 


+ ( 2 


raw }(= 


\\A 


The results are plotted in Figs. 2(a) and 2(6). 
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Appendix 


yY-FuNCTION or k 
k(H 


2(H — y)*k*y,(k) - ff, ~” 9 ‘gdz 


k(H vy) 


(H — y)'isya(k) = f, 


(H — y)*ky,(k) = f yahilthe 


0 


g°dz 


99, dz 


k( H — 


(H — y)‘kYWA(k) = f, ” (Ovry + Gens 9 a 


k(H 


CH — alk) = fo? ony + 2oeado de 


k*(1890k* + 2046k* + 8470k* + 9105k* 
+ 13,532k* + 13,860k + 4620) 


Wb P 
Wilk) 1,663,200 





k#(248.4k* + 330k + 110) 
9,979,200 





Wo(k) 


k*(5454k* }- 9174k* + 3850k* — 28,512k — 23,760) 
2,851,200 





Ya(k) = 


datk) k*(1512k* + 1815k* + 3058k* + 3300k + 1100) 
: 3,326,400 
k2(47,628k* + 83,457k* + 308,374k* 
+ 642,312k* + 133,0564* — 277,200) 


k) = 
Yolk) 4,989,600 


a-FuNcTION oF ¥(k) 


(+) 


3b 
a = ll + 
a 


a, =- 


c= 
Ze 
e = 2y, 


x-FUNCTION oF k 


, kH 
Xe hays f G2y(x, O)g.(x, O)dx 


1 ‘ k*(1.52k? - 
x = ans . g.*(x, O)dx 
kH 


1 | k2(567k? + 792k + 275) 
ma @s A Jyy\%, 0)g(z, 0)dz = 4,989,600 


ki 
f g, (x, 0)g(z, 0)dx 
0 


k*(—7,106.4k3 + 15,477k* + 6,545k 
4,989,600 
Med (2, O)d 
,_a — z. azrT= 
o"pr J, * 


1 kH 
X10 = keys f G22 (2, O)g(z, O)dz 


k*(0.76k* + k + 0.33) 
2520 


k*(1.52k? + 2.0k + 0.67) 
2016 


103k + 105.67) 
5040 


17,325) 


k*(124.2k* + 165k + 55) 
4,989,600 


0.4XxX» 
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1 kH 
Xie | k'H* mn! Gyy (2, 0)g,(z, 0)dz Xu 
a 5103k* + 6682.5k* + 2200k* 


4,989,600 
2 kH 
x0 harp Fi —— 


Bi. k*(19,845k* + 34,906.95k* + 15,125k* — 124,740k — 103,960) 
6,237,000 








1 kH 
Xie = ka’ f J22(2, 0)g,(z, O)dx X20 
KA(7.OR* + 10k + 3.38) _ 
10,080 julie 


1 kH 
- PHS Tq Iyyy (2, O)g(x, O)dx 


k*(1512k* + 1815k + 550) 


3,326,400 
kH 
J yy (2, 0)g(x, 0)dz 


_ 567k? + 792k + 275) 
: 1,663,200 





3X5 


3 
9 * 


1 kH 
= ene f Quxy(2, O)g(x, O)dx 


k*(7.6k* + 10k + 3.33) _ 


10,080 — Xe 








Brief Notes* 


On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 24% double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 


Clamped Semicircular Plate Under 
Uniform Bending Load 


BY S. WOINOWSKY-KRIEGER,' QUEBEC CITY, CANADA 


The semicircular plate subjected to bending usually is 
considered as a particular case of a sectorial plate and one 
introduces polar co-ordinates to discuss the deflection of 
the plate and the corresponding distribution of stresses. 
If the semicircular plate is clamped along the boundary 
the application of approximate methods*** becomes 
necessary to this end. It is worthy of note that a rather 
simple exact solution can be given in this latter case by 
making use of bipolar instead of polar co-ordinates. 


ONSIDER a plate bounded by the semicircle z* + y? = a? 
(y > 0) and the diameter y = 0. Let us introduce curvi- 
linear co-ordinates u, v by putting z + iy = a tan '/(u + iw), 


that is 
a sinh u a sin v 


- - l 
cosh u + cos v ’ cosh u + cos v 
The straight edge now is given by v = 0, the curved edge by 
vy = 7/2, and the corners of the plate by u = + @. Denoting the 
flexural rigidity of the plate by D and the intensity of the uniform 
load by gq, let the elastic surface of the plate be of the form 


w= Wo + Ww). 
where 


q 


= cap ‘* hte ee. cccnbesass [3] 


Wo 


is the deflection of a clamped circular plate concentric with the 


1 Professor of Structural Engineering, Laval University. 

“Strength of a Semicircular Plate,” by R. Kuno, Journal of the 
Society of Mechanical Engineers of Japan, vol. 37, 1934, p. 101. 

+The Bending of a Uniformly Loaded Clamped Plate in the Form 
of a Circular Sector,” by H. R. Hassé, Quarterly Journal of Mechanics 
and Applied Mathematics, vol. 3, 1950, p. 271. 

‘The Bending of Uniformly Loaded Sectorial Plates with Clamped 
Edges,”’ by H. D. Conway and M. K. Huang, Journa or ApPpLiep 
Mecuanics, Trans. ASME, vol. 74, 1952, p. 5. 

* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until April 11, 1955, for publication at a later date. 
Discussion received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, October 18, 1954. 


Furthermore, putting 


) 


[4 


» 
- v) |(sinn — cos v + A cosh -- sin v) 
2 2 


A? cosh Av cos t 


given plate and carrying the same load gq. 
DPD 


qa‘ QA cos Au dX 


BL xosh u + cos v) 
a © picts sinh wr (sinh ™ 


in which 
Q = sinh E (z 
2 


the homogeneous differential equation of the bent plate 


ay >? ’ 
(cosh u + cos v)? ( + ) 
Ou? 2 


is satisfied as well. 

Next, let us consider the conditions on the boundary. The 
gradient Ow)/On in the direction of the normal n is zero on both 
edges of the semicircular plate and the deflection wp vanishes on 
its curved edge. It is readily shown that the same holds for the 
quotient Ow,/dv (to which the gradient dw,/dn is proportional) 
and fo~ the deflection w;. Thus it remains to consider the deflee- 
tion on the straight edge of the plate. Taking into account that 
a? — x? — y®? = 2a*/(cosh u + 1) andQ = sinh? (#A/2) — A* for 
y = v = 0 the deflection in question can be written as 


Pa qa‘ qa‘ [ ” \ cos Au dd 
0 


ne 16D(cosh u + 1)* 8Di(cosh u + 1) 4 sinh ri 


7] 


The value of the latter integral being '/; (cosh u + 1)~' the result 
is zero; hence the solution given by Equations [2], [3], and [4] 
satisfies the differential equation AAw = q/D as well as the re- 
quired conditions on the boundary of the plate. 

The maximum deflection occurs, according to Hassé, at x = 0, 
y = 0.486, ie., at u = 0,v = 0.905. The solution here given 
yields for this deflection the value of 


0.00202 1qa‘/D 


against 0.002022ga‘/D 


obtained by Hassé and 
0 0020202qa*/D 


found by Conway and Huang. 

The maximum bending moment of the plate is the radial mo- 
ment M, at the center of the straight edge (u = v = 0). Using 
the well-known general formulas* for the moments expressed in 
bipolar co-ordinates, one finds at that point 


ga* = (A? + 1)A%dA a 
M = 0 O73\1ga* 


v 9 


£ sinh 7X («inn wh 
2 


: »*) 


(8) 


while the clamping moment at the center of the curved edge 
(u = 0, v = w/2) proves to have the value of only —0.0584ga*. 


5 See, for instance, ‘Die strenge Berechnung von Kreisplatten 
unter Einzellasten,’’ by W. Flagge, Julius Springer, Berlin, Germany, 
1928, p. 15. 
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Note on the Orthotropic Half Plane 
Subjected to Concentrated Loads 
By H. D. CONWAY, ' ITHACA, N. Y. 


HE stress system induced by a concentrated load acting 
either normally or tangentially to the edge of an orthotropic 
half plane has been given,? it being assumed that one of the 
principal axes of orthotropy is parallel to the edge of the half 
plane. The object of this note is to show how this solution can be 
generalized to the case when the edge of the half plane is inclined 
at an arbitrary angle to the principal axes of orthotropy. 
Considering an orthotropic half plane, the direction of the edge 
of which corresponds to a principal axis of orthotropy and loaded 
as shown in Fig. 1, the stress system induced is 


cos 6 


en ts 
ial Tr (a,? sin? 8 + cos* @)(a? sin? 8 + cos? 6)’ 


Op = Te = 0......[1] 


where @;? and a? are functions of the elastic constants given, with 
the usual notation,? by 


O70? = Sy /Se, a1? + ae? = (See + 2S8n)/Sxe 

! Professor of Mechanics, Cornell University. 

* ‘Some Problems of Orthotropic Plane Stress,’’ by H. D. Conway, 
JouRNAL or AppLiep Mecuanics, Trans. ASME, vol. 75, 1953, pp. 
72-76. 

Manuscript received by ASME Applied Mechanics Division, June 
25, 1954. 
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Because of the nature of this solution, it can easily be shown that 
the boundary of the half plane can be rotated relative to the 
principal axes of orthotropy as shown in Fig. 2, and the stress 
system is still given by Equation [1]. 

If a, and a in Equation [1] are replaced, respectively, by their 
reciprocals, the principal axes of orthotropy are reversed and it 
follows that the stresses in Fig. 3 are given by 


Qaja(a, + a) sin 6 

Wr (a? sin? 6 + cos? 0)(as? sin? 6 + cos? @) 
Og = Tre = () . [2] 

By suitable choice of the relationships between P and Q and 

superposing the systems in Figs. 2 and 3, the solution can be 

found for the cases when the edge is subjected either to normal or 

to tangential loads. In this way it is found that the stresses in 

Fig. 4 are given by 


a N(am + 2) ; cos B cos 8 + Qa sin B sin 0 
Pi wr (a? sin? 8 + cos? @)( a2? sin? @ + cos? 6) 


oo = Teo = 0. [3] 


whereas those for Fig. 5 are 
T(a, + a) sin 8 cos 6 — aja, cos B sin 6 
¢, = — we . ne : 
wr (a? sin? 8 + cos? 0)(a,? sin? 8 + cos? @) 


09 = Tr6 = _ [4] 








Discussion 


Analysis of Plastic Deformation 
in a Steel Cylinder Striking 
a Rigid Target’ 


CarLo RipaRBE.LIi.? It is important to notice in the second 
approach to the problem (Equations [9] and [15]) the introduc- 
tion of an excess of stress ¢— oa». As shown by Sokolowsky and 
others, this is the fundamental parameter determining the plas- 
tic-flow rate. This is not considered in references (2) and (3) of 
the paper, based upon the assumption of validity of the static 
stress-strain relation during impact. Therefore the conclusion 
that this assumption is confirmed does not appear clear. Also, 
it is not clear how the excess of stress computed from the momen- 
tum relation compares with the stress-strain curves in Figs. 1 and 
2 of this discussion. 

It seems that the stress-strain relation in Figs. 1 and 2 of the 
paper corresponds to the geometric relation of section area en- 
larging with the negative elongation of the bar. In the second 
approach, the excess of stress is determined from the momentum 
consideration and added to the static constant stress. It seems 
that in both ways the equation of flow of the material is omitted. 

It may be shown that the same plastic-strain distribution pre- 
sented in the experiments can be obtained without assuming that 
the static stress-strain relation be valid in the presence of high 
strain rates, but rather distinguishing between the two strain 
components, elastic and plastic. 

An increment of stress Ag is related to an increment of elastic 
strain Ae, according to Hooke’s law and to the nature of the 
stress, determined by electric forces associated with the positions 
of the atoms in the crystals. Therefore the elastic component 
Ae, is simultaneous with Ac. 

A strain increment Ae observed during a time interval 6¢ is 
believed to be the resultant of the elastic component Ae, and of 
the plastic component Ae,. 


Ae = Ae, + Ae, (Fig. 1) 


The plastic component Ae, is the resultant of the plastic flow 
during the time 61, i.e. 


Le, = é,0t 


The time rate of plastic flow é, can be considered to be a func- 
tion of the stress (and of some other parameter here neglected). 
These relations simply describe the dependence of the stress- 
strain relation upon the time rate of strain. 

The time rate of plastic strain ¢, is determined by the full value 
of the stress ¢, compared to which, for a sufficiently small dt, the 
increment Ag is negligible. 

Also, the plastic flow of a bar element (Fig. 2, herewith) is es- 
sentially a relaxation process and it occurs without addition to the 
momentum of the element itself. The elastic-strain component 
and therefore the stress determine the increase of momentum. 


' By E. H. Lee and 8. J. Tupper, published in the March, 1954, 
issue of the JouRNAL or AppLiep Mecuanics, Trans. ASME, vol. 76, 
pp. 63-70. 

* Graduate School of Aeronautical Engineering, College of En- 
gineering, Cornell University, Ithaca, N. Y. 
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Ax 


Fic, 2 


The plastic component does not. Therefore Equations [1] and 
[2] in the paper should rather be written 


Ao = pcdr, 
Av che, 


and Equation [3] 


1 Ao 
p Ae, 


E 
p 


2 


é 
This interpretation is consistent with the experimental data of 
Sternglass and Stuart, of the writer, and several others. The 
plastic flow of the element of bar considered may be written in 
terms of the relative velocity of its end sections. Hence these 
are sources of stress-relieving waves propagating in both direc- 
tions. If only for the sake of discussion the Sokolowsky relation 
is assumed to be valid as well as the one-dimensional scheme, 

i.e. 
é. = k(o — a) 


With k = const, a») const, the exponential plastic-strain distribu- 
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tion is readily obtained, as indicated in Figs. 13 and 14 of the 
paper. By assuming k = 0.5 sec.~'in*lb~! the maxima of 20 
and 40 per cent at the origin are obtained. This value for k is 
very high compared to those obtained at low strain rates, so that. 
the simple linear relation assumed should be modified. 

The writer believes that only the direct messure of the forces 
present can give some light on the reliability of the theories 
proposed. 

Also, it seems that the analysis should be carried out in two di- 
mensions (axis, radius) and that the deformation of the armor 
plate cannot be neglected. Since the density and the modulus of 
elasticity are the same for both, the impact velocity at the very 
first instant will be one half of the velocity of the bar. The 
simultaneous deformation of both bodies should be considered 
subsequently. 


M. P. Wutre.* The authors are to be congratulated on their 
clear and concise presentation of a rather complicated analysis. 
The good agreement achieved among (a) experiment, (b) a step- 
by-step solution, and (c) a more approximate solution should 
gratify them. 

As was pointed out by the authors, the approximate solution—in 
which the medium is assumed to be rigid for stresses below the 
elastic limit—is very much simpler to apply than that for an 
elastic-plastic material. On the other hand, the difference be- 
tween the results of the two methods, although not great, some- 
times might be too large, especially in the neighborhood of the 
point of impact where the difference is most noticeable. This 
discrepancy would not be permissible, for example, if deductions 
as to the effect of rapid straining on the stress-strain relation are 
to be drawn from an experiment. For this reason the writer 
has attempted to combine the two methods, assuming elastic- 


plastic behavior during the early stages of impact and rigid-plastic 
behavior afterward. 

The assumed physical behavior is as follows: At the instant of 
impact, stress and strain are produced at the impact end and 
propagate in two increments—elastic and plastic—along the 


specimen, as described by the authors, see Fig. 3(a). A stress 
o,, equal to the elastic limit and moving with the elastic wave 
speed c,, reaches the free end of the specimen and is there reflected 
as an unstressing wave. Between the reflected unstressing front 
and the free end, the specimen is without stress or strain but has 
acquired a particle velocity equal to twice that corresponding to 
the elastic limit stress o,, see Fig. 3(b). Moving relatively slowly 
from the impact end is a plastic stress-strain increment o; — @,, 
of which the maximum stress equals the impact stress ¢;, see 
Figs. 3(a and 6). At point x, (distance measured from the free 
end) the forward moving plastic increment and the reflected 
elastic wave meet 


Co == C; 
2,/L = =—= 
ty 


o;"— G, 
im Peed oF 
ple; 7 e,) 


(Note that ¢ refers to conditions associated with the initial impact 
and o to the elastic limit.) 

Following this meeting, a set of wave increments—some elastic, 
some plastic—will move in both directions from the point 2, as 
shown in Fig. 3(c). These increments will be reflected again and 
again at the ends of the specimen and in the interior, as described 
by the authors. 

In order to simplify the analysis it is assumed that at this in- 

* Head, Department of Civil Engineering, University of Massachu- 
setts, Amherst, Mass. 
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(a) Elastic front has not reached free end. 
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(b) Just before plastic increment and reflected waves meet at 2;. 
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(c) Actual state just after meeting of waves at 2;. 
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(d) Situation corresponding to c if c. is assumed infinite. 





Fie. 3. First Staces or Wave PROPAGATION IN SPECIMEN—ONE 
ENp Frees, THE OTHER SuBJECTED TO CoNSTANT AXIAL VELocITy V1, 
SuppENLY ImMposep 


stant the elastic modulus E, and therefore the elastic wave speed 
c,, become infinite. Thus the first waves proceeding from zx, con- 
sist of a plastic element and two infinite-speed elastic elements. 
The elastic waves are reflected an infinite number of times and 
therefore can change the state of stress in the specimen im- 
mediately to any extent. On the other hand, a stress increment 
with infinite speed cannot affect the velocity of the material over 
which it passes. It follows that only by the plastic increment is 
the material velocity changed. 

Fig. 3(d) shows the assumed variations of stress and strain 
shortly after the meeting of the waves at z,. The portion of the 
specimen toward the impact end has the impact velocity V,, 
while the rest of the specimen has a velocity 2V,. The condi- 
tion of continuity of velocity on both sides of x, (the authors’ 
Equation [5]) yields the relation 


q— ¢, Gyo d, 





C1 Cj 


which is used to find the stress jump o,; — @, that exists imme- 
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diately after the meeting of waves at z,. In this equation, c, is 
the speed of the shock increment o, — ¢,. 

From this time on the behavior may be described by the au- 
thors’ Equations [6 to 15] which refer to a specimen being brought 
to rest. However, instead of this, relations are used here that 
correspond to the case of a specimen initially at rest and put into 
motion by a velocity imposed at one end. These equations con- 
tinue to apply until the entire specimen has a velocity equal to the 
initial impact velocity V;. The equations of motion are 

dV 
pt = Ge. 


(acceleration of free end; see Equation [10] of paper) 


dx 


-=—=-—-r 


dt 
(speed of shock = rate of decrease of z) 
7—o, 
>" diaaaas 
(Lagrangian speed of shock; see Equation [3] of paper) 


Vi—V 
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(see Equation [2] of paper.) 
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LAGRANGE COORDINATE X ALONG THE PROJECTILE 


CALCULATED PERMANENT Strain Distrispution Due To 335 
Fps Impact 


Fig. 4 


The initial conditions at ¢ = 0 (corresponds to time of meeting 
at x) are 


og . ; = €), z= Zi, V=2Y, 


where @; is given by Equation [2] of this discussion. 
The plastic part of the stress-strain relation used by the authors 


is 


Numerical Solution. For comparison, the authors’ second 


example is taken. Here 
o, = 250,000 psi; V; = 11,200 ips 


Then e, = 0.400; from Equation [5] herewith, c; = 23,800 ips; 
c, = 202,000 ips 


0.79 (Equation [1]) 
1.491 (Equation [2] ) 
0.329 (Equation [7]) 
Equations [3 to 7] of this discussion are solved to obtain z as a 


function of e 


(z/L}? = 


A 
exp 1/(1 — e) 
= ¢ 


where A is found from the condition that e = 0.329 when z/L = 
0.79. 

The calculated distribution of strains along the specimen is 
shown in Fig. 4 of this discussion, together with the two corre- 
sponding curves from the authors’ Fig. 11. It can be seen that 
the difference between the two approximations is quite small for 
zx < 0.79. They are not identical relations, however. (The dis- 
agreement between the values of the initial uniform strains is due 


to computational divergences. ) 


ALEXANDER YororApis.‘. The authors present two theoretical 
methods for solving the problem of longitudinal plastic impact of 
cylindrical bars. In the first method, or “‘elastic-plastic”’ method, 
both the elastic and plastic strains are analyzed, while in the 
second or “plastic-rigid’’ method, the smaller elastic strains are 
neglected in order to simplify the solution. The authors present 
some experimental results which show that these methods are 
reasonably accurate. 

The elastic-plastic method of analysis presented by the authors 
is by no means a new method. In 1948 DeJuhasz® presented a 
general and extensive derivation of this method and used it to 
solve several problems of plastic one-dimensional impact for ma- 
terials with various plastic stress-strain curves. The problems 
treated in Figs. 7 and 10 of the paper are covered by problem 13 
and Fig. 19 in the foregoing reference. This is the case of plastic 
impact of a bar of finite length against a rigid target, with the 
material of the bar having a yield point which increases as a result 
Diagrams 19(b) in the reference, and Figs. 7 


of prior stressing. 
’ charts, in 


and 10 in the paper, are al! the same, ‘“time-location’ 
which a point denotes a certain cross section z of the bar at a cer- 
tain time r. DeJuhasz derived the basic wave equations and de- 
veloped additional diagrams which enable better visualization 
of the entire phenomenon of elastic and plastic impact. 


4 Sandia Corporation, Albuquerque, N. M. Mem. ASME. 

5 ‘Graphical Analysis of Impact of Bars Stressed Above the Elas- 
tic Range,” by K. J. DeJuhasz, presented before the Seventh Inter- 
national Congress of Applied Mechanics, September, 1948, at London, 
England, and published in the Journal of The Franklin Institute, vol. 
248, July, 1949, pp. 15-48, and August, 1949, pp. 113-142. 
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Probably the most important of these diagrams is the ‘‘dia- 
gram of state” or velocity-stress diagram which enables graphical 
solution of equations such as Equations [1] to [5], inclusive, in 
the paper. The points on this diagram can be obtained either by 
geometrical construction, or by calculation if greater accuracy is 
needed. In both cases, this diagram makes it easier to follow the 
sequence of events occurring as a result of passage of a wave 
front, or intersection of wave fronts. 


~ -48L FPS 
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STRESS © 
Fie. 5 Drtacram or State For Impact or ALLOY-STEEL Bar ABove 


Irs E.astic Limit; Prosiem 1n Fic. 7 or Paper 


(Tan a = 0.798 ton/in.? per fps represents the wave factor in the elastic 
range. Tan a: = 0.084 ton/in.? per fps, is the wave factor for the plastic 
range AB of Fig. 2 in paper.) 


Fic. 6 Srereocram or Stress ror Impact or ALLoy-Sreet Bar 
Asove Exvastic Limit; Prospiem In Fic. 7 or Paper 


The diagram of state presented in Fig. 5 of this discussion ap- 
plies to the problem in Fig. 7 of the paper. Each point on this 
diagram represents the velocity and stress existing in a certain 
“domain” in the time-location diagram of Fig. 7. For example, 
triangular domain O-A-B in Fig. 7 has a stress and velocity equal 
to co-ordinates of point marked O-A-B in Fig. 5 of the discussion. 
Other points in this diagram define the other domains. The 
procedure for construction of this diagram will not be explained 
since it is fully covered in the reference.’ 

Dynamic phenomena in a bar subjected to impact can be 
described completely by giving the co-ordinates of state for every 
cross-section ‘“‘x”’ and for every instant of time. Such three- 
dimensional diagrams are known as “stereograms.”” DeJuhasz* 
has prepared such diagrams to show variation of stress, velocity, 
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displacement under various impact conditions. The stereogram 
of stress for the problem in Fig. 7 of author’s paper is presented 
in Fig. 6 of this discussion. Three-dimensional models of plaster 
or wood can be built for still clearer representation of the phe- 
nomena. 


Autuors’ CLOSURE 


We wish to express our appreciation to the discussers for the de- 
tailed consideration they have given to the paper. 

We feel that Professor Riparbelli has misunderstood certain 
aspects of the theory presented in the paper. For example, the 
stress difference (o — a») in Equation [9] of the paper is merely the 
difference in nominal stress associated with the plastic flow oc- 
curring at the wave front of strain discontinuity. Values on both 
sides are in accordance with the static stress-strain relation, so 
that this stress difference does not represent an ‘‘excess’’ stress in 
the sense to which he refers. The whole analysis of the paper is 
based consistently on the use of the static stress-strain relation. 
Nevertheless, it was possible to draw the conclusion that the ex- 
perimental results confirmed this assumption and would not have 
agreed with a theory which included an appreciable influence of 
the strain rate in increasing the stress for plastic flow. The rea- 
son for this can be seen by considering the process of impact in a 
general way as follows: When the cylinder strikes the target the 
deformation which is produced by the impact induces compres- 
sive stress which decelerates the cylinder. Plastic flow con- 
tinues and the over-all compression increases until the compres- 
sive stresses reduce the momentum of all sections of the cylinder 
effectively to zero. This general picture neglects the influence 
of elastic strains which for the problems considered in the paper 
is a small effect. If an appreciable strain-rate influence exists, 
the compressive stresses generated will be increased, and the de- 
celeration will be correspondingly increased, so that for a given im- 
pact velocity the final over-all shortening of the cylinder will be 
less than that deduced from the theory which neglects the strain- 
rate effect. Since the experimentally observed shortening 
agrees with that deduced theoretically, it follows that the in- 
creasing of the yield stress due to the rate of straining is not ap- 
preciable for this material at the velocities considered. This con- 
clusion can be drawn without reference to the particular form the 
strain-rate influences take, which to our knowledge is not fully 
understood at the present time. 

We cannot follow the theoretical discussion given by Professor 
Riparbelli. Newton’s law of momentum is not associated with 
the question of elastic or plastic strain but with total motion, so 
that to write the Hugoniot relations (Equation [1] in the paper) 
total increments of stress, strain, and velocity must be used, and 
not partial increments. In order to determine that the elastic 
wave velocity is associated with the disturbance front in an 
elastic-viscoplastic material, it is necessary to use the complete 
mathematical formulation, from which the wave-front speed will 
appear from the theory of characteristics associated with the full 
equations. 

It was shown in the paper that for the impacts considered 
plastic strain completely dominated the elastic strain, and this 
indicated that neglecting the motion of the armor plate, which 
was associated with elastic strain magnitudes, was justified. The 
influence of the initial elastic deformation of the armor plate at 
the moment of impact which would modify the elastic wave front 
in the cylinder would not have an appreciable influence on the 
permanent strain distribution deduced. 

The suggestion made by Professor White to analyze the be- 
ginning of the impact process by elastic-plastic theory, and then 
change to the simpler rigid-plastic analysis, is a useful one. It 
provides a more accurate analysis than that based entirely on 
plastic-rigid theory without appreciable additional complication. 
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It seems to us that the discrepancy in the strain magnitude ad- 
jacent to the impact face shown in Fig. 4 of the discussion may 
be associated with the fact that maximum strain is plotted for 
Professor White’s analysis, whereas Figs. 8 and 11 of the paper 
depict permanent residual strain. The maximum strain after im- 
pact corresponding to the permanent strain shown in Fig. 11 of 
the paper is 0.4, which agrees with the example presented by 
Professor White. 

We feel that the reference to the work by K. J. DeJuhasz 
mentioned by Dr. Yorgiadis forms a useful complement to the 
paper. The graphical method of analysis which he applied to 
problems of the propagation of plastic waves for materials which 
have a piecewise linear stress-strain relation concave toward the 
strain axis provides a useful illustration of the methods used in the 
paper under discussion. However, Dr. DeJuhasz’ paper does 
not include the analysis given in the paper under discussion, nor 
does it attempt the same objective. We discuss a particular ma- 
terial which was found to have a concave upward stress-strain 
curve so that theories of the type considered by Dr. DeJuhasz had 
to be modified to allow for shock formation according to one- 
dimensional theory, with the wave velocities at a prescribed 
strain magnitude not given by the gradient of the stress-strain 
curve there, but by the shock conditions across the finite stress in- 
crement occurring. The use of the Hugoniot relations is of course 
the same as that in footnote 5 of the discussion, but in the paper 
under discussion the plastic wave speed is a function of the stress 
on both sides of the shock front. The objective of the paper was 
to carry out the analysis according to the measured stress-strain 
relation, and to check the result against experimental impact 
tests to assess the accuracy of a theory which is one-dimensional 
and which does not contain a strain-rate influence. Satisfactory 
agreement with this theory was obtained. Since the variation in 
velocity of the plastic shock fronts is not large, it would probably 
be permissible to assume an average value which would be held 
fixed throughout the analysis. The resulting calculation would 
then be exactly of the type treated by Dr. DeJuhasz. It would 
seem well worth while to carry this out and to compare the re- 
sulting permanent strain with that deduced in the paper. If 
good agreement is obtained, and we believe that this can reasona- 
bly be expected, this procedure will provide an alternative 
simpler method of analysis. 


Tables for Frequencies and Modes of 
Free Vibration of Infinitely Long 


Thin Cylindrical Shells’ 


G. B. Warsurton.? The writer has compared the frequencies 
obtained by the authors with those derived by another method in a 
paper by R. N. Arnold and G. B. Warburton.’ In that paper the 
cylinders considered are of finite length, but as the frequencies 
depend on the longitudinal wave length and not on the actual 
length of the cylinder, an infinitely long cylinder can be treated 
as a special case of a cylinder of finite length with freely sup- 
ported ends. 

The method is similar to that of the authors’ paper, but the 
strain-energy expression used to derive the frequency equation 

1 By M. L. Baron and H. H. Bleich, published in the June, 1954, 
issue of the JouRNAL or AppLigep Mecnuanics, Trans. ASME, vol. 76, 
pp. 178-184. 

? Lecturer, Department of Engineering, University of Edinburgh, 
Edinburgh, Scotland. 

3**Flexural Vibrations of the Walls of Thin Cylindrical Shells 
Having Freely Supported Ends,”’ by R. N. Arnold and G. B. Warbur- 
ton, Proceedings of the Royal Society of London, England, series A, 
vol. 197, 1949, pp. 238-256. 


contains the terms due to bending. The frequencies depend 
on the number of circumferential waves, the ratio of the thick 
ness to the mean radius of the shell, and the ratio of the 
longitudinal wave length to the mean radius. For a particular 
set of values of these three functions, there, are three frequencies. 
The paper® shows that for vibrations associated with the lowest 
frequency both bending and stretching of the cylinder walls occur, 
but only stretching occurs for those associated with the two 
higher frequencies. For the former type of vibration, which is of 
most practical significance, curves are plotted showing the varia- 
tion of a dimensionless factor, proportional to frequency, with the 
ratio of the mean circumference to the longitudinal wave length 
for various values of the number of circumferential waves and the 
ratio of the thickness to the mean radius. Experimental work is 
also included; there is good agreement between the calculated 
and measured values of frequency for cylinders of various dimen- 
sions. 

These frequency curves help to explain the anomaly mentioned 
by the authors. When the mean radius is small compared with 
the longitudinal wave length, the frequency increases as the num- 
ber of circumferential waves increases. As j (= ma/L) increases, 
the frequency curves for different values of n and a particular 
value of h/across. This effect is most marked for small values of 
h/a. For example, if h/a = 0.002, the frequency decreases as n 
increases from 2 to 9 for any value of j greater than 2.2; if h/a = 
0.01 andj = 
value 2, reaches a minimum corresponding ton = 7 
(The paper® considers only 


3.5, the frequency decreases as n increases from the 
and then in- 
creases with further increase of n. 
flexural vibrations of the walls of the cylinder; i.e., n 

This behavior is governed by the distribution of the strain 
For particular values of 


> » 
2.) 


energy between bending and stretching. 
j and h/a and for a given maximum radial displacement, the 
energy due to bending increases as n increases, but that due to 
stretching decreases. The frequency is approximately propor- 
tional to the square root of the total strain energy. When j is 
small, the stretching energy is negligible in comparison with the 
energy of bending for any value of n. (In the limit as j ~ 0, the 
frequencies of this type of vibration are given by the theory of 
inextensional deformation of a thin cylinder due to Rayleigh.*) 
As a result, the distribution of energy of bending controls the fre- 
quency, and the latter increases with increase of n. Asj increases, 
the energy of stretching becomes comparable with that of bend- 
ing. Because of the different method of variation of the two 
strain-energy components with n, the total strain energy de- 
creases as n increases from n = 2, has a minimum value, and then 
increases with further increase of n. For low values of n the 
energy of stretching predominates but for higher values that of 
bending is more important. The value of n at which the total 
strain energy (and thus the frequency) is a minimum depends 
on the values of j and h/a. 

The foregoing remarks apply only to the modes of vibration 
corresponding to the lowest root of the frequency equation, for 
which W is greater than U and V. For the two higher roots, the 
maximum displacements occur in the longitudinal or tangential 
directions, all the strain energy is due to stretching, and the fre- 
quency increases as n increases, because the stretching energy in- 
creases with n for these modes. 

The values of the lowest root of the frequency equation depend 
on the expression used for the strain energy due to bending. 
However, this effect is small; this is shown in Table 1 of this dis- 
cussion, where values of the frequency factor, wa V m/(Gh ), de- 
rived by four different methods, are given for various modes. In A 
the frequencies are derived from the authors’ tables, values of 


4**Theory of Sound,” by Lord Rayleigh, second edition, Macmillan 
and Company, Ltd., London, England, 1894, vol. 1, p. 417. 
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being calculated for various values of h/a. Corresponding values 
obtained from the analysis in the paper* are given in B. In that 


paper strain expressions given by Timoshenko® are used; the 
corresponding expression for the strain energy of bending is 


P, = «| [atw,,* + (woe + ve)" 
24(1 — v?) a? a 


+ 2va*w,(wee + v9) + 2(1 — v)a%(w,9 + v,)*] dz dé 


In C the writer gives the frequencies obtained by using the 
method of the above paper with the strain energy of bending 
given by Equation [3] of the authors’ paper; i.e., Fliigge’s strain 
expressions are used. In D some frequency factors have been 
derived from the equations of motion of a thin cylindrical shell 
given by Epstein,* who considered a thin shell to be a limiting 
case of a thick shell. Thus, as there are less simplifying assump- 
tions, this method should give frequencies nearest to the true 
values. However, Epstein’s expressions contain more terms than 
those of Timoshenko or Fliigge, and thus more arithmetical work 
is required to obtain the frequencies. 

The table shows that there is good agreement between the fre- 
quencies derived by the different methods. Comparing frequen- 
cies from B and C with those of D, it is seen that the effect on 
frequency of simplifying the strain expressions is small. For some 
of the modes included in the table, the strain energy is mainly due 
to stretching, but for others the energy due to bending predom- 
inates. The authors’ values for the ratios V/U and W/U are, in 
effect, those for a shell in which h/a — 0, as the strain energy of 
bending is neglected in obtaining them. However, these ratios 
depend only on the nodal pattern and not on h/a, so that the 
wave forms assumed for the modes, in which bending energy is 
appreciable, are accurate; thus the authors’ values of frequency 
are accurate. 


TABLE 1 VALUES OF FREQUENCY FACTOR, wa on 


(Lowest frequency, » = 0.3) 
h/a 


ies 





“f 1/190 1/y0 
104 121 
4039 7948 
03712 05653 
1690 5631 
103 120 
4038 7936 
03710 05644 
1690 5630 


Method L/a 
A Baron and Bleich 1 
1 

10 

10 

B_ Arnold and Warburton 1 
1 

10 

10 

Fligge'’s expressions 1 
1 

10 

10 

D From Epstein’s equations 1 
1 

10 

10 


C From 


oooe ococoer oocoe 
soo oocor oooe 


SHAM SNWANW @Wnw SQNAarw 2 


Although the authors claim that their method is accurate only 
up to h/a = 1/3, it can be seen from the table that the method 
can be used for higher values of h/a without appreciable loss of 
accuracy. Expressions for the strain energy depend on h/a being 
small, but due to the good agreement between theoretical and 
experimental work previously mentioned, it can be assumed that 

5*‘Theory of Plates and Shells,"’ by 8. Timoshenko, first edition, 
McGraw-Hill Book Company, Inc., New York, 1940, p. 439. 

***On the Theory of Elastic Vibrations in Plates and Shells,”’ by 
P. 8. Epstein, Journal of Mathematics and Physics, vol. 21, 1942, pp. 
198-209. The equations are also given in ‘*The New Approach to Shell 
Theory: Circular Cylinders,” by E. H. Kennard, Journat or APPLIED 
Mecuanics, Trans. ASME, vol. 75, 1953, pp. 33-40. 
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the strain-energy expressions are accurate up to h/a = !/,. 

The writer considers that the authors’ method of determining 
the frequencies corresponding to the lowest root is just as complex 
as a full solution including bending effects. The authors’ paper 
is an interesting application of the Rayleigh principle to the 
theory of vibrations of thin cylinders. This principle also has 
been applied to obtain the frequencies of vibration of thin cylin- 
ders of finite length with fixed or partially fixed ends.’ For these 
conditions the longitudinal wave form is not sinusoidal and is not 
known exactly, but because of Rayleigh’s principle, accurate 
values of frequency can be determined by assuming an approxi- 
mate wave form. 


Autuors’ CLOSURE 


The authors are in full agreement with the discusser’s com- 
ments. It is of particular interest that the experiments referred 
to indicate that the tables in the paper are valid up to a thickness 
ratio 1:10. 

The authors have to comment, however, on the final paragraph 
of the discussion. stating that their method is just as complex as a 
full solution including bending effects. There appears to be a 
misunderstanding on the discusser’s part. It is not the authors’ 
claim to have presented a novel method at all as the basic equations 
were already well known; the purpose of the paper is to present 
numerical tables of the frequencies. These tables are considera- 
bly simpler in the manner obtained than if they had been de- 
rived from one of the available full solutions including bending 
effects. In the latter case each of the tables for the fundamental 
frequencies would have to consist of a number of tables equal to 
the number of h/a ratios to be considered. The authors’ pro- 
cedure is for this reason better suited for the purpose of obtaining 
tables of frequencies. 


Stresses in a Metal Tube Under Both 
High Radial Temperature Variation 
and Internal Pressure' 


J. H. Faupe..? The authors have worked out a rather com- 
plicated system for calculating stresses in tubes subjected simul- 
taneously to thermal gradients and internal pressure. We would 
like to ask if the authors have applied their methods to experi- 
mental models and, in particular, how the condition of initial 
yielding and final bursting are predicted, since these are extremely 
important engineering quantities with respect to cylinders. 

It would appear that, at least for the initial yield and fina 
burst quantities, a limit design procedure could be employed 
which would remove most of the complexity of the mathematics 
involved and at the same time provide answers within perhaps 
15 to 20 per cent of the actual values which would be of prime in- 
terest to designers of such types of vessels. 

We would propose that the actual thermal stresses involved 
would be critical only for the initial yield; these stresses at the 
bore of the cylinder can be calculated by methods given by Timo- 
shenko. These stresses plus the stresses induced by internal pres- 
sure then combine in accordance with the von Mises criterion to 
cause yielding. The yield pressure is thus 


7**The Flexural Vibrations of Thin Cylinders,’’ by R. N. Arnold 
and G. B. Warburton, Proceedings of The Institution of Mechanical 
Engineers (A), vol. 167, 1953, pp. 62-80. 

1 By C. C. Chang and W. H. Chu, published in the June, 1954, issue 
of the Journat or AppLiep Mecnantcs, pp. 101-108. 

? Research Project Engineer, Engineering Research Laboratory, 
Engineering Department, E. I. du Pont de Nemours and Company, 
Inc., Wilmington, Del. Mem. ASME, 
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ratio of outside to bore radius 
= yield pressure, psi 
thermal hoop stress at bore, psi 
thermal longitudinal stress at bore, psi 
= yield strength of material in tension, psi (at temperature) 


The only point of real concern is the value of the yield strength 
of the material, o,, which is not constant through the material 
because of the thermal gradient. However, by the limit design 
procedure we would use only the yield strength of the material 
at the bore location corrected for modulus variation throughout 
the rest of the cylinder wall. Thus, if the average modulus is E’, 
and the modulus at the bore is EZ, the yield value used would be 

E’ 
ua 

For final bursting we would use a system similar to that dis- 
cussed in a recent publication.* 


20 og 
r= — mR (2 —— ) 
V3 oy 


p, = bursting pressure, psi 


where 


Cy yield strength of material in tension, psi 


= ultimate tensile strength of material, psi 


i 


For bursting, the thermal stresses would not enter the calculation 
and o, and a, would be the average values across the wall. 

For the case of steady temperature up to about 350 C we have 
found predictions of yield and bursting to agree quite well with 
calculated values; we have no data for the case of thermal gradi- 
ents, however, and would be interested in the comments of the 


author. 
Autuors’ CLOSURE 


First of all, the authors should like to point out that their 
theory holds for the elastic range only, and cannot be applied to 
the problems of initial yielding and bursting pressure without 
further extension. However, the authors would endeavor to 
comment on these important design problems in the following. 

In case the temperature gradient is very large the temperature 
effects on the modulus of elasticity Z and the thermal-expansion 
coefficient a’ are appreciable, whence the method of calculation 
proposed by Mr. Faupel is difficult to justify. The initial yield- 
ing pressure may be calculated by the von Mises criterion 


of 
'/s 


l 
{" [(@11 — G22)? + (O22 — O33)? + (O33 — oy)?] ; 


O22 (= G22") + G29"), 
O33 (= 33°) + O53?) 


on (= on") + on™), 


are given in the authors’ paper. (Note that the internal pressure 
enters the equation through the terms ao.) In this calculation, 

3 ‘Influence of Residual Stress on Behavior of Thick-Wall Closed- 
End Cylinders,”’ by J. H. Faupel and A. R. Furbeck, Trans. ASME, 
vol. 75, 1953, pp. 345-354. 
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a few terms of the series solution given in the paper will be suf- 
ficient since the parameter z usually takes fairly small values. As 
g, decreases with increasing temperature and the thermal com- 
pression at the inner wall increases with increasing temperature 
gradient, the following possibilities of initial yielding due to in- 
ternal pressure and temperature gradient may occur (let po = 0) 


(a) Initial ‘tensile yielding’ near outer boundary 
(b) Initial ‘compression yielding” at inner wall 
(c) Initial tensile yielding at inner wall 

(d) Both (a) and (6) oceur 

(e) Both (a) and (c) occur. 


As far as the bursting pressure p, is concerned, the authors do 


} 


not agree with the statement that “for bursting the thermal 


stresses would not enter the calculation.” For rough estima- 
tion, perhaps, some formula similar to Mr. Faupel’s expres- 
sion could be used. Based on the same assumptions implied 


by his work,’ one would have (cf footnote 5 


*ro 9 
ym LK 
JrTi 3 r 


g(r) 
dr + Po 


+ (1— K) | 


/ Tt 


where o, and ¢, (e.g., Fig. 1 in the paper), both functions of tem- 
perature could be obtained experimentally and an appropriate 
coefficient K(O < When 
there is no temperature gradient o, and o, are constants. If K = 


K < 1) remains to be determined. 


v, v ‘ , 
-, the foregoing equation reduces to 


Cy 
2 Co r 
(2— 28) mw" 
V3 Oy r; 


When there is temperature gradient across the wall, Faupel pro- 
posed that the average values of o, and a, be used in the last ex- 
pression. It is doubtful that this formula is approximately valid 
under high temperature gradient. 

The investigations on thermal stresses in thick-wall cylinders 
under high-temperature gradient are still at an infant stage 
Further theoretical and experimental developments are urgently 


Po = 


needed. 


The Stresses ina Flat Curved Bar Re- 
sulting From Concentrated Tangen- 
tial Boundary Loads’ 


S. Wornowsky-Kriecer.? The paper offers an example of a 
solution which, being not rigorous, basically provides results 
quite satisfactory for technical purposes. As a matter of fact, the 
authors, in order to apply the Fourier-integral method to the 
problem in question, replace the given open ring by a spiral of a 
constant curvature and an infinite length. It seems rather dif- 
ficult to figure out a physical model of such a bar having at the 


4“Influence of Residual Stress on Behavior of Thick-Wall Closed- 
End Cylinders,” by J. H. Faupel and A. R. Furbeck, Trans. ASME, 
vol, 75, 1953, pp. 345-354. 

’“*Theory of Flow and Fracture of Solids,"’ by A. Nadai, vol. 1, 
second edition, McGraw-Hill Book Company, Inc., New York, N. Y., 
1950, chapter 30. 

1 By N. G. Wu and C, W. Nelson, published in the June, 1954, issue 
of JouRNAL or AppLisp Mecuanics, pp. 151-159. 

? Professor of Structural Engineering, Laval University, Quebec, 
Canada. 
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same time a section with a finite width and a finite depth. As for 
the reactive forces, their effect on the section ¢ = 0 under con- 
sideration remains virtually unaffected by their infinite angular 
distance from @ = 0 as compared with a finite one. This fact is 
quite in accordance with the principle of Saint Venant, provided 
the bar remains slender. No objection can be made to the very 
effective method by which the infinite integrals have been 
evaluated, a method already used in a previous paper.* 

Another consideration suggested by the paper is the following: 
As C. W. Nelson points out* the Fourier-series solution is con- 
venient to use for values of a/b up to 0.5 or even more. For a/b 
close to unity it should be possible, however, to split the stresses in 
the vicinity of the section @ = 0 into two parts: (1) Stresses 
depending on the local effect of the load and essentially the same 
as those in a straight beam, and (2) stresses obtainable from the 
elementary theory of the curved rod and depending of course on 
the end conditions. This method not only has been applied by F. 
Seewald‘ in investigating the stresses in straight beams but also 
by the writer in determining the stress distribution in thick elastic 
plates under concentrated loads. The solution of the problem 
as given in the present paper would then be justified in a range 
between some value a/b > 0.5 and some other less than unity. 

As for the determination of stresses due to the elementary 
theory of bending, several methods may be effective for this 
purpose, particularly the Fourier-integral method. A _ special 
form of this method has been used in several recent papers.’ The 
stresses just mentioned should be obtainable also by some limit- 
ing procedure similar to that used in the paper for another pur- 
pose. However, this procedure should consider as fixed not the 
difference (b — a), but some radius of the ring, say, the inner 
radius a. 


AutHors’ CLOSURE 


The authors wish to thank Professor Woinowsky-Krieger for 
the interest evidenced by his discussion and for the constructive 
criticisms contained therein. 

The suggestion that the stresses in the vicinity of ¢ = 0 be pre- 
sented as made up of two parts is a good one and this might well 
be done exactly in the way that Professor Woinowsky-Krieger 


a : ; 
suggests for b very close to unity. The authors would like to 
point out that the procedure, modified slightly, can be extended to 

a . P ; 
values of b considerably less than unity. This can be accom- 


plished by splitting the stresses into two parts as follows: 

(1) Stresses depending on the local effect of the load and es- 
sentially the same as those in a straight beam, and (2) stresses ob- 
tained from a proper combination of H. Golovin’s two solutions 
expressed by Equations [25] and [26] of the paper and applicable, 
respectively, to Figs. 3(a) and 3(b) of the paper. The reason why 
the authors prefer this method of splitting the stresses into two 


a : 
parts (tor' not extremely close to unity } rather than the method 
? 


“A Fourier Integral Solution for the Plane-Stress Problem of a 
Cireular Ring With Concentrated Radial Loads,”’ by C. W. Nelson, 
JourNAL or Apptiep Mecuantics, Trans. ASME, vol. 73, 1951, pp. 
173-182. 

4 “Die Spannungen und Formanderungen von Balken mit rechteck- 
igem Querschnitt,” by F. Seewald, Abhandlungen aus dem Aero- 
dynamischen Institut an der Technischen Hochschule Aachen, Ger- 
many, vol. 7, 1927, pp. 11-33. 

‘“Der Spannungszustand in dicken elastischen Platten,” by 
S. Woinowsky-Krieger, Ingenieur Archiv, vol. 4, 1933, p. 312. 

‘Kin Beitrag zur Berechnung von Knicklasten,” by H. Jung, 
Zeitschrift fiir angewandte Mathematik und Mechanik, vol. 31, 1951, pp. 
142-148. 
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a , %,! 
proposed (tor , very close to unity by Professor Woinowsky- 
Krieger can be explained best by means of an example. Consider 


¥ ae 1 
the cross section @ = 90 deg in Fig. 1(a) of the paper for the case : 
}, 


= 0.7. 
inner boundary from Equation [30] can be shown to be 


At this cross section, the circumferential stress at the 


> 


I 
(Og1)rma = —15.8828 (1) 
(b — a) 


The stress at the same point corresponding to (2) as specified 
in the foregoing can be calculated from Equation [35] of the paper 
and the result is 


‘ I 
Part (2) of (ogr)-< = 15.8828 es 
(b a) 
Thus by subtracting Equation [2] from Equation [1] it is found 
that 
P 
Part (1) of (og7),-<. = 0.0000 [3] 


(0 a) 
and it is clear that the local effect of the load is practically zero at 


@ = 90 deg (® = 4.404) for | = 0.7. 
) 


By the elementary theory’ of bending of curved bars, some- 
times called Winkler’s Theory, the circumferential stress for the 
loading shown in Fig. 1(a) is found to be (for @ > 0) 


b + a alfr 
or cos @ r 


a 
and the value at @ = 90 deg, r = a, for b = (0.7, 


me ey 
—15.8577 
b—a 


If this value were used for Part (2) of (@47),~e, then Part (1) of 
the same stress would come out different from zero and this 
might lead to the erroneous conclusion that there was still an 
appreciable local effect of the load at the cross section @ = 90 deg. 

Although the stresses were not split into two parts in the 
original paper, the reader can still separate out Part (1) of the 
stress, i.e. the local effect of the load, from the total stress in at 
least some of the figures accompanying the paper. For example, 
in Fig. 5 of the paper, the stresses indicated by the curves at 
negative values of ® are entirely Part (1) stresses since the Part 
(2) stresses for the case shown are zero at negative values of ®. 
The complete curve of Part (1) stresses versus ® for this case is 
antisymmetrical about the line ® = 0. 

The authors found that the paper by H. Jung, mentioned in the 
discussion, contains an interesting application of the Fourier- 
integral method. However, with two methods available for ex- 
pressing Part (2) of the stresses as explained above, no attempt 
was made to apply the procedure used by Jung in the present 
problem. 

7 “Strength of Materials, Part II,” by 8S. Timoshenko, D. Van 
Nostrand Company, Inc., New York, N. Y., second edition, 1941, 
pp. 65-69. 
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Transmission of Tension From a 
Bar to a Plate’ 


Epear Kraun.? The authors have shown what part of the 
tension applied to the bar or strip is transmitted to the edge of the 
plate. 

It has been observed before that the calculation leads to reasona- 
ble results only if part of the tension is applied to the edge and 
consequently the equation given by E. Reissner (1)* has to be 


amended to* 


l z 
: P P— 92 ae | 
2bt,(x )E; [ e 2 f g(E)dE 


aP m ra 4 
oy K(x, 0) + f, q(€)K(z, t)dt |......11) 


teE2 


where ¢,(z) is the variable thickness of the bar and a is the part of 
the tension applied at the edge of the plate and depends on the 
details of the attachment of the bar. 

The theorem proved by the authors solves the question of 
determining @. 

Except for K(z, 0) and K(z, &) which are different, as will be 
explained, the other symbols in Equation [1], herewith, are those 
of the paper under discussion. 

The bar is supposed to be shaped so that the load transmitted 
to the plate at x = a is zero or negligible. 

If the tension is calculated as if the bar were attached to the 
plate along a line only, then K(z, 0) and K(z, &) have singularities 
atz = Oandz = &, respectively. 

These singularities can be avoided assuming the contact along 
a narrow strip instead of a line and calculating the mean strain 
over the width of the strip. 

If a unit force is applied at (£, 7) in the direction of the negative 
z-axis then the strain at (z, y) is (5) 


] 


t 
> [(x — £)* — Wy — n)*] + 


2&(y — n)? 


vi(y — 9)? + 26); + : 


T2 


Rrt( Evy — nn)? 
(1 + ») re nt 


r2 


32 + & — w(x + 3€) 


where 


ry? = (x — £)? + (y — ny)? and r2? = (x + £)? + (y — 7)? 
Regarding the shear force at x = & as constant over the width 

of the strip —+ < y S b and integrating with respect to 7, one 

gets the strain at (x, y) induced by the stress at &. Integrating 


then with respect to y and dividing by 2b one gets the average 


1 By J. N. Goodier and C, 8. Hsu, published in the June, 1954, issue 
of JourNAL or AppLiep Mecuanics, Trans. ASME, vol. 76, pp. 
147-150. 

2? U.S. Naval Ordnance Laboratory, White Oak, Silver Spring, Md. 

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

‘Note on the Stress Distribution in a Stiffened Semi-Infinite 
Sheet,”” by E. Krahn, Admiralty Research Laboratory, Teddington, 
England, Note ALR/N1/Maths 4.57, August, 1952. 
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strain at z induced by the stress at &. That gives the function 


j 


$(1 vy?) tan? 


2b (1 a 
mtE \ ae 


E 


2b (1+ yv)\(1 3y) | ty] - ( 
z+et 8b zx ) log . 
4 1 + 6p 3v? L ¢) (l+pv)?. ' 
8b wets o® *|' 
4 ( 2b 3 + (1 +») xt 2b / 
v) 
zrt+é \ z+ & (x + £)® + 4074 


which remains finite. 
In the case that the force is applied at the edge one has 


lk m 1 |v i+ + O11 
iE te” z? m 


4 


- 
ip A &) = 


2b) 
x f 
(4) 


vy) tan™! 


which remains finite at z = 0. 
Equations [3] and [4] of this discussion are the 
K(x, 0) and K(z, &) appearing in Equation [1]. 


functions 


M. Z. v.Krzywostockr.’ The following reference may be 
added to the bibliography given by the authors: 

“Action d’une force concentrée sur la plague indéfinie a l’aide 
d’une barre rigide de section circulaire,’’ by F. Szelagowski, Arch. 
Méc. Appl. Gdansk, vol. 3, 1951, pp. 99-105 (Polish, French 


summary ). 
Auruors’ CLOSURE 


Mr. Krahn’s discussion contributes to the subject on certain 
points which were passed over lightly or altogether in the paper. 
Replacement of the single-line load of the integral equation by a 
band load with uniform distribution of load as to the width of 
the strip, as in Mr. Krahn’s analysis, was considered in an attempt 
to improve the agreement with the test results. A curve was 
worked out on the basis of uniform-width distribution, corre- 
sponding to the calculated curve in Fig. 5 of the paper which is of 
course for the line-load assumption. It lay well above the calcu- 
lated curve in Fig. 5—for instance, at z = 2 the ordinate was 44 
per cent, and at x = 5 it was 27 per cent. 

It seems to the authors that in principle there is no strong 
reason for preferring the band load with uniform distribution to 
the line load. The theorem of the first section of the paper, that 
in (indefinitely) thin plates of equal Poisson’s ratios the load will 
be transmitted as peripheral line load, means that there will in 
the idealized test specimen be two parallel line loads along the 
two edges of the strip. In a real specimen (not indefinitely thin) 
each of these line loads is of course to be interpreted as an ideali- 
zation of load occupying a width of the order of the strip or plate 
thickness. This suggests that in our specimen, which has a strip- 
width to strip-thickness ratio of 8 (not mentioned in the paper), 
the distribution of the actual bond shear would be heavily con- 
centrated toward each end of the width, and accordingly, very 
far from uniform. There must also be cross forces since the 
Poisson contraction of the strip will be interfered with by the 
plate. In a real joint, rather than a monolithic test specimen, 
the line forces could be forces transmitted by the edge welding, 
and the bonding over the interface might be absent. It is con- 
ceivable that calculations in terms of two line loads, one for each 
long edge of the strip, matching strip and plate strain along the 


5 Professor of Gasdynamics and Theoretical Aerodynamics Depart- 
ment of Aeronautical Engineering, University of Illinois, Urbana, 


Ill. 
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middle line, could yield better agreement with tests. No calcu- 
lations of this type were performed. 

The authors are grateful to both discussers for the items they 
have added to the bibliography. 


Method of Computing Principal 
Strains’ 


F. A. McCurntock.? The author’s algebraic derivation is of 
interest. Equivalent and perhaps simpler equations were 
derived from Murphy’s graphical construction® and reported in 
the Proceedings of the Society for Experimental Stress Analysis, 
vol. 9, 1951, pp. 209-210. 


Stresses and Deformation of 


Flanged Shells’ 


C. O. Ruys.? The general method of making calculations of 
strains and stresses in flanged shells, i.e., considering the dif- 
ferent deformations set up in the flange and shell, if they were 
separated, and finding the forces and moments required to bring 
them together, is well known to be a sound procedure. As the 
authors point out, this often involves stresses of considerable mag- 
nitude. These are stated to be dealt with by the use of adequate 
fillets best determined by experimental methods; presumably 
such methods are found to be satisfactory. 

Something analogous to the use of fillets might be mentioned 
here. There is sometimes a sudden sharp change of radius of 
curvature in a shell fabricated all in one piece. When the change 
of curvature really is sudden, going from, say, r to R at one point, 
discontinuity stresses are set up, and such stresses, calculated on 
the basis of a sudden change, show good agreement with experi- 
mental results. It sometimes happens, however, that the stress 
as obtained from measured strains is considerably less than that 
obtained by calculations made on the sudden change basis. The 
explanation seems to be that the change from r to RF actually 
takes place over a short distance in a gradual manner, more or 
less modifying the effect of an abrupt boundary between the two 
curvatures, somewhat as a fillet reduces the effect of a sharp 
corner in a casting or where two different shaft diameters come 
together. A gradual change from r to R could be used to cut down 
discontinuities in shell, but, in general, manufacturing methods do 
not permit this to be done with sufficient accuracy, as obviously 
can be done for the flange and knuckle considered in the paper. 

However, it is indicated that care should be taken to see that 
the structure is sufficiently strong at points where high stress 
concentration might take place. This seems, in effect, to nullify 
the authors’ assumption (d) since, to do this, stress concentration 
must be taken into account. 

_ No definition seems to be given of the term “attenuation 
length,”’ [3a, b]. This seems to be what, in the Pressure Vessel 


! By N. J. Taleb, published in the June, 1954, issue of the JourNAL 
or Apptiep Mecuanics, Trans. ASME, vol. 76, pp. 197-198. 

? Assistant Professor of Mechanical Engineering, Massachusetts 
Institute of Technology, Cambridge, Mass. Assoc. Mem. ASME. 

3*‘A Graphical Method for Evaluation of Principal Strains From 
Normal Strains,” by Glenn Murphy, Journat or AppLigep MEcHAN- 
1cs, Trans. ASME, vol. 67, 1945, p. A-209. 

' By G. Horvay and I. M. Clausen, Jr., published in the June, 1954, 
issue of the JournNnat or AppLiep Mecuantcs, Trans. ASME, vol. 76, 
pp. 109-116. 


2 Retired, 1947. Mem. ASME, 
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Research Committee work (Bibliography 8), is called the “in- 
stantaneous wave length” divided by twice pi. This instantane- 
ous wave length is expressed by 


L = 2x/N 


where N~-! is equal to the l of the paper. In the damped sinu- 
soidal curves the variable n can be replaced by Ns where s is the z 
of the paper (though it is usually measured from the flange and 
not the apex). This is done in the reference (1c) mentioned and 
also in reference (8), giving 


F, = e~** sin Ns, ete. 


Term s being known, Ns would be the corresponding angle (in 
radians or ratio) for the F-functions. In the numerical example 
given in the paper, s from flange to knuckle would be 124/2 = 17, 
so that Ns, with Poisson’s ratio equal to 0.3, would be 


Ns = [(3)(0.91)]®-* (17)/ / [(78) 0 2(0.375)] = 3.4 radians 


which would correspond with values of the F-functions in or near 
their second loops, where they would be relatively small, so that 
discontinuity effects of the flange and knuckle on each other 
would be slight. 

As a check on this, the / calculated in the paper as 5 in. would 
give N = 0.2, so that Ns would be (0.2)(17) = 3.4 radians. 

Actually this is somewhat greater than 3.4, since N increases 
as r decreases, giving a greater Ns in the same length s. When 
this is taken into consideration, Ns has to be replaced by /Nds 
over the length s considered. For a 45-deg cone, this is 


[2.57/- Val [Vr — VR —s] 


R being the ?#/sin ¢@ of the paper. This would give 
[2.57 /0.61] [10.5 — 9.65] = 3.58 radians... .... . [3] 


which is only slightly greater than for Equation [1] of this dis- 
cussion, as there is not much difference in r/sin @ from flange to 
knuckle, but fora relatively large change in r the difference would 
be considerable. 

The foregoing has been gone into somewhat fully in order to get 
a clear idea of the term attenuation length, and to see whether 
it agrees with the definition ‘wave length divided by twice pi.” 
An error involved in using [3a, b] would be on the safe side, that is, 
as compared with Equation [2] of this discussion. 


Herspert Saunpers.* The authors are to be congratulated 
on their splendid effort in accomplishing the solution of a 
flanged noncircular shell. Most of the work reported in the 
literature has been concerned mainly with circular shells. There 
are several methods of flange solutions but many are conservative 
in the evaluation of flanged shells where weight is at a premium. 
The writer would like to know if any tests have been made 
corroborating the authors’ work. The main objection to this 
paper is the introduction of symbols not presently used in the 
literature which makes it difficult to follow the authors’ paper. 


Autuors’ CLOSURE 


The interesting comments of Messrs. Rhys and Saunders are 
much appreciated. Obviously, it is important to relate newly in- 
troduced terminology to older ones, and the authors—who failed 
to explain the term “attenuation length’’—are indebted to Mr. 
Rhys for clarifying the notion. The analysis presented in the 
paper ac:ounts only for tensile stresses (7, is constant) and bend- 


3’ Research Engineer, Grumman Aircraft Engineering Corpora- 
tion, Bethpage, Long Island, N. Y. Mem. ASME. 
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ing stresses (o, varies linearly across a cross section) in the shell. 
When there is departure from linear variation, then the o, stress 
trajectories necessarily bunch in part of the cross section; the 
ratio of the trajectory density near the outer (or inner) surface of 
the shell to the density corresponding to linear variation gives 
the stress-concentration factor. Changes in cross section or con- 
tour, unless prevented by suitable fillets, are always accompanied 
In shells one may regard the situation as 
Ex- 


by stress concentration. 
a polar-symmetric analog of the two-dimensional elbow.‘ 
perimental evidence which distinguishes between discontinuity 
stresses and stress concentration is meager, mostly because very 
sharp corners usually are not found in shells. 

The authors wish to express their appreciation also to the re- 
viewer of the paper for questioning their use—without proof—of 
the centroid (at radius R) of the flange cross section as rotational 
center, irrespective of the radius at which the shell is connected 
(at which the shell moment is applied) to the flange. An argu- 
ment based on the idea of minimum strain energy of a configura- 
tion readily establishes the desired result. A more illuminating 
proof proceeds as follows: Write inner and outer radii of the flange 
in the form a = R(1 — n), b = R(1 + ), and let a moment M = 
1 lb-in/in be transmitted to the flange at the inner radius a. 
We shall show that the radial displacement u(r), at locations 
r = a, R,bof the flange mid-plane, is given, to lowest terms in 7 
and ¢. by 


1 
= 2 
2 1. 


ula) = . 
[4] 


where ¢, = ¢() is the rotation angle at the flange centroid. 
Equation [4] reveals that, to the extent that 9? is negligible, the 
flange center does not move radially, in spite of the fact that the 
moment M is applied in the most eccentric location, at radius 
RA — n) 

The formula for the rotation g(r) of a ring due to moment M 
applied at r = ais well known’ 


a? b™1 + w) + rl 


Tr = haa H) 
EI 2Rr 


which we write briefly as 


Inserting this expression into the equation for radial displace- 


ment® 


l1+yuB 
4 r 


—-# 


where 
4 Illustrated in “Formulas for Stress and Strain,” by R. J. Roark, 
McGraw-Hill Book Company, Inc., New York, N. Y., Case XVII, 9, 
1943 edition. 

5“‘Theory of Plates and Shells,”’ by S. Timoshenko, McGraw-Hill 
Book Company, Inc., New York, N. Y., 1940, p. 63. 

® Tbid., p. 331. 
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From these expressions the foregoing stated results, Equations 
[4], follow at once, 


On the Equations of Motion of 
Cylindrical Shells’ 


R. Bart? anp G. D. Gauietiy.? We would like to con- 
gratulate the authors on their interesting paper concerning the 
various approximations that have been used in cylindrical shell 
theory and would like to make the following observations 
concerning the formulas used by them for the change of curvature 
3, and twist ,,: 

If, as is suggested in footnote 9 of the paper, their Equations 
[6] are substituted into Equations [4] and then z/a is neglected 
in comparison to unity, one obtains the following expressions for 
the moments 


M.=D - (2 + = — vp ~~ 
or? a Ox Os? 
oO? , ’ °? ) 
M, = D ( AG, = Vows Soe 
Os? a’ Oz? 
a D1 — v) 9 0*w 2 ov 
oxrds a Ox 
DU — v) | ow 1 Ov 1 du 
oa @ . A. @ « 
2 a os } 


~ @rds a or 
Equations [1] of this discussion agree with those obtained by 
Reissner and others’ when due account is taken of the different 


1) 


sign conventions used. 
Osgood and Joseph,‘ by purely geometrica! considerations, ob- 
tained for the changes of curvature and twist 


O*w O*w 0*w 
v, yr’ - = + -=—2 
Ox? Os? ords 


l Ou 


a or a Os 


In the derivation of Equations [2] the usual assumption was 
made that normals to the undeformed middle surface remain 
normal to the deformed middle surface and suffer no extension. 


1 By P. M. Naghdi and J. G. Berry, published in the June, 1954, 
issue of the JouRNAL oF AppLiep Mecuanics, Trans. ASME, vol. 76, 
pp. 160-166. 

* Structural Research Engineer, Navy Department, David Taylor 
Model Basin, Washington, D. C. 

3 **Note on the Expressions for the Strains in a Bent Thin Shell," by 
Eric Reissner, American Journal of Mathematics, vol. 64, 1942, p. 
769. 

“On the General Theory of Thin Shells,"" by W. R. Osgood and 
J. A. Joseph, Journat or Appirep Mecnanics, Trans. ASME, vol. 72, 
1950, p. 397. 
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(The changes of curvature and twist were defined as the co- 
efficients of z in the expressions for the components of strain.) 

If the deformation of the middle surface is inextensional, then 
the following relations hold 


or 


Substitution of the Relations [3] into Equations [1] and [2] 


yields 
2 2 : 
Ppa ee. (= ‘= 
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Thus, with the use of Equations [3], herewith, the expressions for 
the changes of curvature, obtained by neglecting z/a in comparison 
to unity, after Equations [6] of the paper have been substituted 
into Equations [4], agree with those derived by Osgood and 
Joseph. As noted by the authors, the expression for twist 3,, also 
agrees with that derived by Love and Timoshenko. 

Use of the Relations [3] of this discussion also would bring #,, 
given by Equation [2a], into line with that used by the authors. 
However, we prefer to use the expression 


ow wl 
o-—(FR+S)..... Sasi dob an 


as then it is immediately obvious that the change in curvature, 
when the cylinder undergoes a uniform radial displacement w, is 
—w/a? to the first order. This is in contradistinction to the 
authors’ (also Love’s and Timoshenko’s) expression for 3,, where 


they write 
O*w 1 Ov 
v= — -— J. 
; (= m a = 


and the change in curvature would now appear to be zero, unless 
one knew that in deriving Equation [4a] the conditions of an 
inextensional middle surface had been utilized. 

We should appreciate any comments that the authors may wish 
to make on the foregoing remarks. 


M,, ne M,. 
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Autuors’ CLOSURE 


The authors appreciate the comments of Drs. Bart and 
Galletly. However, it appears that they may have overlooked 
one or two points concerning the stress couple-displacement rela- 
tions of shell theory. 

First, it should be noted that the form of the stress couple- 
displacement relations does not depend at all on the set of quanti- 
ties usually referred to as “changes of curvatures.’”? The form of 
these relations depends solely on the approximations introduced 
when Equations [6] of the paper are substituted into Equations 
[4c]. Once the stress couple-displacement relations have been 
obtained it is desirable (although not necessary), as a matter of 
convenience and for the sake of brevity perhaps, to introduce the 
so-called changes in curvatures; hence these quantities must not 
be regarded as fundamental in the theory. 
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The expressions for the changes in curvatures of a surface (here 
the middle surface) may be obtained from differential geometry 
alone. When the displacements of the surface are small the 
changes in curvatures (to the first order in the displacement 
components) are 


Ow 
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where e, and e,,, the strains of the middle surface are given by 


ov ou 
+ 
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Apart from a negative sign, which is determined by the positive 
stress-couple convention, Equations [5] of this closure agree with 
Equations [2] of the discussion. The fact that Equations [5] are 
identical with the coefficients of z in the expressions for the strains 
(Equation [6] of the paper) is a consequence of the neglect of 
shear deformation and normal stress in the classical theory. 
With this in mind, it seems logical to consistently associate the 
coefficients of z in the strains with a set of quantities we may call 
the changes in curvatures, even though these do not necessarily 
agree with Equations [5]. 

As was emphasized in the text of the paper, Love’s first ap- 
proximation was adopted, and the changes in curvatures obtained 
from the foregoing procedure are consistent with this approxima- 
tion. Furthermore, nowhere has the assumption of inextensibility 
been made nor can our results be obtained from Equations [5] by 
assuming inextensibility. 

In view of the foregoing, it is not surprising that our expression 
for g, does not agree with Equation [4] of the discussion. Drs. 
Bart and Galletly have chosen to use the exact form of ¢, as given 
by Equations [5]. However, as was pointed out in the second 
paragraph, this has no significance in so far as the stress couple- 
displacement relations are concerned. 

In conclusion, we repeat that it is the approximations which are 
introduced into the definitions of the strains and the stress 
couples that affect the stress couple-displacement relations and 
not the so-called changes in curvatures. 


On the Thickness of Normal Shock 
Waves in a Perfect Gas' 


H. G. Exrop, Jr.,? anv S. Jarvis. We are currently working 
on the problem of the interaction of a shock wave with a bound- 
ary layer‘ and, therefore, have had occasion to study the con- 
tinuum theory of shock structure. Several portions of the present 
paper appear to us to contain incorrect implications, or to lack 
clarity, and we offer the following analysis for comment by the 
authors. 

To discuss the items in question, let us first write the following 
differential equation, valid for a perfect gas having constant 
specific heats and Prandtl number 


1 By A. H. Shapiro and 8. J. Kline, published in the June, 1954, 
issue of the JourNaAL or AppLiep Mecuanics, Trans. ASME, vol. 76, 
pp. 185-192. 

2 Assistant Professor, Case Institute of Technology, Cleveland, 
Ohio. Assoc. Mem. ASME. 

3 Research Assistant, Case Institute of Technology, Cleveland, 
Ohio. 

4 The writers wish to acknowledge support for their work from the 
Office of Ordnance Research, United States Army. 
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At the point of minimum viscous stress,’ u"(z) = 0. This con- 
dition is equivalent to setting u"(z) = 0 in the authors’ Equation 
[6] where the viscosity derivative has been omitted. It is a con- 
venient condition to use, in conjunction with the following defini- 
tion of shock-thickness Reynolds number 


\ Ue M1) pris 1 
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du 3 
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dx } mix Viscous Stress | max 


Now at the point of minimum stress Equation [1], herewith, be- 


comes 
8k 
3Pr 


u'(z)* (2 ; ua) (u* au) 


with 
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When the foregoing quadratic equation is solved, and the result- 
ing value of u’(z) employed in Equation [6], we have 

uy )\Du* 
Re = 


(k ui u* au 
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For all finite values of thermal conductivity the over-all flow 
from uniform conditions at ax 


to uniform conditions at + © is 
adiabatic, so that the Rankine-Hugoniot relation uw. = aw, is 
valid. Examination of Equations [9] and [8] discloses, then, that 
an exact answer for 


of the velocity (x 


te can be found whenever the correct value 
) at the point of minimum stress is known. 
Thus a consideration of various empirical velocity profiles is not 
especially pertinent to the prediction of shock Reynolds numbers. 
In particular, absolutely no significance should be attributed to 
the agreement between the authors’ Equation [196] and Becker’s 
result for Pr = */,, since the authors borrowed Becker’s value of 
u* for their own analysis. 
Except for the case of Pr = 4/4, 


. 


between the 
authors’ Equation [19b] and other known exact answers is not 


agreement 


forced and lends some confidence to its use as an interpolation 
formula. There are special reasons for this extended agreement. 
Let us consider the form which Equation [1], herewith, assumes 
for the various special cases cited. For brevity, we shall restrict 


spondence between x and 2z exists. 


5 This viscous stress is negative. 
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The equation is exact. Uniformity of infinity demands that 


2 
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Case B. Pr— 


uu, C,, finite; X-+ 0 


Case C. @ — 0 (weak shock ( pH, k finite: 


Order-of-magnitude analysis vields 


Case D. y — 1; um finite; 


2 2 
q’(z) + Q(z Pr q'(z) +Q 
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The equation is exact. A satisfactory first integral is 


~@g(z) +Q=0 


In all of the special cases considered, a first integral of Equation 
[1] of this discussion can be found in the form 


9 ‘y 


q'(z) = Quu(z) = Ku ur (u Us) 117 
where K, a constant, varies from case to case. For all these 
cases the following equation is valid when u"(z) = 0 
/ 
= V Ute 118) 
We see, therefore, the reason for the extended agreement of the 
authors’ Equation [19] with known analytical results. More- 
over, we see that it lies solely in their happy formulation for u*. 
The results of the authors’ paper are based on their guess that 
Equation [18] will hold well enough for general Prandtl number 
and shock strength in a perfect-gas continuum. Whereas their 
guess may be satisfactory in the normal range of Prandtl number, 
it becomes incorrect for some shocks of finite strength and small 


Prandtl number, * 


where u* must be less than the geometric mean 


of the two velocity extremes. Some indication of this fact is pro- 
vided by the failure of the authors’ Equation [19] to give an in- 
finite shock Reynolds number for allowable values of M@,* when 
Pr* — 0. 

We have been applying normal-shock analyses, such as that of 
the authors’, to the estimation of oblique-shock thicknesses. 
Since the standard formulations for fluid flow are in Newtonian 
mechanics, a uniform translation of a co-ordinate system parallel 
to the “surface”’ 
“‘forces,’’ and oblique-shock solutions are thereby obtained. 


of a rectilinear shock will not introduce new 
Such 
solutions probably represent the asymptotic behavior of oblique 
shocks at suitable distances from solid surfaces. They indicate 
that in certain experiments concerning shock-boundary-layer 
interaction, the two transition thicknesses are of comparable mag- 
nitude. 
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F. 8S. Soerman.® This paper brings to the theoretical study of 
the thickness of normal shock waves a cleverly conceived ap- 
proximate method of analysis the results of which both summarize 
and exceed those more tediously obtained in several previous 
papers. Within the framework of the Navier-Stokes equations 
for a perfect gas, Equation [19] of the paper appears to give a 
satisfactory accounting for the separate or combined effects of all 
the significant parameters such as Mach number Prandtl num- 
ber, and specific-heat ratio. The choice of dimensionless group- 
ings, reference of gas properties to the “‘critical’’ temperature 7'*, 
and discussion of the effects of variable viscosity are very satis- 
fying, having much in common with the treatment of Puckett and 
Stewart. 

Two serious questions remain unanswered, however, concern- 
ing the practical applicability of the theoretical results obtained. 
Both of these are properly mentioned in the present paper but 
have been subjected to considerable recent probing along both 
theoretical and experimental lines. 

The first of these questions asks for the upper limit of shock 
strength for proper application of the Navier-Stokes relations for 
a monatomic gas, for which no possible relaxation effects can exist 
to confuse the picture. In pursuit of an answer, Wang-Chang,’ 
Zoller,? and Grad® have turned to the kinetic theory of gases, 
secking solutions to the Burnett equations’? in the first two in- 
stances, and to the “thirteen moment’’!! equations in the last. 
Their results generally deviate significantly from those obtained 
by the Navier-Stokes equations when M;, is greater than 1.5, the 
shock thicknesses calculated from the kinetic theory being larger 
than those predicted in the present paper. Grad’s paper gives a 
particularly fine summary and critique of the problem, including 
in his analysis a new method of obtaining the shock profile in 
analytic form as a series expansion in the shock strength. 

The second question was raised by the experimental data pro- 
duced by the Metcalf Laboratory Group at Brown University, 
which suggests that the Navier-Stokes perfect-gas formulation of 
the problem may be in considerable error for a diatomic gas due to 
relaxation effects in the rotational degrees of freedom of the 
diatomic molecule. Since the reference to this work which is indi- 
cated by Shapiro and Kline, there has been at least one further re- 
port from the Metcalf Laboratory, extending the scope of their 
work and confirming earlier results. In the meanwhile, an en- 
tirely different type of experimental determination of shock-wave 
thicknesses has been undertaken at the University of California, 
utilizing the low-density wind tunnel at Berkeley. The results of 
the latter tests are still being analyzed, but already have indi- 
cated general confirmation of the Brown University results, both 
with respect to the good agreement with Navier-Stokes theory for 
a monatomic gas, and to the systematic deviations from theory 
in a diatomic gas. In addition, it has been noted at Berkeley that 
the shapes of shock profiles for a given Mach number are com- 


* Low Pressures Project, Institute of Engineering Research, Uni- 
versity of California, Berkeley, Calif. 

7“On the Theory of the Thickness of Shock Waves,” by C. 8. Wang- 
Chang, University of Michigan, Department of Engineering Re- 
search, Report UMH-3-F, (APL/JHU CM-503), 1948. 

8’“*Zur Struktur des Verdichtungstosses,’"’ by K. Zoller, Zeitschrift 
fiir Physik, vol. 130, 1951, p. 1. 

* The Profile of a Steady Plane Shock Wave.”’ by H. Grad, Comm. 
on Pure and Applied Mathematics, vol. 5, 1952, pp. 257-300. 

10 ‘**Mathematical Theory of Non-Uniform Gases,” by 8. Chapman 
and T. Cowling, Cambridge University Press, Cambridge, England, 
1939. 

11 “On the Kinetic Theory of Rarefied Gases,’’ by H. Grad, Comm, 
on Pure and Applied Mathematics, vol. 2, 1950. 

12*The Shape and Thickness of Shock Fronts in Argon, Hydrogen, 
Nitrogen and Oxygen,"’ by E. F. Greene and D. F. Hornig, ONR-061- 
041, Technical Report No. 4, Metcalf Research Laboratory, Brown 
University, Providence, R. I., August, 1952. 
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pletely similar in air and helium, with no apparent oddities of the 
air profile which could be attributed to relaxation phenomena. 

In summary, it appears that the present paper gleans all that 
profitably may be obtained from the Navier-Stokes perfect-gas 
approach to the calculation of normal shock-wave thicknesses. 
In combination with recent papers dealing with more complex 
equations derived from the kinetic theory of gases, it probably 
brings about a fairly accurate prediction of the state of affairs 
in a shock wave in a monatomic gas. Preliminary experimental 
evidence suggests, however, that shocks in diatomic gases may not 
be so simply described, and that a profitable field for further 
theoretical study is still open, particularly to anyone who can de- 
vise a method of analysis for the shock transition in a gas with 
short, but significant, relaxation times. 


L. N. Tao.'* The authors derived a general approximation of 
the normal shock-thickness problem based on an assumption of 
velocity distribution. It is interesting in that the results show 
such excellent agreement with others. 

However, such a result may also be obtained without the as- 
sumption of velocity distribution. Since 
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guided by the definition of a shock-wave thickness" 
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and the requirements (e) and (f), stated by the authors, we ob- 


tain 
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These equations are exactly the same as the authors’ Equations 
[9b], [9c], and [9d] with the substitution of b from Equation [11]. 
Hence any function that obeys the conditions (a) to (e) as given 
by the authors will yield the identical results. For example, a set 
of inverse tangent functions is proposed as the velocity distribu- 
tion 
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where a is associated with 6 by the expression 
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13 Research and Development Department, Worthington Corpora- 


tion, Harrison, N. J. 
14 All the symbols are the same as used by the authors. 
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The values of 


(> ( 
dz} z=0, dz 


are the same for both error integral and inverse tangent functions 
and therefore the same results are derived. 

To conclude, it would appear that the authors’ solution, in so far 
asc*? = 1%. [requirement (f) in the paper] holds, is applicable only 
and 0. No direct 


or reliable information can be extracted for the region of —-© < 


at the boundary points, i.e., atz = 0, +o, 
zr<Oand0<2r< 40. 


L. Meyvernorr. The problem of calculating the thickness of a 
shock wave is treated by Professors Shapiro and Kline in this paper. 
In the course of the analysis a Reynolds number-type parameter 
is introduced as a basis for comparing the variation of this 
thickness parameter with a variation of the Prandtl number of the 
initial flow. The comparison showed only a small influence of 
the initial Prandtl number. However, the actual (dimensional) 
thickness of the wave does change appreciably with initial 
Prandtl number or initial temperature; i.e., the Prandtl number, 
for air, is temperature dependent. This increase of dimensional 
thickness is shown in Fig. 3 in the writer’s paper” to which the 
authors refer. The actual thickness of a shock wave is usually de- 
fined by 
Ue 


Thickness, 6, 
du/dz 


where 


Uo initial supersonic velocity 

lit = Rankine-Hugoniot final velocity 

du/dx slope at shock-wave center, defined by d*u/dz? = 0 
Z co-ordinate, e.g., centimeters 


Fig. 3 of the writer’s paper’® shows calculated curves of the 
velocity through the shock wave versus the z-co-ordinate. These 
curves aré calculated for an initial Mach number M = 2.0 and 
identical initial mass flow. For one curve, the initial Prandtl 
number P, is 0.75 and for the other P, is 0.657. A straightfor- 
ward comparison of shock-wave thickness, based on definition 
(1), obtained from these curves, shows the curve for P, = 0.657 
gives three times the thickness of the P, = 0.75 curve. In order 
to obtain this change of initial Prandtl number for air, it is neces- 
sary to change the initial temperature; that is, the available ex- 
perimental data show P, to be a function of temperature. Of 
course it is apparent that this change of initial temperature 
from 0 to 500 C will produce a marked change in the coefficients 
of viscosity and conductivity. The change of these values can be 
used to explain further the lengthened wave shown in Fig. 3." 

In an oversimplified way, the situation between the Reynolds 
number-type thickness versus the dimensional thickness is per- 
haps analogous to the case of an airplane flying at 660 mph at 
35,000 ft and 760 mph at sea level. In both cases the Mach num- 
ber is 1.0, but the actual speed relative to the ground is 100 mph 
greater at sea level. Likewise, the Reynolds-number shock- 
thickness parameter is the same for the two flows in the writer’s 
Fig. 3, but the thickness of the wave, in centimeters, for P, = 
0.657, according to definition [19] is larger. 

The Reynolds-number parameter for shock waves is based on a 


45 Research Group Leader, Department of Aeronautical Engineering 
and Applied Mechanics, Polytechnic Institute of Brooklyn, Brook- 
lyn, N. Y. 

16 An extension of ‘‘The Theory of the One-Dimensional Shock-Wave 
Structure,’ by Leonard Meyerhoff, Journal of the Aeronautical 
Sciences, vol. 17, 1950, pp. 775-786. 


constant value of the viscosity coefficient, while in fact, this co- 
efficient must vary appreciably through the wave, with the 
corresponding change in temperature. 

Concerning the definition of the shock thickness in terms of the 
velocity, it may be pointed out that such a thickness also could be 
based on the change of pressure, density, temperature, or even 


entropy within the wave. It is pointed out, for example, in the 


} 


writer’s paper" that inside the shock, at Mp = 4.0, the vel 


wiry 


gradient for variable gas properties may be about 27 


times 
greater than the corresponding temperature gradient 

In passing, it may be of interest to note that a calculation 
scaled from Fig. 6 in the paper," at My = 4.0, indicates surpris- 
ingly, that the velocity shock thickness is about five times greater 
than the temperature thickness. Fig. 6 of the paper” compares, 
for the same initial flow conditions, the velocity versus the z-co- 
ordinate inside the shock wave for the cases of constant and vary- 
ing gas properties along the flow. The initial Prandtl number is 
0.75 for these two curves. It is found, as stated in the paper, that 
the thickness of the shock wave is about 2'/, times greater than 
that for constant gas properties. It is also about this same thick- 
ness greater than the mean free path of the molecules. It may be 
of interest to examine the effect of varying gas properties on the 
shock thickness for a range of initial Mach numbers and initial 
Prandt! numbers. 


AvuTuors’ CLOSURE 


The authors wish to thank Professor Elrod and Mr. Jarvis, and 
also Mr. Tao, for demonstrating that the only feature of the as- 
sumed velocity profile which influences the calculated shock- 
thickness Reynolds number is the value of u at the point where 
d*u/dz? = 0. If the authors may be permitted to restate the 
arguments of the foregoing writers in what appears to be the 
simplest form, Equation [6] of the paper shows that, at the point 
where d*u/dz* = 0, the value of du/dz depends only on the value 
of u; in which case Equations [10] and [12] of the paper reveal 
that Rey depends only on the value of u at the point of inflection 
of the velocity profile. Therefore any velocity profile for which 
the value of u is chosen as \ ‘tits at the point where d*u/dzr? = 0 
will give results identical with those of the paper. The authors 
plead guilty to having displayed good intuition but in all modesty 


they must also admit that the choice of VY uju, could hardly have 
Nevertheless, 
the proofs given by Elrod and Jarvis, particularly for the cases of 


been avoided in view of Becker’s exact solution! 


Prandtl number other than */,, are very enlightening in the sense 
that they illuminate why the results of the authors are in such re- 
limiting 


markable agreement with all the previously known 


solutions. Thus the results of Elrod and Jarvis strengthen the 
results of the authors by showing that the most critical assump- 
tion of the paper is, in fact, correct for a very wide range of cir- 
cumstances. 

The remark of Professor Elrod and Mr. Jarvis that Equation 
[19] of the paper fails to show that Rey — © as Pr* — 0 is in- 
correct, as they will find from the authors’ Table 1 and a more 
careful study of Equation [19] that Rey does indeed become in- 
finite as Pr* approaches zero (but note that 6 does not necessarily 
become infinite). Thus it would still appear that the solution 
presented by the authors is in agreement with all of the limit 
points and limiting solutions at present available. 

What Mr. Tao means by his final paragraph is not clear, for the 
authors had no intention of solving for the velocity profile (in fact, 
their method precludes such) but only for the shock thickness. 

Regarding Dr. Meyerhoff’s discussion of the effect of Prandtl 
number on shock thickness, the authors cannot help but feel that 
he is only further buttressing the misleading impression of the im- 
portance of Pr which he gave in his earlier paper."* The example 





146 


given by Dr. Meyerhoff compared (if this is the suitable word 
under the circumstances) the shock thicknesses in air for two 
cases having the same values of M, and piw, but different values 
of 7, pi, Pr, and k. Since, as shown in the authors’ paper, Rey 
depends only weakly on Pr and k, it is to be expected that the two 
values of Rey will be nearly alike, and indeed they are within 4 
per cent of each other. However, it follows from the definition of 
Rey that the two shock thicknesses will be quite different be- 
cause of the differences in 7; and p;. Putting the cart before the 
horse, Dr. Meyerhoff states that the change of viscosity with 
temperature further explains the threefold increase” of shock 
thickness as Pr increases from 0.657 to 0.750. The fact is that, of 
the roughly 100 per cent increase shown by Meyerhoff’s Fig. 3 (15), 
96 per cent is accounted for by the changes in p; and 7), 3 per 
cent is accounted for by the change in k, and only the remaining 
1 per cent can be attributed to the variation in Pr. 

Also in reply to Dr. Meyerhoff, it is noted that the definition of 
shock-thickness Reynolds number does not depend on a constant 
viscosity coefficient. The authors have shown in the paper that 
the great majority of the effect of variable properties, including all 
of the qualitative effects cited by Dr. Meyerhoff, are explicable 
solely on the basis of the difference in properties between the up- 
gtream values and the values at the center of the shock wave 
where the viscous and heat-transfer effects are concentrated. 
This type of effect can be accounted for within the framework of 
the method given by the authors in an extremely simple fashion. 

The authors are particularly indebted to Dr. Sherman for his 
fine discussion showing the relationship of the continuum results 
to the kinetic-theory results for a monatomic gas, mentioning the 
problem of relaxation effects in complex molecules and the dif- 
ficulties of handling them theoretically, and describing his excel- 
lent experimental results bearing on both these points. Since the 
submission of his comments Professor Sherman has apparently 
carried his excellent work somewhat farther as shown in his 
published work." It is particularly important to note that 
Sherman concludes, in answer to his own question mentioned 
here, that the shock structure can be adequately described by 
the Navier-Stokes equations for both monatomic and diatomic 
gases, at least to M, = 2, provided that the bulk (or second) co- 
efficient of viscosity is taken to be zero for the case of the mon- 
atomic gas but equal to approximately two thirds of the ordi- 
nary viscosity for the case of the diatomic gas. Thus Sherman 
provides the start toward information not only on shock struc- 
ture but also on the very fundamental questions which have so 
long been unanswered concerning the Navier-Stokes stress 
formulation. 


Bending of Isotropic Thin Plates by 
Concentrated Edge Couples and 
Forces’ 


W. A. Nasu.? The author has presented a clear and concise 
exposition of Muschelisvili’s complex variable approach to plate 
problems where the faces of the plate are free from normal 
forces. In this case the governing equation for deflections is 


Actually a scaling of Meyerhoff’s Fig. 3 (15) shows a twofold in- 
crease. 

8A Low-Density Wind-Tunnel Study of Shock Wave Structure 
and Relaxation Phenomena in Gases,”’ by F. 8. Sherman, Report No. 
HE-150-122, University of California, Berkeley, Institute of Engineer- 
ing Research, NACA Contract NAw 6287. 

1 By Y. Y. Yu, published in the June, 1954, issue of the JouRNAL or 
App.tiep Mecuanics, Trans. ASME, vol. 76, pp. 129-139. 
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biharmonic and its solution may be represented in terms of two 
analytic functions of a complex variable. The general procedure 
presents deflections, bending moments, and transverse shears in 
terms of these two functions. Although the principles of this 
approach are relatively straightforward, practical difficulties 
arise when it becomes necessary to determine a mapping function 
which maps the boundary of the plate into a unit circle. The 
author has extended this technique by developing rather elegant 
methods for treating concentrated edge loadings in the general 
case and by virtue of this has presented closed-form solutions to 
thre: interesting problems in circular-plate theory. 

The choice of a circular plate was certainly a logical starting 
point in applying the complex variable approach to the problem 
of concentrated edge loadings because of the simplicity of the 
mapping function. The writer, however, questions whether it 
will be possible to obtain solutions for more than a few additional 
plate contours because of the difficulty of determining a mapping 
function. 

Several years ago the writer presented a solution*® to the prob- 
lem of a generalized edge loading acting on a plate of elliptical 
contour. The technique employed there was to expand the load- 
ing in a Fourier series, using elliptical co-ordinates, and conse- 
quently any distributed or concentrated loading could be treated. 
Convergence of the series for deflections and moments was rea- 
sonably satisfactory. The special case of a circular plate could 
of course be readily treated by this technique for any concen- 
trated loading. It would have been interesting for the author to 
compare the facility with which he can obtain results from his 
method with those obtainable from this writer’s approach. 

Further, the technique developed by the writer? is readily appli- 
cable to certain multiply-connected regions, whereas mapping 
functions for such contours would be extremely difficult to deter- 
mine. 


K. S. Pisrer.* The author’s interesting paper on the trans- 
verse flexure of plates by edge loading is based upon the method 
developed by Kolossoff and Muschelisvili for problems of 
plane elasticity and later extended to plate problems by Lechnit- 
zky. Solutions of problems in either of these areas by this 
method generally have been limited to the following: Finite 
plane slices (or plates) that can be mapped conformally on the 
interior of a unit circle or upon a circular annulus; infinite plane 
slices (or plates) with cutouts that can be mapped on the infinite 
region exterior to a unit circle. In either case the mapping func- 
tion must be relatively simple, or an approximate polynomial 
mapping function substituted, if heavy computations are to be 
avoided. Some examples of solutions of these types are included 
in the author’s introduction. Additional results for an infinite 
plate with a cutout in the form of a circle, ellipse, square with 
rounded corners, or triangle with rounded corners, have been given 
by Holgate.*® Edge loadings considered in his papers were 
flexural couples distributed around all edges, cylindrical bending 
about one axis, and uniform twist about one axis. Both iso- 
tropic and aeolotropic plates have been treated by him using 
complex variable methods similar to those used extensively by 
Stevenson and Green. These techniques, although apparently 


’“Bending of an Elliptical Plate by Edge Loading,”’ by W. A. 
Nash, JourNAL or AppLieD Mecuanics, Trans. ASME, vol. 7 
1950, pp. 269-274. 

4 Assistant Professor of Civil Engineering, University of California, 
Berkeley, Calif. Assoc. Mem. ASME. 

5 “The Transverse Flexure of Perforated Isotropic Plates,” by S. 
Holgate, Proceedings of the Royal Society of London, England, series 
A, vol. 185, January-April, 1946, pp. 35-49. 

®“‘The Transverse Flexure of Perforated Aeolotropic Plates,”’ by 
S. Holgate, Proceedings of the Royal Society of London, England, 
series A, vol. 185, January-April, 1946, pp. 50-69. 
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DISCUSSION 


developed independently, are basically the same as those of 
Muscheliévili. 

In pointing out the similarity between the plate problems con- 
sidered by him and their analogs in plane elasticity, the author 
indicates an analogy of considerable interest and importance. 
As is well known, the first boundary-value problem of plate theory 
is analogous to the second boundary-value problem of plane 
elasticity, and the second boundary-value problem of plate theory 
is analogous to the first of plane elasticity. Considerable experi- 
mental use of the latter analogy has been made for determining 
plane-stress fields by edge loading and measuring the curvatures 
of the analogous plate. Details of this application of the analogy 
may be found in the papers of Westergaard’ and Mindlin.* 
Generalization of the analogy for mixed boundary-value prob- 
lems has been given by Southwell. In the writer’s opinion the 
use of these analogies has been all too infrequent. It appears 
that a number of problems of interest in the flexure of plates 
can be deduced readily from existing solutions of plane elasticity 
problems. 


AuTHOR’s CLOSURE 


wishes to thank Professors Nash and Pister for 
He agrees with Professor Nash in 


The author’® 
their interest in the paper. 
that it would be interesting to compare results obtainable by the 
complex variable method and by the method developed by Pro- 
fessor Nash. In addition to the several types of regions listed by 
Professor Pister, to which the complex variable method is applica- 
ble, Muschelisvili'! also investigated extensively problems re- 
lated to the elastic half-plane, and Tiffen? discussed rather thor- 
oughly the plane stress problems in infinite strips. Muschelidvili 
further indicated how the method may be applied to simply- 
connected regions bounded by arbitrary contours and to regions 
bounded by several contours. 

In connection with Southwell’s paper,® the author would like to 
point out that a special case of Southwell’s combined extensional- 
flexural analog is an immediate consequence of writing the 
boundary equations in the complex form. Thus the boundary 
equations for the two fundamental problems in generalized plane 
stress systems are, during the absence of body forces 


i 8 (e+ 6m 1) 
 2E \ dr : oy 


(u + w) 


¢:(z) + 2¢,'(2) T W(2) 


3—P 
on, le 7, 7 = 
¢1(2) u ( ¥il2) = ; 
1+p 2(1 + v) 
in which F is Airy’s stress function and u and v are the displace- 
ment components in the x and y-directions. Similar equations 
for plates free from lateral loading are 


1 Ow +i Ow 3 
= z +e 
2 \ oz oy : 
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™Graphostatics of Stress Functions,” by H. M. Westergaard, 
Trans. ASME, vol. 56, 1934, pp. 141-150. 

8 ‘The Analogy Between Multiply-Connected Slices and Slabs,’’ by 
R. D. Mindlin, Quarterly of Applied Mathematics, vol. 4, 1946, pp. 
279-290. 

"On the Analogues Relating Flexure and Extension of Flat 
Plates,” by R. V. Southwell, Quarterly Journal of Mechanics and Ap- 
plied Mathematics, vol. 3, part 3, September, 1950, pp. 257-270. 

1° Now Associate Professor of Mechanical Engineering, Syracuse 
University, Syracuse, New York. 

11 ‘Some Basic Problems of the Mathematical Theory of Elastic- 
ity,”’ by N. I. MuscheliSvili, translated by J. R. M. Radok, P. Noord- 
hoff Ltd., Groningen, Holland, 1953. 

12 ‘‘Generalized Plane Stress Problems in Infinite Elastic Strips,’’ by 
R. Tiffen, Quarterly Journal of Mechanics and Applied Mathematics, 
vol. 6, 1953, pp. 344-356. 
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The right-hand sides of Equations [1] and [2] are purposely 
written in a form slightly different from the usual one given by 
Muschelisvili so that the results may easily be compared with 
Southwell’s. By 
U and V it may be shown that Equation [4] becomes 


introducing Southwell’s quasi-displacements 


By comparing Equations [1] and [2] with [3] and [5] it is seen 
that (a) F/E corresponds with w, (b) v in Equation [2] corresponds 
with —v in Equation [5], and (c) u and v correspond with U and 
V. These conclusions are the same as Southwell’s for the case in 
All of Southwell’s 


conclusions may also be verified by means of the complex 


which body forces and lateral loads are absent. 


representation for the general case in which body forces and 
lateral loading are present in the respective elasticity and plate 
problems. The result will be reported separately. 

Finally, the author would like to take the opportunity to ac- 
knowledge receipt of the reprints of three papers!’ sent to him re- 
cently by Prof. Kyuichiro Washizu of the University of Tokyo, 
who is now at M.I.T. All three papers are on the application of 
the complex variable method to plate problems. In the first of 
these the problem of a circular plate under concentrated edge 
forces is also discussed. The boundary equation used is of a dif- 
ferent form and may be obtained by differentiating the foregoing 
Equation [4]. The analytic functions for the general case are de- 
termined. 


A Method for Determining the 
Internal Damping of 
Machine Members’ 


B. J. Lazan.? The author has made a fine contribution which 
should aid considerably in clarifying the design significance of in- 
ternal damping in members. 

We at Minnesota have been using an approach almost identical 
to that outlined by the author, doing so not because of magneto- 
mechanical damping effects but for other reasons. About two 
years ago it was decided to convert average damping procured in 
rotating-beam equipment to the specific damping energy, or that 


associated with a specific stress. In doing so it becomes necessary 


18*‘On the Bending of Isotropic Plates,”” by Kyuichiro Washizu, 
Transactions of the Japan Society of Mechanical Engineers, vol. 18, 
no. 68, 1952, pp. 41-47. (In Japanese with English summary.) 

‘‘A Note on the Two-Dimensional Stresses of Orthogonally Aeolo- 
tropic Plates,”’ by Kyuichiro Washizu, Transactions of the Japan 
Society of Mechanical Engineers, vol. 18, no. 68, 1952, pp. 47-51. 
(In Japanese with English summary.) 

“On the Bending of Orthogonally Aeolotropic Plates,’’ by Kuyichiro 
Washizu, Proceedings of the First Japan National Congress for Ap- 
plied Mechanics, 1951, pp. 157-162. 

1 By A. W. Cochardt, published in the September, 1954, issue of 
the JourNAL or AppLiep Mecuanics, Trans. ASME, vol. 76, 1954, 
pp. 257-262. 

? Professor and Head of the Department of Mechanics and Mae 
terials, University of Minnesota, Minneapolis, Minn. Mem. ASME, 
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AMPLITUDE OF REVERSED STRESS, PSi 


Fia. 1 


to consider the stress distribution or volume-stress* function of 
the rotating-beam specimen along the lines discussed by the 
author. This conversion to specific damping-energy unit is highly 
desirable not only to express damping in more basic units which 
can be used more directly in calculations, but also for another 
reason to be discussed. This discussion also will attempt to 
clarify the nature of the damping versus stress relationship with 
special reference to the generality of the exponential relationship 
discussed in the paper. 

Fig. 1 of this discussion shows the specific damping energy, de- 
termined from the total or average damping energy, plotted as a 
function of amplitude of reversed stress. For the materials dia- 
grammed the log-damping versus log-stress curve is a straight 
line up to a certain critical point identified by the black dot and 
called the cyclic stress-sensitivity limit. Beyond this critical 
point, two things generally happen in metallic materials; (a) 
there is usually a change, sometimes abrupt, in the slope of the 
curve, and (6) damping becomes sensitive to a number of prior 
stress cycles. Therefore, above this point it becomes necessary to 
represent the damping-stress relationship by means of a family 
of curves, one curve for each stress history prior to damping 
measurement. Fig. 1 also indicates the location of fatigue 
strength of the individual materials by means of the FS flags 
Observe that the cyclic stress-sensitivity limit generally falls 
in a range from 0.6 to 0.9 of the fatigue strength, although values 
as low as 0.5 and as high as 1.1 have been observed. 

It is apparent that for some materials, for example the glass 
laminate, the exponential relationship between damping and stress 
continues over the entire stress range covered. For still other 
materials, for example gray iron and magnesium up to the 
fatigue strength, the exponential relationship is exact in the low 
stress region and is a good approximation in the high stress re- 
gion. For still other materials, for example 1020 mild steel and 
the Sandvik steel normalized, a very abrupt slope discontinuity 
occurs at the cyclic stress-sensitivity limit and a single exponen- 
tial relationship cannot be used. And for still other materials, for 
example Sandvik steel quenched and tempered, this discontinuity 


’ ‘Damping, Elasticity, and Fatigue Properties of Unnotched and 
Notched N-155 at Room and Elevated Temperatures,”’ by L. J. 
Demer and B. J. Lazan, WADC Technical Report 53-70, February, 


1953. Also presented before American Society for Testing Materials, 
in June, 1953, and to be published in Proceedings of that society. 
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does not occur until beyond the fatigue strength; therefore the ex 
ponential relationship can be used to the fatigue strength. 

These trends in damping versus stress relationship are far less 
pronounced in average damping curves than in specific damping 
curves. In fact, for specimens with sharp stress drop-off, the 
“large volume at low stress” effects may so camouflage the “small 
volume at high stress” effects as to completely mask the trends 
discussed in the foregoing. It is for this reason, as well as that 
brought out by the author, that it becomes necessary to use 
volume-stress functions for data reduction. 

The data just presented indicate that for many materials (mag- 
neto-mechanical materials excluded) the use of a simple expo- 
nential volume-stress function is permissible over a rather wide 
range of stress. The exponential relationship greatly simplifies 
calculating. Its use is therefore justifiable in many cases. 
Furthermore, it permits separating terms that clarify general 
trends and enables rather significant generalizations to be made 
which may be valuable for design guidance (author’s reference 1). 

In the Minnesota work it was found that for the cases where 
simplifying assumptions cannot be made, a graphical method for 
finding the total damping of a member was preferred to a curve- 
fitting and mathematical approach. Also, the fundamental terms 
making up the resonance amplification factor were separated 
somewhat differently as indicated by the following equation 


7S,,7 
A, =| — YT, = K,K, 
| 85"] x. KK, 


where 
A, resonance-amplification factor 
S stress at any point 
Si. maximum stress in part 
E modulus of elasticity 
D specific damping energy at stress S in-lb/cu in/cycle 
D,, specific damping energy at stress S,,, 
V volume having a stress less than a specified value 
K, volume-stress iactor which defines the effect of shape 
and stress distribution on the resonance amplification 
of the part.‘ Its value is 


* In the author’s reference (1) A, is expressed in terms of cross-sec- 
tional shape factor K- and longitudinal stress-distribution factor K.. 
It can be shown that K,K. = Ko. 
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K,, = material factor which defined the constants of materials 


of importance in the resonance condition. K,, = 


78S,,?/ED 


If one is concerned with the resonance fatigue-failure problem 
then S,, may be replaced by S, (the fatigue strength of the ma- 
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terial) and D,, by D, (the damping energy at the fatigue strength). 
Under these conditions the material factor K,, = 2S,2/ED, and 
K, may be determined by the graphical method outlined in Fig. 


2, herewith. Recognizing that the ‘“damping-stress function’’ in 
this figure is the same as the author’s “‘energy-absorption func- 
tion,” and the “volume-stress function” 


is related to his “stress- 


distribution function,” it is seen that the two approaches are 
quite identical. 

The question regarding which is more important, low stress 
damping or high stress damping, does not have a simple answer 
as already pointed out by the author. Fig. 3 of this discussion is 
intended to help clarify this point. This figure shows the volume- 
stress function, on a unitless basis, for various types of members 
from ‘‘1’’ which (like a tension-compression member ) is almost en- 
tirely at near peak stress, to ‘6’ which (like a severely notched 
member) is mostly at low stress. Most parts encountered in engi- 
neering practice would probably fall between these two extremes, 
as shown by curves 2, 3, 4, and 5. 
that in parts having volume-stress functions approaching 1 the 


In general, it may be stated 


high stress damping would dominate in parts exposed to resonant 
fatigue conditions. However, in parts having volume-stress 
function approaching 6 the low stress damping would domi- 
nate. In between these two extremes, both are important. 
ALEXANDER YoraotApts.¢ The author presents a new and use- 
ful method of finding the damping properties of members by a 
combination of experimental and analytical procedures, The 
principal advantage of the author’s method over previous 
methods is in analyzing members made of materials having irregu- 
lar damping properties that cannot be expressed by simple 
mathematical relationships. The author’s Equations [6], [7], 
and [10] can be solved by graphical, numerical as well as mathe- 
matical methods. 

This method, however, is more laborious than others, such as 


5 ‘Status Report 53-1 on Properties of Materials and Joints Under 
Alternating Force,”’ by B. J. Lazan, Wright Air Development Center, 
February, 1953. 

* Sandia Corporation, formerly Chief Engineer, Sonntag Scientific 
Corporation, Greenwich, Conn. Mem. ASME. 
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that of Lazan which the author used for comparison. After the 
basic material properties have been obtained experimentally, 
Lazan’ reads factors k,,, k,, and k, directly from curves, and the 
product of these three factors gives the desired result; namely, 
the resonance-amplification factor. The damping of most ma- 
terials is very nearly proportional to some nth power of the cyclic 
stress, so that it is only for very few materials, such as in the 
author’s example, that Lazan’s method would not be usable. 

The writer disagrees with the author that it is more efficient to 
determine damping of material by testing nonuniformly stressed 
specimens than by testing uniformly stressed specimens. Non- 
uniformly stressed specimens and particularly solid torsion rods 
have been used extensively in the past, which partly explain the 
lack of correlation of damping data, published in the technical 
literature. 

This type of specimen is subject to errors because too 
many assumptions must be made which do not apply in practice. 
The most important error is due to stress history. 

To some extent, the damping of all materials is affected by 
stress history, particularly during the first few cycles of stress. 
This effect varies with the stress level. In some materials, damp- 
ing increases at high stresses and decreases at low stresses.* 
Using a torsion specimen in which the stress varies from zero to a 
maximum would yield results which are of little value in determin- 
ing basic material properties since one effect may possibly neutral- 
ize another. A second source of error is the assumption that the 
modulus of elasticity of the specimen is constant throughout the 
stress range of zero to a maximum. Usually, and particularly at 
high stresses, the modulus of elasticity is appreciably less than at 
low stress levels, so that the calculated stress is somewhat higher 
than the true stress at the outer fibers. 

Apart from these critical comments, the writer feels that the 
author’s method is a very valuable added tool in the hands of 
those who are engaged in the analysis of damping in machine 
members. 


AutTuor’s CLOSURE 


The author would like to thank Professor Lazan and Dr. 
Yorgiadis for their remarks. While he agrees with what has 
been pointed out by Professor Lazan, he does not share all of 
Dr. Yorgiadis’ views. Dr. Yorgiadis is of the opinion that 
‘the damping of most materials is very nearly proportional to some 
nth power of the cyclic stress.” This may be true for a certain 
range of stress, but is certainly not true in the lower stress range® 
and is also often not the case at high stresses as is best illustrated 
by Professor Lazan’s Fig. 1. However, as Professor Lazan and 
the author have pointed out, it is sometimes of advantage to use 
the simple n-power relationship. This, of course, depends upon 
the particular stress system and the particular material. 

Two methods are mentioned in the paper for determining the 
energy absorption function AU(c). It is admitted that it is 
often questionable whether the indirect method is more “effi- 
cient” than the direct method; for example, in torsion it may 
be preferable to determine the damping curve on a hollow speci- 
men rather than on a solid one. 

Finally, the author agrees with Dr. Yorgiadis that the accuracy 
of the method can be increased by considering in the analysis 
the change of elastic modulus with stress. 


’ “Effect of Damping Constants and Stress Distribution on the 
Resonance Response of Members,” by B. J. Lazan, JourNnat or Ap- 
pLiep Mecuanics, Trans. ASME, vol. 75, 1953, pp. 201-209. 

® Reference in author’s paper. 

® “Internal Friction in Metals,” by A. 8. Nowick, Progress in 
Metal Physics, vol. 4, 1953, p. 1, Interscience Publishers Inc., New 
York, N. Y. 
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Forced Motions of Elastic Rods' 


J. G. Berry? anp P. M. Nacuoi.* There are two points in this 
paper which require some discussion and amplification. 

The displacements of the rod (Equation [23] of the paper) are 
assumed to have the form 


m rs) 


D> gilefidt) + D> UAz)a,(0) 


t=1 n= 


u(z, t) 


m 


D> gil 2)ft) + > W (z)q,(t) 


i=1 n=1 


w(z, t) 


where g;,, and g;,, are the solutions u(z) and w(z) of m statics 
problems. The author states (in the paragraph preceding Equa- 
tion [20] of the paper) that the number m is determined by the 
number of time-dependent displacement boundary conditions. 
It appears that this statement is incomplete, since m is deter- 
mined not by the number of displacement conditions but by the 
total number of time-dependent boundary conditions. That this 
must be the case can be seen by a simple example: Consider a 
rod held at the end z = 0 and driven at the end z = L by a force 
P, = f(t). A possible set of boundary conditions in this case is 


u(0, t) = w(0, t) = 0 


PL, t) = f(), QL, t) = 0 (2) 


Clearly, the displacement boundary conditions in Equation [2], 
herewith, are not time-dependent and, according to the procedure 
outlined in the paper, g;, = 9. = 0, which, by the writer’s Equa- 
tion [1], infers that the solutions of forced and free vibrations of 
the problem are identical! 

If, on the other hand, the definitions of g;,(z) and g,,,(z) are al- 
tered so that there is one set of them for each time-dependent 
boundary condition, then the solution of the problem will proceed 
as outlined in the paper until Equation [31] is reached. Equa- 
tion [31] of the paper reads 


L 
f $40 + p)givUn + 2dra(GiwW', + giv n) 
o t 


l  * 
+ (A + 2y)a’g’;,,W’, + 3 uxa%g’,,, l ‘nf dz = 0 


where primes denote differentiation with respect to z. When the 


last equation is integrated by parts, one obtains 


L 
1 . 
f , 4(X + 2u)gin + 20g" iw — meets U,, 
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- | 2na0. +(A + 2a" Wap dz 
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0 


1 . 
+ | Dao, + (A + 2u)a*g’wW, + 5 px*atg’,0 | 


The integral in Equation [3] vanishes due to the equilibrium equa- 
tions of the statics problems (Equation [20] of the paper). How- 
ever, the last bracket in Equation [3] does not vanish unless all of 
the boundary conditions are displacement conditions, for only in 


1 By G. Herrmann, published in the September, 1954, issue of the 
JourRNAL oF APPLIED Mecuanics, Trans. ASME, vol. 76, 1954, pp. 
221-224. 

2Instructor in Engineering Mechanics, University of Michigan, 
Ann Arbor, Mich. Assoc. Mem. ASME, 

’ Professor of Engineering Mechanics, University of Michigan, 
Ann Arbor, Mich. Assoc. Mem. ASME. 
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It follows that Equation 
[31] of the paper does not hold, in general, and this requires a 
modification of Equations [33], [34], and [38] of the paper. 
It can be shown that the last bracket in Equation [3] is exactly 
the negative of that portion of the generalized force which arises 
from the end loadings. In addition, the integral appearing in 
Equation [26] of the paper cannot be modified to yield the form 


this case will U,, = W,, = 0 at the ends. 


given by Equation [33] of the paper. 

The general solution, as given by Equations [41], [42], and [43] 
of the paper, is correct provided the summation appearing in 
Equation [39] of the paper is replaced by the negative of the 
integral appearing in Equation [26]. 


AuTHOR’s CLOSURE 


The author wishes to thank Mr. Berry and Professor Naghdi 
for the attention they gave to his paper. 

The author does not agree with any of the changes, proposed 
by the discussers, of the procedure outlined in the original paper. 

First, there is no need to alter the definitions of the functions 
= 0 infers that 
the solutions of forced and free vibrations of the problem are 


The discussers state that 9; = ix 


g;, and g;,.. 
identical. This conclusion is clearly not correct, since q,(¢) will 
be different in these two cases, as is evident from Equation [40] 
of the paper. 

The second item taken up by the discussers concerns Equation 
[31] of the paper and they state that it does not hold in general, 
). = W,, = Oat both ends of the rod. This 
statement also is not correct. Integrating this equation by parts, 
discussers’ Equation [3] is obtained. The last bracket in this 
equation vanishes not only in the case that all boundary condi- 


but only in the case Ll 


tions are on the displacements, but for all admissible combina- 
tions of boundary conditions, as expressed in Equation [3] of 
the paper. This last bracket in Equation [3] of the discussion 
represents the work done by forces, produced by the displace- 
ments g;,, Yiw, in the displacements U,, W,. This bracket 
vanishes in accordance with the Boundary Conditions [3] of the 
paper and the definition of these functions. 

As an example, consider the boundary conditions given by 
Equation [21] of the paper, where two conditions are on displace- 
ments and two conditions on forces. 

In this example the boundary conditions on U,, W,, are 


U’,(0, t) 0 
2aXU,(0, t) + aA + 2u)W,,'(0, t) = 0 
U,'(1, 8) 
W,(1, t) 
and On @,4) Giw 
9;(0, t) 
2adg;,(0, t) + aX(A + 2y)g;,,’(0, t) = 
Vin “(L, t) 
Giull, t) 
Clearly, the last bracket in Equation [3] of the discussion 
vanishes, and no modification of Equations [33], [34], and [38] of 
the paper is required. 
Further, the author does not share the discussers’ finding that 
the integral appearing in Equation [26] of the paper cannot be 


modified to yield the form given by Equation [33] of the paper. 
In fact, writing in all detail 
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The last 
integral vanishes on account of Equation [31] of the paper and the 
last bracket is equal to the right-hand side of Equation [33] of the 


where use has been made of Equation [13] of the paper 


paper. 

Lastly, consider the example suggested by the discussers, the 
boundary conditions being given by Equation [2] of the dis- 
In this case m = 0 and no functions g,,, g;,, need to be 
The functions U’,, 


the Equations [20] of the paper, together with the boundary con- 


cussion. 


introduced. W,, have to be determined from 


ditions 

U0, t) 
W(0,t) 
aX + 
Ud, t) = 0 


2arU (1, t) 4 2u)W(l, t) = 0 


Next, from Equation [38] of the paper, we find 
H, = H, = H; = 0 
H, = 27 W,(1)f() 

and from Equation [39] of the paper 


° 
@,* 


Q,* = 2r W,(l) f(t) 


oT 
- 7 n max 


Thus the solution is given by 


u(z,t) = > U,(z)q,(t) 


n=1 


> 


w(z,t) = >} W,(z)q,(t) 


n=1 
where, by Equation [41] of the paper 


q, (t) = A, cos w,t + B, sin w,¢ 


wo,rWw,(l) 
+> —— f(t) sin w,(t — r)dr 
re max 0 


This completes the formal solution of the simple problem sug- 
gested by the discussers, employing the procedure outlined in the 
paper, and, clearly, no modifications of this procedure are re- 
quired. 

Concluding, it should be pointed out that 
raised by the discussers, relative to the validity of the procedure 
outlined in the paper, are not related to the fact that radial inertia 
and radial shear stress are taken into account in the author’s 


the objections 
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study of forced motions of elastic rods. In fact, when these 
additional effects are neglected, that is, when the motions are 
governed by the classical rod theory, and in the absence of time- 
dependent boundary displacements, the procedure of the paper 
is standard textbook material. The problem suggested by the 
diseussers has been worked out in detail in the case of classical 
rod theory,‘ by precisely the same method. Noting that in that 
case 


W,(z) = sin = 


ne 1 EB 
wo, = — : 
7 an p 


@,,” mpa’l 
4 


Ts max 


and that the quantities f(/) and mpa*, respectively, stand for 
S/2r and Avy/g, respectively, in Timoshenko’s notation, the 
solution contained in Equations [4] and [5] reduces readily to 
the one given in Timoshenko’s text. 


On Bending of a Flat Slab Supported 
by Square-Shaped Columns 
and Clamped' 


Yr-Yuan Yu.? The author is to be congratulated for having 
made another contribution on the design of plates. Regarding 
the moments at the support the author concludes: ‘‘By the theory 
here established the moments My = vM, become secondary as 
compared with the moments M,,...’’ Perhaps it should be indi- 
cated more explicitly that this result is solely due to the assump- 
tion of a rigidly clamped edge of the flat slab at the support. 
Along the tangential direction of the clamped edge the curvature 
of the slab is zero; therefore Mg = vM,. This relation holds 
true for supporting columns of any shape and should be verified by 
computational results obtained by any method. 

A similar situation occurs in the case of rigid-core problems in 
two-dimensional elasticity. At the boundary between a rigid 
core and its surrounding plane, where complete bond is assumed 
to exist, the normal strain along the tangential direction of the 
boundary is zero. By Hooke’s law the ratio between the two nor- 
mal stress components os and o, becomes a constant and is equal 
to v in the case of plane stress. This was pointed out by the 
writer in an earlier paper.* 

AvuTHOR’s CLOSURE 

The author is much indebted to Prof. Yi-Yuan Yu for 
his comment. The fact that the relation My = vM, between 
the tangential and the radial moments along the edge of the 
support could be foreseen without application of any special 
theory admittedly has not been stressed enough in the paper. 
This result in itself could therefore be considered as trivial. 
Not trivial, however, may be the data obtained for the absolute 


‘ “Vibration Problems in Engineering,” by 8S. Timoshenko, D. 
Van Nostrand Company, Inc., New York, N. Y., second edition, 
1937, pp. 314-315. 

1 By 8. Woinowsky-Krieger, published in the September, 1954, issue 
of the JournaL or Appiiep Mucuantcs, Trans, ASME, vol. 76, pp. 
263-270. 

* Associate Professor, Department of Mechanical Engineering, 
Syracuse University, Syracuse, N. Y. Assoc. Mem. ASME. 

* “Solution for the Exterior of a General Ovaloid Under Arbitrary 
Loading and Its Application to Square Rigid Core Problems,"”’ by 
Yi-Yuan Yu, Proceedings of the First U. 8S. National Congress of 
Applied Mechanics, 1952, pp. 227-237. 
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magnitude of the bending moments along the edge as well as 
the moments throughout the panel of the slab. 


Creep Tests of Rotating Disks at 
Elevated Temperature and 
Comparison With Theory' 


L. F. Corrin.?. The authors have presented a very interesting 
comparison of the derived and measured creep deformation in 
a biaxially stressed body. This represents a considerable con- 
tribution to the subject matter of a complex but important en- 
gineering problem. Whether one.agrees or disagrees with the 
authors’ analysis, the experimental information will be of ines- 
timable value for those looking for proof or disproof of their own 
particular theory on the subject. 

The writer notes that stress distributions of Figs. 2 and 4 are 
obtained for the steady-state solution, i.e., when the contribution 
of the elastic part of the strain at any point becomes vanishingly 
small, such that stresses can be related to strain rates only. 
On the basis of the stress distributions so calculated, the strains 
at the bore of the rotating disk are found from creep deformations 
of test coupons tested at the same stress level for the same time. 
From this strain, the strain values are found elsewhere in the disk. 
It was then found that the strains calculated by the Mises crite- 
rion are low, while good agreement is found for a solution using 
the maximum-shear theory. The better agreement of the maxi- 
mum-shear theory is attributed to anisotropy in the material. 

While anisotropy is undoubtedly important, another ex- 
planation can be found for the unsatisfactory agreement of the 
Mises criterion. This pertains te the neglect of the transient 
stress solution. When the disk is first rotated, the stress is ac- 
tually elastic throughout the disk. ‘Through the process of time- 
dependent plastic flow, the stress distribution is gradually trans- 
formed to the steady-state solution reported. At the bore, the 
tangential stress, initially quite high, is reduced by plastic flow, 
until the steady-state condition is reached. Consequently, 
more flow occurs at the bore than would be found if the steady- 
state stresses were applied at the start. At the rim, the elastic 
stress is less than the steady-state and the total strain developed 
there is correspondingly less than that found for a steady-state 
solution. Although the authors have found that the transient 
condition is of short duration, nevertheless, the transient strains 
produced thereby cannot be neglected. 

Since the strains found throughout the tube are based on the 
bore tangential strain, the strains calculated in Figs. 7, 8, and 9, 
are all too low by this transient-bore tangential strain. When 
this quantity is taken into account, it may well be that the Mises 
criterion gives better agreement than is found in the paper. 
The inclusion of this transient condition and the gradual transfer 
of stresses and strains with time to the steady-state case were re- 
ported for a thick-walled cylinder under internal pressure.* Such 
a study would be of interest here to clarify this point. 


F. A. McCutntock.‘ In Figs. 7, 8, and 9 of the paper, ‘scatter 


1By A. M. Wahl, G. O. Sankey, M. J. Manjoine, and E. Shoe- 
maker, published in the September, 1954, issue of the JouRNAL oF 
Apptiep Mecnanics, Trans. ASME, vol. 76, pp. 225-235. 

2 Research Associate, General Electric Company, Knolls Atomic 
Power Laboratory, Schenectady, N. Y. Mem. ASME. 

3‘‘Primary Creep in the Design of Internal Pressure Vessels,”’ by 
L. F. Coffin, Jr., P. R. Shepler, and G. 8. Cherniak, Journat or 
Appiiep Mecuanics, Trans. ASME, vol. 71, 1949, pp. 229-241. 

‘ Assistant Professor of Mechanical Engineering, The Massa- 
chusetts Institute of Technology, Cambridge, Mass. Assoc. Mem. 


ASME. 
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bands” are shown to indicate the uncertainty in the results due 
to scatter. A better idea of the uncertainty can be obtained 
if statistical theory is used to make estimates from the data. 
Aside from fixed errors, assume that the ‘‘true value’”’ to be esti- 
mated is the mean value that would be obtained from tests on 
the population of all possible disks. As an example, consider 
the data of Fig. 8 at 180 hr. Assume that at this time the pop- 
ulation of the logarithms of the creep of all possible disks is 
distributed according to a normal or Gaussian distribution func- 
tion. The assumption of a Gaussian distribution permits the use 
of common statistical techniques, and the logarithm is introduced 
to exclude the possibility of negative creep. 

The estimation can be made with the aid of Student’s ¢ dis- 
tribution, which describes how far the mean of a small sample 
may be from the mean of the population, without requiring exact 
knowledge of the standard deviation of the population.* 
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Fig. 1 of this discussion presents the distribution in the form 
most convenient for this problem. For the three disks shown in 
Fig. 8 at 180 hr, the mean log (creep), z, is —0.852 and the 
estimate of the standard deviation of the population, ¢, is 0.085. 
If 95 per cent confidence is desired, that is, if a statistical tech- 
nique is used which gives & correct answer 95 per cent of the time 
it is applied, then from Fig. 1, a = 2.49 and the estimate of &, 
the mean logy (creep) for the population, is 

1.064 < —E < —0.640 (95 per cent confidence ) 
From the antilogarithm of the limits just obtained one can con- 
clude with 95 per cent confidence that the true value for creep 
on the inner diameter at 180 hr lies between 0.086 and 0.23 in. 
(If the creep itself, rather than its logarithm, had been assumed 
normally distributed, the 95 per cent confidence interval would 
have been 0.074 to 0.21 in.) 

It is well that the authors tested three disks; Fig. 1 of this 
discussion shows how much broader an interval would have been 
obtained had only two disks been tested. On the other hand, the 
precision of the estimate increases rather slowly when the sample 
size is greater than four. 

Returning to the case at hand, the confidence limits which 
were obtained show that the uncertainty due to scatter is con- 
siderably greater than that indicated by the scatter band of 
Fig. 8 of the paper. It also must be borne in mind that possible 


5 “Introduction to Mathematical Statistics,’ by P. G. Hoel, John 
Wiley & Sons, Inc., New York, N. Y., 1947. pp. 144-145. 


lack of statistical control between disks, and the presence of fixed 
errors due to the method of testing and interpreting the results 
will increase the uncertainty beyond that obtained from the fore- 
going statistical procedure. Therefore the conclusions of the 
paper probably should be accepted with more reservation than 
is indicated by the scatter bands of Figs. 7, 8, and 9. 

M. H. Lee Wv.' The problem of rotating disks at elevated 
temperature under creep is an important and a complicated om 
The authors are to be complimented for their investigation on the 
problem, especially for their fine work in correlating the ex- 
perimental data with theory. 

One of the authors’ conclusions is that the theoretically cal- 
culated creep strains and strain rates in the rotating disk at 
1000 F, by using a power function approximating the average 
tensile-creep test data based on Mises theory, may be much lower 
than the experimental values, and that those based on the max- 
imum-shear theory are on the safe side. The writer agrees with 
this conclusion, but it is believed that the degree of disagreement 
or agreement may not be fully represented by Fig. 9 of the paper. 

From Fig. 9 of the paper, it can be seen that the theoretically 
calculated tangential strain based on the maximum-shear theory 
falls almost in the middle of the scatter band of the test results, 
while those obtained from Mises theory are far below the scatte: 
band. In view of the fact that even for the thin tube at room 
temperature, the stress-strain relations based on the maximum- 
shear theory for biaxial tensions are not exactly the same as those 
for the uniaxial tension. The agreement between experimentally 
and theoretically obtained strains based on maximum-shear 
theory for rotating disks at high temperature is then not to be 
expected to be as good as that shown in Fig. 9 of the paper. 
Also, from the thin-tube test data (constant stress ratio at room 
temperature) obtained by Dr. Osgood,’ it is indicated that the 
deformation theory (for constant stress ratio, Mises theory is 
the same as deformation theory) and the maximum-shear theory 
provide the upper and lower bounds, respectively, and the 
scattering for the two theories is about the same. A comparison 
%® of the theoretical and experimental bursting speed of a ro- 
tating disk at room temperature by using deformation theory 
shows the same tendency, and the deviation between theoretical 
and experimental results is small. It is possible then that the 
theoretical strains obtained by the authors based on the two 
theories are lower than they should be due to some other factors. 

The results may be affected by the following factors: (1) 
The authors measured strains for both tensile creep test and 
disk creep test by stopping the test periodically. It is men- 
tioned in the paper that there is no effect on tensile creep test 
due to such unloading. However, it may have some effect on 
creep test of rotating disk, because the stress distribution in 
the tensile specimen is uniform but the stress distribution 
n the rotating disk is nonuniform. (2) Some effects also may 
be introduced of the difficulty of maintaining a 
constant true through the creep test. (3) The 
anisotropy of the disk material also may have some effect 
on the results, but in the writer’s opinion, it may not be so large 


because 


stress 


® Research Supervisor, Department of Mechanical Engineering, 
Polytechnic Institute of Brooklyn, Brooklyn, N. Y. Mem. ASME. 

7“Combined-Stress Tests on 248-T Aluminum-Alloy Tubes,”’ by 
W. R. Osgood, Journat or Apptiep Mecuantics, Trans. ASME, vol. 
69, 1947, pp. A-147—A-153. 

8 ‘General Plastic Behavior and Approximate Solutions of Rotating 
Disk in Strain Hardening Range,"’ by M. H. Lee Wu, NACA TN 
2367, May, 1951. 

9**4 Simple Method of Determining Plastic Stresses and Strains in 
Rotating Disks With Nonuniform Metal Properties,”’ by M. H. Lee 
Wu, Journat or Appiiep Mecnantics, Trans. ASME, vol. 74, 1952, 
pp. 489-495. 
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as the authors expected. (4) The theoretical strain distri’1tions 
are obtained by multiplying the tangential strain at the inner ra- 
dius by the ratio of strains to the tangential strain at the inner 
radius (Fig. 3 of the paper). For simplicity, this ratio of strain was 
referred to as “proportionate strain,’’® and will be also used in the 
present disuussion. Any error in tangential strain at the inner 
radius would affect the whole strain distribution. From Fig. 12 
of the paper, it can be seen that the stress obtained by power 
function approximation is higher than the experimental value 
in some places, especially around ¢ = 32,000 psi. Higher stresses 
give a higher value of rotating speed for a given tangential strain 
at the inner radius. In other words, it gives a lower calculated 
tangential strain for a given rotating speed. A small error in 
rotating speed may mean a large deviation in tangential strain 
at the inner radius, and thereby affect the whole strain distri- 
bution. Therefore the strain obtained based on the maximum- 
shear theory may be much lower than it should be.'® Other 
approximations involved in the theoretical analysis also may 
affect the results. If all these effects can be reduced to a mini- 
mum, the theoretical strains obtained by maximum-shear theory 
and Mises theory also may provide upper and lower bound for 
the rotating disk at high temperature. Further investigations 
on this subject would be of great interest. 

Fig. 3 of the paper shows that the proportionate strain dis- 
tributions of a rotating disk with hole obtained by Mises theory 
and by maximum-shear theory for n = 6 to 9 are the same. 
In an NACA report," calculations were made for three rotating 
disks, whose inner and outer radius ratio were equal to 0.0356, 
0.0804, and 0.188, made of Inconel X at room temperature; the 
radius ratio of 0.188 is very close to the radius ratio considered 
by the authors, 1.25/6 = 0.208. Therefore the proportionate 
strain distribution for a disk having radius ratio equal to 1.25/6 
for Inconel X at room temperature may be obtained by ex- 
trapolating the results calculated for the three disks." The results 
compare closely to those of the authors, although the values of 
n of the disk materials for both cases are quite different. This 
is a further confirmation of the previously obtained fact® that 
the proportionate strain distributions are essentially independent 
of the materials. The writer takes some space to discuss this 
fact because it is important to the solutions of a group of plastic 
problems, and it is also utilized by the authors in the theoretical 
analysis. 

The work performed by the authors is a valuable contribution 
to the field. The problem is a very complicated one; there are 
so many effects involved, and it is very difficult to exclude these 
effects. The authors should be congratulated for having supplied 
a great deal of information to the field. 


AvTuors’ CLOSURE 


The authors wish to express their appreciation to Dr. Coffin, 
Professor McClintock, and Dr. Wu for their interesting and per- 
tinent discussions. These bring out several important points 
not fully covered in the paper. 

Dr. Coffin suggests that better agreement with the Mises 
criterion might have been obtained if the additional plastic flow 
occurring during the transient period (in which the initial stress 
distribution changes into the steady-state plastic distribution) 
is taken into account, and that a further study of this would be of 
interest. As mentioned in the paper, the duration of this tran- 
sient period was estimated by calculation to be only a few hours. 
The strains during this time were calculated, in effect, by assuming 
that the steady-state stress distribution is present, by taking into 
account the high initial creep rate which occurs during the first 


0 ** Analysis of Plane-Plastic-Stress Problems With Axial Symmetry 
in Strain-Hardening Range,”’ by M. H. Lee Wu, NACA Report 1021, 
1951 (formerly NACA TN 2217, 1950). 
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few hours as shown by the tension-creep tests. All the plastic 
strain occuring during this initial period is therefore not neglected 
in the analysis but only that part responsible for the relaxation 
of stress near the inside diameter of the disk. Since this stress 
relaxation occurs only in a localized region near the bore, the addi- 
tional strain neglected by using the steady-state solution would be 
of the order of the elastic strain only and therefore very small com- 
pared to bore strains around 10 per cent reached during the course 
of the spin test. An approximate calculation of this additional 
strain based on a power function relation (n = 5) between stress 
and creep rate also indicates values of the order of the elastic 
strain and therefore negligible. Further evidence in support 
of this conclusion is given by the measurements on disk No. 12 
after 6'/2 hr of operation (corresponding approximately to the 
transient interval) which show creep strains about the same as 
those calculated based on the maximum-shear criterion 
assuming the steady-state stress distribution. Also, a relatively 
small creep strain (about 0.061 in/in. on the OD) was measured 
at this time; this value compares with about 0.021 in/in. ob- 
tained at the OD after 900 hr. 

The foregoing data indicate that the assumption of a steady 
state of stress during the initial transient period did not intro- 
duce appreciable error in the comparison between the Mises 


and 


and maximum-shear criteria for the tests described in this in- 
vestigation. As mentioned in the paper, however, there may be 
cases, particularly where operating stresses are low, for which 
the transient condition would have to be considered for best 
results. 

Dr. Coffin states: ‘‘When the disk is first rotated, the stress is 
actually elastic thoughout the disk.’’ Although this statement 
is correct, if operating stresses are low enough, the authors would 
like to point out that in the case of the disks tested by them the 
calculated elastic stresses near the inside diameter were well be- 
yond the yield strength of the material at 1000 F so that yielding 
near the bore would be expected when the disk is first brought 
up to speed. Hence, in our case, the stresses were not completely 
elastic even at the start of the test; this condition of initial local 
yielding also occurs frequently in practical applications. 

Professor McClintock correctly points out that the ‘mean of 
a small sample” may differ from the ‘‘true value” or ‘“‘mean of the 
population,” and that this difference for 95 per cent confidence 
may exceed the limits of the scatter bands of the data from the 
three disks tested. It turns out that these scatter bands corre- 
spond approximately to the 75 per cent confidence limits. The 
conclusions of the paper, however, need not be altered since they 
contain the reservation that “in the absence of such (more con- 
clusive) data it is suggested that a conservative course in design 
is to apply the maximum-shear theory since this will give larger 
creep deformations, i.e., values on the safe side, as compared with 
those obtained using the Mises criterion.”’ 

The authors are indebted to Dr. Wu for a very comprehensive 
discussion. Regarding the tests on aluminum tubes made by 
Dr. Osgood’ and cited by Dr. Wu, the authors feel that short- 
time load-deformation tests under combined stress at normal 
temperature and with variable loading may give quite different 
results (in so far as comparison of the Mises and maximum-shear 
criteria is concerned) than long-time creep tests at high tem- 
perature and at essentially constant stress. Although it is of 
considerable interest that Dr. Wu finds good agreement between 
the results of her analysis (based on the Mises criterion) and the 
experimentally determined bursting speeds of rotating disks,* 
it is the authors’ opinion that a comparison of strength theories 
based on an analysis of short-time bursting tests of disks at room 
temperature would not necessarily apply to the case of creep 
deformations in long-time spin tests of disks at elevated 
temperature. 





DISCUSSION 155 


The points brought out by Dr. Wu in the fourth paragraph of 
her discussion will now be discussed: 


1 Regarding the effect of periodic stopping and starting of the 
disks, as indicated in the paper, tests were made on two ten- 
sion-creep specimens under the same intermittent loading and 
heating cycles as in the spin tests 1 and 2. These showed that 
such effects, if present, were not large. Although as mentioned 


by the discusser, the stress is not constant throughout the disk, 


as shown in Fig. 4 of the paper, for n = 8 the steady-state stress 
distribution along a radius does not vary too much from a con- 
stant value. Hence it is the authors’ opinion that the variable 
stress distribution in the disk combined with the intermittent 
loading and heating condition will not affect the comparison be- 
tween the Mises and maximum-shear criteria to any great ex- 
tent. 

2 Regarding the effect of not maintaining constant stress in the 
tension-creep tests, the authors wish to point out that all of the 
test points shown in Fig. 12 of the paper, except the two points at 
the highest stress (31,500 psi approx.), were based on constant- 
load creep tests in which the stress did not vary by more than 
about 3 per cent during the course of the test. Because of this 
small change in stress during the test, it is believed that these 
strain-rate values are practically the same as those which would 
be obtained for constant true-stress tests. However, recent 
tension-creep data obtained on this material at constant stress 
by one of the authors (M. J. Manjoine) indicate that the two 
highest points of Fig. 12 (which were obtained under constant- 
load conditions) show too high creep rates. The reason for this 
is probably because that portion of the curves from which 
these data were obtained was too near the transition point. These 
more recent data (which may be published later) indicate that for 
constant true stress the actual curve is practically that shown by 
the full line in Fig. 12 or 180 hr. Hence it is the authors’ opinion 
that the full lines of Fig. 12 (based on the power-function relation ) 
are valid for constant stress conditions even up to stresses some- 
what beyond 32,000 psi. 

3 Regarding the effects of anisotropy of the material: Since the 
paper was written, some further creep-test results (to be pub- 
lished later) have been obtained by one of the authors (M. J. 


These data were obtained from specimens cut out in 
The results 


Manjoine). 
a direction perpendicular to the plane of the disk. 
indicate that the effects of anisotropy, for strains corresponding 
to those present in the spin tests, are not so great as had been 
(This is in with Dr. 
Average creep rates in the axial direction of the disks, based on 


expected. agreement Wu's discussion. ) 
these tests, were about 20 to 40 per cent greater than those ob- 
tained in the tangential direction. This amount of anisotropy 
does not appear to be sufficient to account for the relatively larg: 
differences between average test results and those obtained using 
the Mises criterion. 

t Dr. Wu mentions that the actual strain rate at 32,000 psi 
may be considerably greater than the value based on the power- 
function relation (represented by the straight lines in Fig. 12 


which was used in the theoretical calculation. This opinion is 


no doubt based on the fact that the two highest points of Fig. 12 
(at around 31,500 psi) show higher creep rates than those given 
by the power-function relation. However, as pointed out pre- 
viously, more recent creep-test data obtained at constant stress 
indicate that these two points (which were obtained from constant- 
load test data) are too high for constant-stress conditions and that 
the true curve is best represented by the straight lines of Fig. 12 
which were used in the analysis. This is true even for stresses 


somewhat beyond 32,000 psi. Hence it is believed that any 
error introduced by using the power-function relation is small 
and therefore will not invalidate the comparison between the 


Mises and maximum-shear criteria given in the paper. 


In conclusion, the authors wish to emphasize that their main 
objective in carrying out this investigation was not to establish a 
general strength theory which is correct under all conditions but 
rather to develop a reasonably simple method of analysis which 
would give good results for design use when applied to the cal 
culation of creep deformations in rotating disks at high tempera 
tures. As stated in the appears that 
described, involving the use of the maximum-shear theory, will! 
give closest. agreement with average spin-test results for the ma- 
terial tested. Nevertheless, the authors believe that further spin 
tests using other high-temperature materials are necessary x 


paper, it the analysis 


fore general conclusions may be drawn. 
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HaNnpbBOooK or Ex.iptic INTEGRALS FOR ENGINEERS AND Puysicists. 
By Paul F. Byrd and Morris D. Friedman. Springer-Verlag, 
Berlin, Germany, 1954; Lange, Maxwell & Springer, Ltd., London, 
England, New York, N. Y., 1954. Cloth, 6 X 9 in., xii and 355 
pp., 22 figs., $9.85. 


Reviewep By A, Aut KHEIRALLA! 


THs work goes far toward supplying engineers and physicists 

with an effective means of utilizing the elliptic integrals and 
elliptic functions which arise in so many important physical 
problems. 

Over 3000 integrals and formulas are presented and system- 
atically arranged to facilitate rapid usage. The notations of 
Legendre and Jacobi are used throughout except for an appendix 
on Weierstrassian elliptic integrals and elliptic functions. 

There is a 43-page introductory section which summarizes the 
definitions and most important properties of the functions and 
could be used as a review or initial approach to the subject. 
Then follow 145 pages of tables for the reduction of integrals with 
algebraic, trigonometric, or hyperbolic integrands to Jacobian 
elliptic functions. Tables of integrals of the latter and of their 
inverses and of elliptic integrals of the third kind are given. 
Short sections on repeated integrals, Laplace transforms, and 
hyperelliptic integrals are also presented. The final sections deal 
with integrals of elliptic integrals, derivatives, and series ex- 
pansions. 

Appendixes on the Theta functions, pseudo-elliptic integrals, 
and the afore-mentioned Weierstrassian elliptic functions and 
elliptic integrals are included. 

Finally there are six place tables of numerical values. 

The material is well organized and the printing generally well 
executed in spite of a rather long errata list. 


Steam and Gas Turbines 


Tueory AND Dssicn or Steam AND Gas Tursines. By John F. 
Lee. McGraw-Hill Book Company, Inc., New York, N. Y., 1954. 
Cloth, 6 < 9 in., illus., xiii and 502 pp., $9. 


Reviewep sy H. HeGerscHweEiILer? 


"T"HIS book may be classified as a textbook on the thermody- 
namic design of steam and gas turbines as well as other com- 
ponents of thermal power plants. 

The student will appreciate the wide use of basic thermody- 
namics and aerodynamics in the discussion of practical phe- 
nomena. Such derivations are enjoyably clear and easy to 
follow. The neophyte engineer will welcome the chapters on 
present practice and basic mechanical aspects. 

The power specialist will find, in this book, useful design in- 
formation on the various components of thermal power plants. 
He will be reminded that basic theory can produce and explain 
practical results. 

The scope of this book appears to be well selected. The two 


1 Lessells and Associates, Inc., Boston, Mass. 

? Supervisor, Tb. Steam Design and Proposition Engineering, Large 
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chapters on combustion «sd regeneration, which might be con- 
sidered as falling outside of the theory and design of steam and 
gas turbines, will prove to be most helpful in over-all plant 
studies. An additional chapter on thermal power-plant eco- 
nomics would be a welcome addition to later editions. There 
specialists as well as students could be shown how improvements 
in efficiency of thermal power plants are capitalized and eval- 
uated, dollarwise; or what outages cost, and so on. An il- 
lustrative list of cost figures of station equipment would be 
needed. 

The author, probably by nature more of the scientific type, 
experienced difficulties in handling some practical aspects. For 
instance, reheat steam power plants are being used not because of 
improved moisture conditions in the last stages but because 
the improvement in efficiency due to reheat warrants the addi- 
tional expenditure and complication of the power station. Also, 
the terms “impulse” and “reaction” staging were carried through 
the book to a degree where the unfamilar reader may believe 
that there are either zero reaction or 50 per cent reaction steam 
turbines. In practical design any intermediate degree of reaction 
is being used. Today’s most efficient United States steam power 
stations are equipped with turbines having from 5 to 20 per cent 
reaction in their high-pressure stages and up to 50 per 
cent reaction in the low-pressure stages. 

It appears that efficiencies of large thermal power plants can 
be improved substantially by combining steam and gas turbines. 
Gains, of the order of magnitude of those realized by reheat, 
are expected. A concerted effort of the gas-turbine, steam- 
turbine, and boiler-design specialists will be necessary to arrive 
at a practical solution of this project. Here, the book under 
review will serve as a valuable link between specialists. 


Engineering Mechanics 


By Linton E. Grinter. The Macmillan 
Cloth, 6 X 9'/, in., xix and 


ENGINEERING MECHANICS. 
Company, New York, N. Y., 1953. 
408 pp.., figs., $5.75. 


Reviewep sy E. H. Les® 


HIS is a first textbook in engineering mechanics. The first 
half of the book comprises a rather full discussion of statics 
with chapters on statics, components and resultants of coplanar 
forces, equilibrium of coplanar forces, structural analysis, fric- 
tion and coplanar machine forces, force groups in space, and 
moments of inertia of areas and bodies. An historical intro- 
duction is included. Plane problems are considered extensively 
by both analytical and graphical means, and an appreciable num- 
ber of three-dimensional problems are also treated. The second 
half of the book commences with two long chapters on kine- 
matics, the first, concerned with particle motion and the second 
with motion of rigid bodies. A single chapter of about 40 pages 
covers the dynamics of particles and rigid bodies using Newton’s 
second law and D’Alembert’s principle. Short chapters follow 
on work and energy, impulse and momentum, vibration and 
balancing, and the principle of virtual work. 
The book includes a wealth of engineering examples which are 
well illustrated by clear figures. Specimen computation sheets 
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are given for some of the problems as a guide for the students’ 
own work. 

In the reviewer’s opinion the full and satisfactory treatment 
of statics leaves an inadequate treatment of dynamics. The 
latter also contains some misleading or incorrect statements 
which the student studying this field for the first time will find 
confusing. For example, the statement about moving axes on 
page 281, and the statement on page 305 about the invariance 
of acceleration of bodies connected by an inextensible cable. 
The components along the cable are only invariant if the line 
of action of the cable remains fixed in direction. Thus the re- 
viewer feels that the book is suitable only for courses mainly con- 
cerned with statics, in which study of dynamics plays a secondary 
role. 


Theory of Games and Statistical 
Decisions‘ 


Tueory or GAMES AND StratisTicat Decisions. By David Black- 
well and M. A. Girshick. John Wiley & Sons, Inc., New York, 
N. Y., 1954. Cloth, 6 X 9 in., xii and 355 pp., illustrated, $7.50. 


REVIEWED BY Epwarp C. Varnum® 


\ RITTEN by academicians for academicians, this book is 

designed as a text for graduate students in statistics. The 
reviewer feels it has little value for a practicing engineer or a 
manufacturing executive anxious to apply game theory im- 
mediately to industrial problems. 

Defining a two-person zero-sum game G (X, Y, M) as a payoff 
function M over the product space X by Y of players’ strategies, 
the authors give examples and continue by describing pure value, 
mixed extension, minimax strategy, game matrices, good strategy, 
convex sets and functions, along with many definitions from 
point-set topology. Statistical games are introduced as special 
cases in which the players are nature and the statistician. After 
defining sample spaces, random variables, probability distribu- 
tions, expected values, decision functions, and risk functions, 
theorems concerning their use are developed. Further topics in- 
clude utility, principles of choice, optimal strategies, Bayes solu- 
tions, sequential games, and comparison of experiments. 


Nonlinear Vibrations 


Actes pu CoLLoque INTERNATIONAL DES VIBRATIONS Non Liné- 
AIRES. Publications Scientifiques et Techniques du Ministere de 
L’Air. Magasin C.T.O., Paris, France, 1953. Paper bound, 
7 X 10'/2 in., 296 pp., illus., 1800 Fr. 


REVIEWED By A, ALI KHErRALLA® 


THs publication contains 21 papers presented at the Inter- 
national Colloquium of 1951 on Non-Linear Vibrations. 
Most of these are printed simultaneously in French and some 


other language (English, German, or Italian). Although many 
of the articles are of high quality, considerations of space prevent 
mention of more than a few papers of engineering interest. 

The paper of Prof. R. Grammel on nonlinear vibrations with 
infinitely many degrees of freedom discusses the deviation of 
characteristic frequencies of systems whose stress-strain relation 
contains a cubic term in strain in addition to the usual linear 
one given by Hooke’s Law. Detailed examples given are tor- 
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sional vibrations of a cireular cylinder and bending vibrations 
of a prismatic rod. 

An article of Prof. J. J. Stoker investigates periodic oscillations of 
nonlinear systems with infinitely many degrees of freedom. 
Discussions of certain degenerate cases in which the sufficiency 
condition of the Poincaré theory does not hold are presented 
The equation of the vibrating string 

07% O*u 

a8 oat = ef(u, z, w(e)t) 
with 7(€) = 29 + en(e€) is reduced to an integral equation and the 
difficulties of establishing the existence of solutions are mentioned 
Finally, an analog of Duffing’s equation in the case of the 
stretched string is discussed. 

Dr. P. Draminsky’s paper on the occurrence of dangerous sub- 
harmonics in the torsional vibrations of crankshafts treats a 
system with periodically varying stiffness and a forcing term of 
the same freyuency and phase. A lower bound for the damping 
necessary to avoid these vibrations is obtained and the practical 
example of a dynamo driven by a spring-coupled diesel locomotive 
is presented. Equations with stiffness linear or quadratic in 
displacement are also discussed and applied to vibrations of 
springs. 

Other articles include contributions by J. Haag, R. Mazet, 
G. Borg, L. E. Zachrisson, E. Mettler, J. P. Schouten, A. W. 
Gilles, B. Van der Pol, H. G. Cohen, D. Graffi, L. Collatz, W 
Wasow, N. Minorsky, Th. Vogel, L. Gauthier, L. Amerio, P 
Vernotte, and C. Ferrari. 


Wave Motion and Vibration Theory 


Wave Morion anv VIBRATION THEORY. Volume 5, Proceedings of 
the Fifth Symposium in Applied Mathematics of the American 
Mathematical Society, held at Carnegie Institute of Technology, 
June 16-17, 1952. Editor, Albert E. Heins; Editorial Committee: 
Rk. V. Churchill, Eric Reissner, A. H. Taub. McGraw-Hill Book 
Co., New York, N. Y., 1954. Cloth, 63/4 X 10 in., 169 pp.., figs., $7. 


Reviewen By G, K. Batcueor’ 


"THIS volume of fifteen papers delivered at a meeting in 1952 

continues the series of publications by the American Mathe- 
matical Society. It is rather a mixed bag of papers, since the 
title seems to have been interpreted in such a way as to include 
large sections of fluid dynamics, solid mechanics, acoustics, and 
related differential-equation theory. But for those whose diges- 
tions are good, and can cope with a transition from a paper on the 
diffusion of tides into permeable rock to one on Liénard’s dif- 
ferential equation, there are some good things in the volume 
Only about four of the papers have the general character that one 
hopes to find in papers presented at a symposium, which is per- 
haps a pity. Presumably, scientists gather together chiefly in 
order to clarify their minds and enlarge their horizons, and it 
seems likely that this can be done best by talking about those 
aspects of their work that are common to a whole section of their 
subject. For some reason (related to the strong emphasis in the 
U.S. A. on the purely mathematical aspects of research in me- 
chanics and theoretical physics?), speakers seem reluctant to talk 
uninhibitedly about the direction of their work, to speculate (or 
is this a naughty word?), and to say those interesting things that 
are usually reserved for informal occasions. One contributor 
makes some stimulating remarks about how the Sommerfeld 
radiation condition ought to be formulated—and, being of gen- 
eral significance, I shall remember his point long after I have for- 
gotten the content of other, specialized papers in the volume—but 
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nearly spoils the pleasure of the listener or reader by saying ‘“‘the 
writer would not have set down these remarks—which are of a 
character so obvious that they must also have occurred to many 
others—if it were not ...’’ I think we are fortunate that he did 
set them down, and I think his diffidence is misplaced. 

Turning briefly to the particular contents of the volume, there 
is first an invaluable survey of the present state of the problem of 
stability of quasi-plane parallel flow of a fluid by C. C. Lin, who 
has contributed so many of the developments himself. Research 
on this problem is in the closing stages and this article can be 
recommended for those who want a condensed account of what 
has happened during the thirty years of active work. A review 
of results obtained for the stability of quite different flow systems, 
including cases in which the fluid is an electrical conductor and a 
magnetic field is present, is contributed by S. Chandrasekhar. 
These two papers, a less substantial review of significant observa- 
tions of the Mach reflection of shock waves by W. Bleakney, and 
a discussion of radiation conditions by J. J. Stoker, are the papers 
that seem to have most general intcrest. Of the remaining 
papers, those by N. W. McLachlan, A. Weinstein, and S. Lef- 
schetz are on special differential equations, and there are papers 
on plane waves incident on a circular disk, on two contiguous half 
planes of different materials, and on a “soft’’ obstacle, by H. 
Levine, by A. E. Heins and H. Feshbach, and by E. W. Montroll 
and J. M. Greenberg, respectively. P. R. Garabedian contributes 
a paper on axially symmetric cavity flow, and then finally there 
are three papers with more appeal to physically-minded readers: 
G. F. Carrier and W. H. Munk on the diffusion of tides into per- 
meable rock, E. H. Lee on wave propagation in helical compres- 
sion springs with allowance for coil closure, and R. J. Duffin and 
A. Schild on the effect of small constraints on the natural fre- 
quencies of a vibrating system. 


Heat Conduction 


Heat Conpvuction: With Engineering, Geological and Other 
Applications. By Leonard R. Ingersoll, Otto J. Zobel, and Alfred 
C. Ingersoll. The University of Wisconsin Press, 811 State Street, 
Madison, Wis., 1954. Cloth, 6 X 9 in., xiii and 325 pp.., figs, $5. 


RevieweEp By T. P. Torpa® 


HIS book is a revision of the 1948 McGraw-Hill edition and 

the principal changes are additions of two new chapters. One 
of the chapters deals with the “heat pump,”’ or the theory of 
year-round air conditioning using the ground as a source (or sink) 
of heat. The other new chapter treats drying and soil consolida- 
tion. Though most workers in the field are familiar with the 
two previous editions of the book, it might be useful to review the 
contents of the new edition. 

The present edition has fourteen chapters, thirteen appendixes, 
and an index. The first chapter is an introduction giving the 
symbols used, a very brief historical note, some basic definitions, 
the fields of application, units and dimensions, and values of some 
of the constants used. 

In the following chapters (2 through 6), the Fourier conduction 
equation is derived, the heat conduction is treated in steady-one- 
dimensional and steady- more than one-dimensional problems, 
and periodic flow of heat in one dimension is discussed. The 
Fourier trigonometric series are developed, the Fourier integral 
introduced, and harmonic analyzers discussed. 

Chapters 7 to 9 treat linear flow of heat and flow of heat in more 
than one dimension. The infinite and semi-infinite solid, the 
slab, the radiating rod, radial flow of heat, heat sources and sinks, 
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- spherical problems, the infinite circular cylinder, and the general 


case of heat flow in an infinite medium are treated. 

Chapter 10 discusses the formation of ice. Chapter 11 gives 
auxiliary methods for treating heat-conduction problems, i.e., the 
method of isothermal surfaces and flow lines, electrical methods, 
solutions from tables and curves, the Schmidt method, the re- 
laxation method, and the step method. 

Chapter 12 deals with methods of measuring thermal-con- 
ductivity constants. The theory of earth heat exchangers for 
the heat pump is given in chapter 13, and that of drying and soil 
consolidation in chapter 14. 

The appendixes contain tables of constants, indefinite, and 
definite integrals, values of various functions and integrals, and 
miscellaneous formulas. 

Little emphasis is placed on purely mathematical derivations 
and on proofs of uniqueness, existence, and convergence theorems. 
The reader is referred to standard classical references for such 
topics. The aim of the book is, primarily, to contribute to ap- 
plied mathematics and applied mechanics and it fulfills this aim 
excellently. Both the student and the engineer will find this 
work very useful, since the general treatment of problems is given 
(setting up and solution) as well as illustrations chosen from 
many fields of engineering endeavor. Tables of newly evaluated 
functions and extensions of old tables are given which will prove 
valuable to those working in the field. 

An excellent list of 200 references is given in the last appendix. 

The reviewer wishes to congratulate the authors for their 
valuable contribution. 


Gas Dynamics of Thin Bodies 


Gas Dynamics or Tun Bopigs. By F. I. Frankl and E. A. Karpo- 
vich. Translated from the Russian by M. D. Friedman. Inter- 
science Publishers, Inc., New York, N. Y., 1954. Cloth, 6 x 9 
in., 33 figs., index, viii and 175 pp., $5.75. 


REVIEWED By AscHER H. SuHaprro® 


HIS little book of 175 pages is a comprehensive treatise on 

the mathematical theory of the aerodynamics of slender 
bodies moving at high speeds through a perfect gas. The treat- 
ment is limited to nonviscous irrotational flow. What makes 
it possible to consider thin bodies as a class is that in the motions 
considered there are only small perturbations from a condition 
of uniform, streaming flow, and this fact justifies the omission of 
perturbation terms of second order and higher in the equations 
of motion. The resulting differential equations for the per- 
turbation quantities then prove to be linear (except at transonic 
and hypersonic speeds), with concomitant simplifications in 
mathematical treatment. Practically speaking, not much is 
lost by considering only slender bodies inasmuch as the aero- 
dynamic drag of bodies which are not slender is excessive at high 
speeds. 

Written by mathematicians, the volume has a highly mathe- 
matical flavor. Clearly, the objective of the authors has been to 
set out the various mathematical procedures which have been 
developed for obtaining solutions at subsonic and supersonic 
speeds, and for a variety of aerodynamic geometries of a single 
partial differential equation: the linearized equation of the per- 
turbation velocity potential. Considering its mathematical 
spirit, it is not surprising that comparatively little attention is 
given in the book to assessing the accuracy of the theoretical 
results, that the emphasis is primarily on theoretical methods 
rather than on specific theoretical results, and that there is a 
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complete absence of comparison between theory and experiment. 
The book will therefore find its audience among applied math- 
ematicians and theoretical aerodynamicists. 

Chapter 1 begins with a historical survey of the subject in 
which the authors rather perilously try to be good scientists by 
mentioning the contributions of all nationalities to the subject 
and at the same time try to be good Soviet citizens by aiming 
to convey the idea that the really important ideas and the best 
methods came from the U.S.S.R. In addition, the first chapter 
contains the mathematical formulation of the problem of lin- 
earized potential flow and introduces the elementary solution 
which forms the foundation of much that follows—the solu- 
tion for the retarded potential of a point source. 

Chapter 2 treats in great detail the subsonic and supersonic 
flows past bodies of revolution, and incorporates the effects of 
angle of attack and of longitudinal acceleration of the body. 
There is considered also the motion of elongated bodies not pos- 
sessing axial symmetry. In this chapter the reader encounters 
one of the two diversions from mathematical theory appearing 
in the book—a page of shadowgraphs of a projectile flying at 
subsonic and supersonic speeds. 

Chapter 3 considers steady motion of wings at subsonic and 
supersonic speeds. Wings of both infinite span and finite span 
are included. 

In Chapter 4 the wing theory is extended to unsteady flows. 
In addition, the theory of high-speed propellers is presented. 

Chapter 5 discusses the method of conical fields for supersonic 
flows past wings of infinite span and conical bodies. 

By those with some training in the fundamentals of gas dy- 
namics and with the necessary mathematical background (ex- 
tending through the conventional college course titled ““Advanced 
Calculus”’), the book will be found clearly and well written. The 
translation is impeccable: Not only does it avoid the clumsy 
ghosts of foreign idioms which so often haunt translations, but 
it was evidently done by a scientist with a firsthand knowledge 
of the technical jargon of gas dynamics. The publishers have 
done an expert job of designing and producing the complicated 
text matter. 

It seems likely that this book will for some time to come occupy 
an important niche in the literature on gas dynamics. 


Thermal Stresses 


WAERMESPANNUNGEN INFOLGE STATIONAERER TEMPERATURFELDER. 
By E. Melan and H. Parkus. Springer-Verlag, Vienna, Austria, 
1953. Cloth, 6 X 9 in., 30 figs., tables, v and 114 pp., $4.40. 


REVIEWED BY I. MALKIn” 


HE determination of thermal stresses in various parts of 

engineering structures of numerous kinds, especially in 
mechanical engineering, is one of the fundamental problems, 
which the designing engineer faces in his daily work. While 
there is a great number of separate contributions to the subject 
in the technical literature, the book under review is, to the writ- 
er’s knowledge, the first attempt of giving the interested public 
a concise but comprehensive presentation of a considerable 
variety of problems on temperature stresses in the form of a 
monograph. Within a comparatively small space the authors 
offer an abundance of useful information with illustrating ex- 
amples, maintaining at the same time a high theoretical level 
in an easily readable exposition. Starting from the funda- 
mentals they discuss thermal stresses in systems, consisting of 
one-dimensional elements, in ribs and plates under various 
heating and boundary conditions, in thick-walled tubes, to 
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mention only some of the problems. Chapter 9 (pages 89-98), 
which deals with thermal stresses in shells of revolution with 
distribution, 


symmetrical temperature deserves 


This problem is of interest to designers of 


rotationally 
special attention. 
pressure vessels. 

The problem of thermal stresses in pressure vessels has several 
phases. The determination of the temperature distribution in 
the shell of a pressure vessel is a rather involved problem of heat 
transfer influenced by many coefficients of heat transmission, 
especially if layers of insulating material are An- 
other difficult question is the influence of high temperatures, 


being used 


occurring in pressure vessels, on the magnitude of the stresses. 
The mathematical stress analysis is an important concluding 
step to which chapter 9 is a valuable contribution. It begins 
with a generalization of the well-known differential equations 
of H. Reissner and E. include effects. 
Then the particular solution is developed for the case of the 


Meissner to thermal 


cylindrical shell. The analysis is valid for moderate tempera- 
tures. A numerical example concludes the chapter 

The authors intend to add to the volume under review another 
one dealing with stress problems for nonstationary temperature 
distributions and with such characterized by high temperatures, 
at which elastoplastic conditions are to be expected. These 
are practically very important but rather difficult problems. The 
first volume justifies the hope that the second one will be a 
valuable contribution to the particular subject just indicated 

In conclusion, a very short comment on print and figures: 
They are both magnificent. 


Dynamics and Thermodynamics 


THERMODYNAMICS OF COMPRESSIBLE FLOW 
Ronald Press Company, New 
9 in., xiii and 647 pp., 603 illus., 


Tue Dynamics 
Vol. 1. By 
York, N. Y. 
$16. 


AND 
Ascher H. Shapiro. 
1953. Cloth, 6 X 


REVIEWED BY W. R. HAwTHoRNe! 


T IS rare that writers on compressible flow manage to present 

both the thermodynamics and the mechanics of the subject 
in a clear and logical fashion. The author has succeeded in this 
the first of two volumes in covering the fundamentals of one-di- 
mensional flow and the introductory aspects of two and three- 
dimensional flow in an adequately rigorous and at the same time 
reasonably elementary fashion. The volume is divided into five 
parts. In part one the foundations of the dynamics of macro- 
scopic fluid systems are described. 
tion of mass and Newton’s second law are carefully applied to 
The definitions and concepts of 


The principles of conserva- 


flow through control volumes. 
thermodynamics are followed by brief expositions of the first 
and second laws which are then applied to flow through control 
volumes. The thermodynamic relations for a perfect-gas are 
set down. A chapter is devoted to the velocity of sound, 
Mach cone, number and angle, similarity and optical methods of 
investigating compressible flows. The part contains 
five chapters devoted to one-dimensional flow. 


second 
The general 
features of isentropic and adiabatic flow are presented. Alge- 
braic expressions are derived for a perfect gas and the use of 
tables explained; choking and the behavior of nozzles are dis- 
The effect of deviations from the perfect-gas state is 
described. The next chapter deals with the normal shock using 
the Fanno and Rayleigh lines and developing the relations for a 
perfect gas. The formation and thickness of shocks and shocks 
in ducts and supersonic diffusers are included. Flow in constant- 
area ducts with friction forms the subject of the next chapter. 


cussed. 
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Adiabatic and isothermal flow is included and the chapter con- 
cludes with a brief summary of experimental measurements of 
friction coefficients. The next chapter deals with flow with heat- 
exchange and stagnation-temperature change. Condensation 
shocks and explosion waves are also included. The final chapter 
of this part contains the analysis of the simultaneous effects of 
area change, friction, heat transfer, reaction, mixing, change of 
phase, and molecular weight and specific heat. Numerical and 
graphical methods of integration are described and illustrated by 
examples of combined friction and heat transfer. The chapter 
concludes with a careful discussion of the conditions at the sonic 
point. 

The third part, which is introductory to the parts on subsonic 
and supersonic flow in two and three dimensions which follow it, 
contains a derivation of the equations of motion and introduces 
the concepts of rotation, velocity potential, and stream function. 

The first chapter of part four contains a clear and well-organized 
description of the application of the method of small perturba- 
tions to two-dimensional subsonic flow. The similarity laws of 
Gothert and Prandtl-Glauert are explained and illustrated by 
examples and experimental results. The hodograph equations 
are presented in the next chapter and applied to the derivation 
of the Kérma4n-Tsien pressure correction formula. The complex 
variable is introduced for the first time in a section dealing with 
profile-shape corrections. There is a chapter dealing with 
methods used by Janzen and Rayleigh, and Kaplan for calculat- 
ing nearly exact solutions to two-dimensional subsonic-flow 
problems. Some of these solutions are given for comparison 
with experiment and more approximate methods. The experi- 
ments on airfoils at subsonic speeds do not perhaps do justice to 
the previous theory and introduce the shock before the reader is 
prepared for it. 

The remaining chapter in part four deals with the develop- 
ment of Gothert’s rule for three-dimensional subsonic flow and its 
application to bodies of revolution and wings of finite span. 
The chapter concludes with a brief introduction to the swept- 
back wing. 

Part five contains three chapters dealing with two-dimensional 
supersonic flow. The first two deal with linear approximation, 
Mach waves, and their reflection and intersection. The analysis 
is applied to airfoil profiles and compared with experiment. 
The method of characteristics is introduced first by an extension 
of the linearized theory imagining small disturbances propagated 
along Mach lines, and secondly, by formal mathematical methods. 
The method is applied to examples such as compressor and tur- 
bines blades and supersonic wind-tunnel nozzles. Shear flow is 
also considered briefly in a section at the end of this chapter. 

The last chapter deals with oblique shocks starting with the 
conventional theory and graphical representations. Numerous 
aspects of shock waves are presented with clear and adequate il- 
lustrations. There are examples of flow with shocks including 
jets, two-dimensional profiles, wakes, and of shock-boundary 
layer interaction. In spite of the brevity essential in presenting 
this material the reader will find this a satisfactory chapter. 

Each chapter is followed by a number of well-chosen problems 
illustrating the textual material and there are two appendixes, 
one dealing with the theory of characteristics and the other con- 
taining useful tables of functions. 

The author has set himself exacting standards of completeness, 
rigor, and lucidity. The result is particularly successful. The 
book’s arrangement is logical and there is sufficient discussion of 
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numerical methods to make it very useful to the engineer. To 
the expert the book will be refreshing without being altogether 
repetitious since the author has included some original work. 
The length of the book, 647 pages, is due to the author’s desire to 
start from scratch. This painstaking interest in careful exposi- 
tion has resulted in a first class, if expensive, textbook for the 
student. 


Higher Transcendental Functions 


HraHer TRANSCENDENTAL Functions. By the Staff of the Bateman 
Manuscript Project. McGraw-Hill Book Company, Inc., New 
York, N. Y.; Toronto, Ont.; London, England, 1953. Cloth, 6 
X 9in., Vol. 1, xxvi and 302 pp., $6.50; Vol. 2, xvii and 396 pp., 
$7.50. 


PREPARED BY Eric REISSNER"™ 


‘THE present two volumes are part of a projected total of 
three volumes. The authors consider their work as a logical 
extension of the celebrated treatise on modern analysis by 
Whittaker and Watson. It seems safe to state that a perusal 
of the present work requires a level of mathematical maturity 
going considerably beyond that acquired through the study of 
books on advanced calculus. Briefly, these books collect in one 
place more or less widely scattered properties of functions many 
of which occur in the applications. Volume 1 deals with hyper- 
geometric and confluent hypergeometric functions, with gamma 
functions, and Legendre functions. Volume 2 includes Bessel 
functions parabolic cylinder functions, incomplete gamma func- 
tions, orthogonal polynomials, and ellipitic integrals and func- 
tions. 
The original impetus for this work were notes left by the 


late Prof. Harry Bateman for a projected “Guide to Special 


Functions.””’ Upon his death in 1946, California Institute of 
Technology ‘and the Office of Naval Research of the United 
States Navy arranged for a project to complete Bateman’s work. 
As project director they selected Professor Erdelyi, and as his 
associates, Professors Magnus, Oberhettinger, and Tricomi, all of 
whom are internationally known for their contributions to that 
field of mathematics which in present days is designated as 
classical analysis. It is natural to expect that under these 
circumstances there was produced a work of first-rate importance 
in classical analysis, and the reviewer feels that the authors have 
lived up to this expectation. The work, however, does not 
seem to live up to expectations when it comes to judging it from 
point of view of the research worker in the applications, such as 
mechanics of continua or particles. This reviewer has looked 
back upon his own studies in the field of mechanics, trying to 
visualize at what point availability of the present work would 
have lightened his task. He feels that in the majority cf cases 
this work could not have lightened his task. (Conceivably, this 
may be a criticism to be leveled against the reviewer rather than 
against the books, depending on one’s point of view.) 

One regrets somewhat that a work of this importance was not 
type set by letter press. Considering the probable total cost of 
the project to ali parties concerned, the educational institution, 
the government agency, the authors, and the publisher, the sav- 
ings accomplished by this economy measure are possibly not in 
proportion to what they have done to the comfort of the reader. 
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